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measure is in L%(o) it follows that to each compact set X = Q2 there ig
a number ¢ such that

N \Vu| << 0L in K.
Hence

f]VMPd(Q)dm(Q) << f-'[« f 5 (/'f(g (P)do -+ CL* f(l‘l)’l/ = () fuﬁ(fi;r,
& 7 ulu iae I
o0

which completes the proof of the covollary.
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Lifting subnormal double commutanis®
by
ARTHUR LUBIN (Chicago TI.)

Abstract.. We give a necessary condition for clements of tho commutant of
o subnormal oporator on Hilbert space o 1ilh to tho commutant of the minimal nornial
extension, and based on this condition wo show there exists a gubnormal operator
having elements in ity double commutant that do not lift. Our example is also irredue-
ible and finitely eyclic.

1. Lot T be a subnormal operator on a Hilbert space H with mini-
mal normal extension (m.ne) N on K. Thus, N iy a normal operator
on a space K containing H, H is invariant for N, the restriction N|y = T,
and I, the sallest redncing subspaee of N containing H, is the closed
linoar span of {N¥h: § = 0,1, ..., he H} Clearly, for any polynomial p,
PNy == p(T) and it is thevefore easy to see that every clement in the
weakly closed algebra generated by I lifts to, i.e. is the restriction to H
of, some olement in the commutant of N. This result is included in 131'19
woll-known, paper of J. Bram, who gave the following necessary and
qufficiont condition for an clement of {T}’, the commutant of 7, to litt
to {N}':

Trmorum B [2, p. 87). A necessary and sufficient condition that 4 e {T}
< B(H) hdave an extension B e {N} < B(K) is that there exist a positive
constamt ¢ such that for every finile set by, ..., Iy, in H we have

r "
ST (@ Ay, T AT) <0 D] (T TR
NN Pt
T the ewtension B ewists, then b s wniquo.

Bram pointed out that thero exist subnormal operators 7' such that
not evoery element of {T} lifts to {N}. T. Yoshino, however, showed that
overy clement of {1} does lift o {N}if 17 has & cyclie vector [61, p. 49.
(Note that there is an crror in the proof of this theorem but the result
is true.) M.B. Abrahamse and O. Berger raised the question of whether

* Regonrel supported by N8I Grant MUS 76-06510 A0L,
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for a general subnormal T every clement of {7}, the double commutang
of T, lists to {N} [1], Problem 2. Abrahanise also wsked whether every
element of {I'} must lift to {¥}' if I' iy ireeducible [1], Problem L We give
an example below which provides a negative answer to both guestions;

~we note the R. Olin and J. Thomson have independently discovered an
example with the same propertios. Although the main iden underlying
their example is similar to onrs, we présent a somewhat different approach
to the problem. We conclude by showing that & certain elass of subuormal
operators considered by Bram [2] is finitely cyclie.

2. Our example ig based on the following theorem which deseribes
a gituation in which elements of {'} do not litt. In Seetion 3 wo will con-
struet an operator satisfying the conditions of Theorem 1.

For operators T, e B(H,) and T, eB(IL), we denote I(T, 1)
= {X e B(H,, H,): XT; = T,X}. Two subsgpaces %, and .#, of H are
called complementary if #,N.#, = {0} and H = #yA-aly == (g |- My:
Mm; € 7} (Note that this implies that .4, +.4, is closed.) and we denote
such a sum by 4, +.4,.

TramoruM L. Suppose T', a subnormal operator on H having m.n.c. N
on IT, has a pair of complementary invariant subspaces 4, and 4,. For
= 1,8, donote Ty = T 4, and let K, be the closed linoar h’[)&)’b of {NYh:
; = 0,1, ..., hy e M) S’uppos'a I(Ty, Ty) = {0} and I(T,, Ty) = {0}. Sup-
708 fzmhm tmt Ky nK, ' {0} Then there cvist elements of {1’}" that do not

Lift to {N}".
Proof. With respect to the decomposition H = 4, .4#,, wo write

T =T 4T, = [fl 27]
2

Matrix multiplication shows that

c_J[4 X - :
{T} = {[Yl Aa]: Az e{T), X e I(Ty, 1), Y e I(1,, 173)},
so under our hypotheses on the intertwining spaces,

{TY = {T,) +{T,y = {[641 ?44] 4;¢ {ay}lf}.

It then follows that

{.T}” — {T1}1/+{T2}u e -A-l O : 'A‘i e {‘Ti}”\"

0 4, |
Let A4 = 4,+4,e{T} < B(H)and suppose A lifts to {¥}y. Then
there exists B € {N}' < B(X) such that B|y = A. Note that K, reduces N
and N; = Nlg, is the m.n.e. of ;. Then B, = Blg, is an extension of A*
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and gince
BNy '-Bq:'N]J\, BNI/\ N]"'IA = N B,

wo see that A, lifts to {N,} and we denote that lifbinn by 11 Since the
lifting is unu[lw by Theoremn B, we have that A, = B, i = 1, 2 Thus,

A-I|(/~:lm1\'2) e R’l‘l(l\"lml\'u) e 1’[(/\'@1\'2) o v“ﬂ(]{lnlcg) Aul(l\',nl\fﬂ)y

oo necessary condition for A, Ay o Tith to (N} is that A, and A,
each Lifh to ity rospective ma.e. space K, and K, and that the liftings
agree on I Ay, This condition is clearly also sufficient.

N()W, for the case in hand, let A, - 0Ly, nd Ay == Iy, w0
A yleAy e {7 Using the ‘ulmvn notation. Jl1 = 0], and A, = T\,
anud mum (0, nIC) s non-trivial, A does not Tift to {N} nn(l the theorem
iy proved.

3. Lot p be Lebesgue aven measure on 1‘.}10 annulus 4 = {§ < 2] < 3}
and consider the overlapping  subannuli 1= {d< gl <2} a,nd 4,
s (e 5] < 3} with  characterigtic ﬁmmom %1 and g, respectively.
(The speeific radii ave chosen to simplity (1. following mmpnmtmn and are
not essential to the example.) For 4 =<1, 2, ](XL ,ﬂi = {y,f(=) e L2(u): f
is holomorphic on A} Then, {ye": n = u, oL, #:2, ...} is an orthogonal
basis for .4, and g, 8" iy orthogonal to ™ 1’01‘ 7 :/— m; on caeh 7, multi-
plieation by o is a bilatioral weighted shift.

Weo cloarly have # Ay = {0}. Weo claim that -4, is cloged

in I*(u). Mo soo this, lot f(2) == gy 3[4 € oy and g(2) = 5o Y g,2" € Ms.

Then

(L) s Dagn] = (L) | Y] /,,um f Ha2e?"7" |

vt
Ty
'L Judin f Qg '(M't ‘ !
" i
l y’ Lfudtul € At ‘””) [(re-]- 1 | 1 forg | Ind

1L/ -1

SN 1t (076 00 1) s g T6)
LIS )

R{| ) LA 07 O0) f e 1] g 1[0 O o 1)1
n/wl
et (I06) gy | (10 6)72)
] 3
%; 19 * f”?"”"’dr)

== (Llm) I FI g, where < 1.

< I (S’ TAE f 208 )
s
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Thus, the angle between the subgpaces and 4, is strietly positive
and hence .#, .4, is closed [4], p. 339. We notie that this can also be

shown directly.

Thus, using the notation of Theorem 1, we Lot I be the Milbert space
Mgty and T be multiplication by & on H. T is subnormal with m.n.e,
equal to multiplieation by # on L*(u), and sinee 1 = 1| ¢, Wo have
K, = L2 (pla) = {:f € L)} Thus, I n Ky = {7af € L)} L2 (pely,)
# {0}. It romains to show that the intertwining spaces ave trivial,

Suppose X e B(My, Ay) with Ty X == AT, Fov xof € #y, 1ot X (g f)
= y,9 with ¢ holomorphic in A,. Since TN - XAV for mo=2 1, 2,0,
we have X (4,8"f) = x22"y. We have

b fIE = [lenfPdp = [r|fPdp <A 1P

A A1
and
gl = [le"glPdu > [ ltglidu = [ lyik g
B

“ag g

> @ [ lg12du = §)" lraagl®,

Ay

where Ay, = {£ <2< 3} < A,. Since X iy bounded, wo have

10 2 Nz gl a2l 2 5" xaeg | NS

for all n; hence yeey = 0 and therefore, since ¢ is holomorphie, ¢ = 0.
Thuy, X =0. )

A similar argument works for Y7, == 1Y since ¥ (y,e""g) = & "2, f
for all . Yence, our example satisfies the conditions of Theorem 1 and we
have:

TurorEM 2. There ewists a subnormal operator T such that not every
element of {T}' lifts to {N}'.

Sinee in our example each 7 is an injective bilateral weighted shif,
we know that [5], p. 62,

Ty ={I}" = {Mw,; e B(#y):

Mo f =of, o) = D @iln)", and puit; < ).
Nm=m-00
Hence, § = M, +M, e{T}y lifts to {¥N} if and only if ¢, () = ps(2)
for } < |2} < 2, Le. ¢;(2) = y;p(2) for some p(2) holomorphic on A. Thus,
we have [5], p. 91. )
COROLLARY 3. Hvery element of {T'}' that lifts to {N} is the limit in the
strong operator topology of a sequence .of Laurent polynomials in T

icm®
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Ouwr deseription of {17 also yields the following, which answers the
second question of Abrahwmse.

GorontAry 4. 1" is drreducible.

Proof. I has o reducing subspace if and only if there ig an orthogonal
projection in {1}, Ninee the only idempotent holomorphic funetion on
o connected domain iy 0 or L, wo sgee the only idempotents in {I'} are I--0
and 0 1. However, neither of these is self-adjoint.,

By Yoshino’s rosulls [6], it follows that 7' is not cyclie, Bram, in
fact, showed that cach T iynot eyelic although its m.n.e., multiplication
by 2 on LH(dp) I8 cloarly eyelie. In faety each Ty is 2-cyelie and henece T
i finitely cyelie. Thin rosuls follows from the more general.

Prmorsy B Lot {a,: nooo 0y =4, 00 be o weight sequence for the
bilaleral woighted shifl T, = a0, 1, % = 0, 21, ... Then T 4s 2-eyclid.

Proof, Let 2 project into I, the cloged linear span of {¢,: n < 0}
and congider § = 21, the conyprossion of 7' to H™. Clearly, 8 is unitarily
equivalont fo o nilatorsl lofh shitt and by [3, p. 82], 8 has a eyclic veetor f.
Then {f, 6o} is eyelie for T so the theorent follows.
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