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SOME ESTIMATIONS OF SYSTEM RELIABILITY
WITH POSITIVELY DEPENDENT SURVIVAL TIMES
OF CRITICAL PATHS

1. Introduction. Let us consider the system of some elements with'
Specified #» minimal critical paths. Let 4; (jeJ = {1,2,...,n}) denote
the random event that all elements of the j-th path are failed, and let B
denote the random event that the system is failed. The minimal critical
Paths may be considered in the system as subsystems being connected
in geries, namely

B = | JA4;.
jeJ

By the reliability P of the system we understand the probability of
Complementation of the event B, so that

P =Pr(B% = Pr (jQAf) .

In common practical situations the random events 4;, jedJ, are
dependent, and then for the computation of the probability P a probability
distribution on the unions A; A, ... 4, for every 1< i; <4, <... < i <m,
tedious in estimation however, is required. Some partial information on
this distribution allows us to estimate the probability P. In this note we
consider the estimation of P of second degree, i.e., using the probabilities
P; < Pr(4,), P; = Pr(4;4,), i, jeJ, and the additional condition of
Positive dependence of events. We say that random events A4;, j e J, are
Positively en bloc dependent if for every J, c J and J, c J the inequality
Pr( (N 4)>Pr(()4)Pr(N4)

jeJVJg jeJy jedqy
holgs,

~ From among estimations of second degree we recall Hunter’s result [2]
distinguished by simplicity. Consider any tree on J, i.e., a connected sub-
8raph with » —1 nodes. Let

T = {(T(.?)’}) (NH<j,j=2,3, 7'”’]
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be the arcs of this tree. Hunter showed that

(1) Pr(B) < ) Pr(4;)—max ) Pr(4,;4;).
jeJ T j=2

In the class of estimations of first degree with positive dependence
condition of events A7, A7, ..., A;, Esary et al. [1] showed easily that
(2) P=pr(B)>[]Pr(4) =[] 1—P)).

jeJ jeJ

2. Some estimation of second degree. Let u be a 2m-element permu-

tation of the set J with repetition of its elements,

w = (":17.7.11 izyjz’ ) im;jm)y
where 2m > n. Hence

I

B° = () A3 A5
k=1

and so for positively en bloc dependent events A, A3, ..., AS we get the
inequality '

(3) Pr(B°) > [ [y,
k=1
where @; = Pr(434)) =1—-P;—P;+P,;.
- This implies the estimation

m
(4) P>1—max ”Q‘k,k.
£ k=1
The problem of optimum estimation of P in the class of estimations (3)
is reduced to the optimum choice of pairs, strictly, to the optimum divi-
sion of the set J into one- or two-element subsets. It is easy to see that the
class of admissible permutations with repetitions u may be limited to the
class of permutations without repetition if » is even and then m = n/2,
or to the class of permutations with one permutation if n is odd and then
m = (n+1)/2.
The optimization problem may also be formulated as a linear prog-
ramming problem. Write for some u

2 — 1 fori=idy,j=j,0ri=j,]=t,k=1,2,...,m,
%710 otherwise.

Using the symmetry of matrices (@;;) and (z;;) we get

m
xTia x..(]_.{_ﬁ..) 1/2 1
I ] Qiki’k = I 1 Qi;] = [} l Qi}’ ”] = exp| — 2 Wi Zii |y
k=t i,jeJ

I<ijsn t,jeJ

where 6;; is Kronecker’s delta, and w;; = — (1+ é;)logQ,;.
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The linear programming problem is as follows: given the symmetric
matrix (w;), find the (0, 1)-valued symmetric matrix (2;) such that

2w€j>1’ Zwij>1’ Bij = Tjiy
ieJ jeJ

2 wﬁwﬁ = min.
i,jeJ

This is the so-called wmon-bivariate matching problem. It is solved by
Edmonds, and descriptions of computer programs are also given (cf. [3]).

3. Comparison of estimations. Estimation (4) is comparable with
estimation (1). The first one is sharper if the random events 4;, jeJ,
are almost independent, and the second one is sharper if the events have
a large common part. We show this by examples.

Let A;, j ed, be independent events with the same probability p.
From (4) we obtain the exact value

Pr(B) =1—-(1-p),
and from (1) we get the estimation
Pr(B) < np—(n—1)p*.

Let A; = A for jedJ, n = 2m, and let Pr(4) = p. From (4) we get
the estimation

Pr(B)<1—(1—p)" =p(l+(1—p)+ ... +(1—p)"7"),
and from (1) we obtain the exact value
Pr(B) =2mp—(2m—1)p = p.
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PEWNE 0SZACOWANIE NIEZAWODNOSCI SYSTEMU
PRZY DODATNIO ZALEZNYCH CZASACH PRZEZYCIA SCIEZEK KRYTYCZNYCH

STRESZCZENIE

Niezawodnoéé systemu definiuje sie jako prawdopodobieristwo sumy pewnych
zdarzen losowych. Przy zaloZeniu, Ze zdarzenia te sa dodatnio en bloc zalezne, w pracy
znaleziono oszacowanie niezawodnoéci, w ktérym skorzystano z macierzy prawdo-
podobienstw iloczynéw par zdarzend. Algorytm optymalnego szacowania sprowadza
sie do problemu optymalnego kojarzenia par. Oszacowanie poré6wnano ze znanym
oszacowaniem Huntera; okazato sie przy tym, Ze zadnego z nich nie mozna generalnie

wyréznié.



