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Principe de Ia démonstration: So't @ la suite construite dans la prenve
dun théordéme 1. Comme il est remarqué dans [L], on peut supposcer que ¢
et non déero ssante. On appligue alors & @ Valgorithme déerit dans [1],
pour constrnire U par ,,blocs”.

Soit m, = Inf{n e N| p(n = |0,)}. Pour n < my, on pose u, = 0.

Soit. m; = Inf{n e N| p(n) = 101 eb n=my-1}. Dour # s {mg, ...
ceey iy —1}, on posc u, = Oy.

On {ékinit, par réourrence sur %, la suite (m,) suivante:

Yez1, . =Inf{neN| pn)z |0, et nz (L-km, ob
ey, 2= 0 mod ke +-1}

de sorte que (my) cst strictement eroissante.
On pose, pour % € {my, ..., Mgy —1},

ty, = O
ol § est le veste de la division euclidienne de n—my, par k-1,

11 et clair que U = (u,) sabisfait & la condition 1) du théoréme 2.
Le fait que x6 et aU soient complétement éguiréparties on non
équiréparties pour les mémes valeurs de @ est démontré dans [1].

IV.2. La méthode utilisée pour démontrer le théortme 1 s¢ giéné
ralise & 'a répartition selon une mesure x dang un compact S mdétrisable

([31)- :

Addendum: Jo théoréme 1 a 666 amdliord par Pautenr dans un article pari aux
Aunales de Ia Faculté dos Scionces de Toulouwse (vol. 2, 1980, p. 137-153).
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Integers without large prime factors, 11
by

Joux B. Frigppraxpzr (Toronto)

1. Let g and ¢ be relatively prime positive integers. For m a positive
integer, let P(m) (respectively @{m)} denote its largest (resp. smallest)
prime faetor. Thiy paper ig concerned with the sum

8=8X, Y, a,q0)= N 1,
mZX
mea(mod q)
Plmy= ¥
where X 2= ¥ 2 2.

In the case where ¢ is less than a fixed power of log ¥, fairly precise
regults are known (see [8]) -and, in particolar, if ¢ =1 and
* = %’-{{1} < (log X)¥* (this restriction can be weakened somewhat),

log
then & ~ Ag(u), where o(u) is the Dickman function (see [1] for detnils).

The gituation 18 less satisfactory im the ease where g is larger, say
a fixed power of ¥, In [4] o result was given which yielded & ngn-tfivia,l
lower bound provided that 8 = log ¥ [logq was fixed, exceeding Vej(Ve—1).

In thiy paper we give the following upper bound.
TugorEy. If X = @Y% and « < (log ¥)*, then

! 1«;—{@(“—5-1“4).
X q
e (mod q)
FRLOLS _

The constants 2,5, + and 4 are all susceptible to improvement. Unlike
tho result in [4), the above estimate remains nontrivial when ¥ <g.

Al estimate in [107, stated without proof, is in fact superior to the
above. Unfortunately, the method of proof in that paper is flawed and,
barring a complotely new idea, scems ineapable of being modified to
give the stated resalts. Our method of proof does, however, owe its origin
to one of the ideas in that paper as well as to the earlicr work [7] of
Hmyrova. . o L
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One interest of the sum § is due to its connection with the probhlem
of the least kth power non-residue. For k > 2 an Integer, and g == 1 (mod k)
o prime, let g,(g) be the least kth power nonresidue (mod g).

Defining o, = lim ——-—%—‘a———, the conjecture of Vinogradov stuwbes
' g-+oo L
. loglogk
that a, = 0 for cach k. The result [9] of Vinogradov that a; < (“ﬁg?g
ok
remains, o this day, essentially the boest known estimate, subsequent
improvements by Davenport and Erdés [3] and by Burgess [2], important
a8 they are, atfecting only the value of the implied constant.

A connection between this problem and the sum § can be deseribed
ag follows. For o given prime ¢ == 1 (mod &), let X be some fixed power
of g and let ¥ < ¢,(g). Let § be an upper bound for S which helds for
cach @ prime o ¢. The s § vanighes for each a other than the (g—1)/k%
olagses which arve kth power residues, Thus

T q
(X, Y) = m‘;}‘r 1< 72@.
.P(m)-a.l"

This inequality, when combined with well-known lower bounds for
(X, ¥), leads to an npper bound for ¥. Using thiy iden in conjunction
with the bound for § provided by the theorem gives only another proof

log
-i}hdfh ] < __ni_ﬂlﬂgk
logk

i

. A refinement of the theorem sufficient to improve

tlua latter e.stlmdme appears to lie rather deep. The result stated in [10],

it true, would yield ay < Jogloglogh

loglk

2. TmmMmA. Lt p(X, T) = ¥ 1.
Plmiar
(mq)=l

(A) For log?X < ¥ < X,

| 4o(X, ¥) € Xlog*Xexp( —ulogu -0 {uloglogu)).
(B) For ¥ < logX,

' ¥ (X, ¥) <
< (log Ty,

1, (X, loghX).
(C) For q< X, u

p(2)

"f’q(x ¥) < '“'“é"“" Xalu).

Proof. (A) is an immediate consequence of a result of de Bruijn,
(1.6 of [11), and (B) is a tnvmhty‘

icm
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(0} is 2 weak eonsequence of a result dne to Hazlewood (2.26 of [6])
by which we have

Pl X, ¥) = ‘P%ql-xg(ﬁ)*I‘O{X(P(Q)“ 1) {log ¥)Mexp( ]/log Y)) -+
" X oy
e L ol L —9
|- O (R amtany I_O(lorr p alu .)):

where M is absclute and g, v, ¢ each have their nsmal meaning.
Simee, for w1,
U 23

[ o> [ o> etw3),

u—1 i1

wupi{rn) =
it follows that olu) > w3 p(u—2).
Using the well-known estimates,

log3q
loglog3q '

»(g) <€ 9lg) > (loglog3g)™! =and | %@ < loglog3g,

(0) follows.

3. Proof of the theoorem: Let V = Xg~'Y™*. For bounded V
the result is trivial and we shall make nse of the fact that T can boe taken

to be large.
Tor m > V contributing to 8§, we may mlte M = My Where

My

< T < mq.
Plmy) !

P{m,) and

Q (m.,) =
Thusg,
DD s
pE¥ Vamysnl” mg-sxlml

Plmy)=n Gty
rie (11(11,%1]):::1 m.lmzma (modq)

8 < Vg

Applying the upper bound sieve (ef. Theorem 3.4, P104, of [5]), the
inner sum sabistics

T 2
NI {_.
2 < mm(q)lnf:p P

iy
80 that,
X -1 \" 1
8« Vg -+ Yi(V, ¥4 _ P
ARCARE AL w(q)%plog:p ey ™
ma {:{E’Z%ff
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Defining W = exp ((log V), and applying partial summation to (0) of
the lemma,

C XY 1 -1 L () 1 loeV lngV
2 gz 2w < ff ) Toup "f;;;;;;')'
Wepa 1 R T Wpasl * =N =}

A routine computation, wsing the prime number theorem and partial
sunamation, shows this to be

G,

& ¢ log¥

) gV
PRAVIN L )

On the other hand, nsing (A) and (B) of the lemui and pavtial gum-
mation, we have, for sufficiently large 7V,

‘Ij ___1__ \—‘! _1.‘ @ fo(g:tr exp ...._._,.:.{,{.)..;:12’.__ .
If_nl plogp . ' 2logW
Pln)ip
(b= 1

Collecting our estimaties,

, X [logV X . g ¥
g Tt 33T V) e oo 0 S} s e logd Xexp | — =t
€ Vg - Xyp(V, Y)4 « ¢ ( log J) | P(g) oL Yl)( 2[0{2;W)
X ( log ¥ )

7 gy

for sufficiently large V.
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