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Bounding L-functions by class numbers
by

A, Marux (Port Hareourt, Nigeria)

L. Iotrodtuction, Lot L(s, x) be the Dirichlet I-function belonging
to the real primitive character y (mod |[D)), for a fundamental diserimi-
nant D << 6. The value of L{s, ) hags attracted much attention, in particu-

lax L(L, ). The value of L(1, y) iz given by Dirichlet’s elags number
formula,
w~h{D)
(1) } o = D < 0);
1, % Z 20T = (D 0);

where B(D) is the clags number of the field (VD). The size of T(l, x)
is clogely related to the value of (s, y) for s e [{, 1), For example we
mention :

Tusornm 1 (Hecke). Let § be any fived real number satisfying 0 &
< 1, and suppose that there is af least one point o satisfying + << a<< 1 for
which

—7 §
oy §) > o e (D) < —1065t);
Mo > < Taycai )
then
] IDI(u~«1)/2
L, ) o (1--8) ~~-~2a(1 a) (2~W)ﬂ (D << —16m?).

This stutement of Tecke’s theoremn requiring » weaker hypothesis
and with tho constants given explicitly, Is mplicit in Londaw’s proof [3].

On the other hand frying to give upper bounds for L{s, y) for s e [0, 1]
ig algo o difficuls problem. ’l‘}mre is & conjecture (see Montgomery [4])
that for 6> 0 wmi [-D] = 6y(e

) s, x)<|Dl"“‘“’ for  sel}1).

In conncction with giving » lower bound for L(1, y) we mention Tatuza-
wa's [7] near effectivipation of Biegel’s theorem [6].
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TemoreM 2 (Tatuzawa). For an ewplioit function e(s) (0 <& <1/2)
there is at mogt one negative fundamental diseriminant I,|D| > ¢(e), for which

R(D) < |DP.

We shall prove here that the I-function belonging to this execplional
digeriminant satisfies conjecture (2). Alternatively wo can state this as:

TemoreM 3. Let y (mod |D|), D <0, be a real primitive characler,
and L(s, y) be the L-funotion belonging to y. LThen if D] > ole)

either,

{3) Lis, z) < 1D/ 9log* (D] (A <8<Y)
or

{4) (D) » D" (0<e<})

anatst hold. |

The implied constants above, and in all that follows, will be effec-
tively computable. Probably both (3) and (4) are true but this either/or
fiype of result seems to be a feature of the topic atthe moment. For example

we mention.:
the result of Fluch [2], that

either L/(1,x)>1, or L(l,x » (log|D)~".

the Deuring phenomenon (see Mordell [6]) that

either  Riemann's hypothesis ie frue or  h(D)—>oco as D->—oco.

2. Proofs. A proof of Theorem 3 will follow directly from the following:
LeMma, Let x be o real primitive character mod|D|, D < 0. Then,

{3) |L(s,x) < W*log*(3h) +h*log? (3h) | DIt~2 + D]~

(F<ss1),
-awhere h = k(D) is the dlass number.

Proof. We uge the relations (3.8) of [1], and after summing over all
the rednced quadratic forms (a, b, ¢) geb:

{6)  Z(8).L(s, x)

-8 o ‘
== £(28) Z a4 (L‘;_)_l_) £{26—1) ﬁ%ﬂﬁ Z a4 O (h | D=,

a

This equation. is valid for s = o44f, with < o<1, and bounded ?.
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The sum oeeurring in (6) i3 over all the A({D) reduced binary quadratic
forms {a, b, ¢) such that,

—abgLa<e

b —dae =D < 0.

We first need some information about } ™. We thus let,

@

X

(7) 0t = 3 e(n)n0

x a fhs=l
where o(n) = k. Thus (7) can be written as

fyem )
X
S 8@ 8E)

(®) %a = Ifw—-—-mﬂdwﬂxa :
where,
(9) S(x) = ;a(w).

But lor every a in ), we know there exists an ideal of norma in K = Q (I/Ej:
a on

Hence if C{s)L{s, x) = [x(s) = 3 g(n)n™* (Re(s) > 1),
=1

mgjx(t) <. d(n), where d(n) is the divisor function, Thug we have,
n

then g(n)

(10) o(n) < g(n) < d(n),

and uging (10) in (9) we get,

(11) 8@ < Y i(n) < sloga.

nEw

Using (11) in (8) we have,

X
1
(12) )“ a”’ < f gﬁm dedlog X < X *log?(3X) (0 1),
= P" :

4]

Fromn (10) we observe that,

X X
. 7
(13} ho= ﬂélo(w) < é:d(n) < XlogX,

and Licnee gee that (13) holds if we take X = ch, for some positive constant
¢. It wo now take X = oh in (12), then

(14) N ¢ < B log?{(3h)

[73

(0<s<1),
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with a corresponding expression for Ya~0%, Finally using (14) in (6)

1]
we get the lemma by noting that for ¢ near 17 we huve
1
Ls) = ——7 Lyt O(L—s8) (y = 0577...).

Proof of Theorem 3. Suppose thabt (4) is false, i.e. wo can assmine
that 2{D) < [D|° (0 < e < §). Then we have from. the Lemma for } <
<1,

\L(s, )| < ([DP079 - | D=4 log? | D] -+ 105,
But clearly,
|])‘ﬂ(1-ﬁ) > 'D]sﬂwﬁs

and, .
D=8 5 | pEoei o< dand t<eC.
|2 [ D[P,

Hence |L(s, y)| < [P~ 9log? D}, thus proving Theorem 3.
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Uber die Klassenzahl einfach reeller kubischer Zahlkorper

voun

REINgARD Scumrrz (Koln)

1. Einleitung. Die Ausdeutung ciner von . Hasse und C. Meyer
stammenden Klassenzahlformel fiir einfach reclle kubische Zahlkérper
ergab in [5), Satz (3.1) einen Zusammenhang zwischen den Klassenzahlen
dieser Korper und zyklischen Untergruppen. der Ordnung 9 in Ringdivi-
sorenklassengeuppen Imaginir-quadratischer Kérper. Diese Hrgebnisse
werden durch die Sitze 1 und 2 der vorliegenden Arbeit wesentlich verall-
gemeinert. Grundlage hierfiir ist unter anderem das Lemma 3 aus [8],
desgen. Verwendung beim Beweis der Sitze 1 und 2 die rein technischen
Voraussetzungen (1.20) in [5], Satz (3.1) iiberflitssiz macht.

Sei X cin imaginir-quadratischer Zahlkdrper der Digkriminante
L < 0, und tiiv elne natiirliche Zahl f bezeichne 2, den Ringklagsenkérper
modulo f tiber X 2, ist im Sinne der Klassenkdrpertheorie der Unter-
gruppe JI}‘ aller Hauptdivisoren (y) von Z zugeordnet, wobei » alle zu b
primen Zahlen aus Z— {0} durchliuft, dic modulo f zu einer rationalen
Zahl kongruent sind (vgl. [7], Abschnitt 3). Jeder einfach reelle kubische
Zahlkérper K ist Teilkérper eines geeigneten Ringklassenkérpers, und
nach [2] gilt K = £2, genau dann, wenn die Diskriminante Dy von K die
Zerlegung

(1.1) Dy =fiD mit feeN wd frlf

beaitzt, Bezcichnet weiterhin Rf die Ringdivisorenklassengruppe modulo f,
d.h. die Faktorgrappe der zu f primen Divisoren von 2 nach der
Untergruppe L} und #y(f) den 3-Rang von K7, 80 lanbet das Fauptresultat
dieger Arboeit:

Samz 1. B sep D < ~4, und [ besilze einen Primteiler p mit pd x f,

D :

(}—;) = -l and p+1 = 13 mod 9. Dann gilt:

(1) Fir jeden einfach reelien Tubischen Zahlkorper K der Diskriminanie
Dy = f% D mit p|fe|f besteht die Aquivalenz

3|k ox () < 9|17



