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A group automorphism is a factor
of a direct product of a zero
entropy automorphism
and a Bernoulli automorphism

by

Nobuo Aoki (Tokyo)

Abstract. Our aim is to show the title, that is, a compact metric abelian group X with an
automorphism o splits into a sum X = X;+X; of ¢-invariant subgroups X; and X, such that
(X:, o) has zero entropy and (X, o) is Bernoullian.

§ 1. Introduction. The metrical and topological structures of affine transform-
ations studied by many authors. It follows from Parry [12, 13] and Dani [6] that the
metrical structure of an affine transformation of a compact abelian group has a re-
lation to that of its automorphism part. For example, if an affine transformation of
a compact abelian group is minimal, then its automorphism part has zero entropy.
Further, an affine transformation is a Kolmogorov automorphism if and only if its
automorphism part is so. .

Concerning only with automorphisms of a compact metric abelian group,
Rohlin proved in [15] that every ergodic automorphism of a compact metric abelian
group is a Kolmogorov automorphism (hence Bernoullian [9] or [L]). After that the
author [2] extended the result of [1] to a compact metric group.

Let X be a compact metric abelian group and ¢ be an automorphism- of X,
then it is known (cf. [1]) that there exists a o-invariant subgroup X, such that the
factor of o on XJX; has zero entropy and the restriction of o on X, is Bernoullian.
However, it is unknown yot whether X contains a subgroup X such that (X3, 0)
has zero eniropy and X splits into a sum X = X, +X,. ‘

In this paper, we first prove that a compact metric abelian group X splits into
a sum X = Xo+F of the connected component X, of the identity and a totally
disconnected subgroup F, invariant with respect to a given automorphism of X.
Our aim is to show that every automorphism of a compact metric abelian group is
an algebraic factor of a direct product of a Bernoulli automorphism and an auto-
morphism with zero entropy. This characterizes a metrical and topological structure
(in the ergodic theory) of every automorphism.
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The author wishes to express his heartily thanks to the referee for his kind
advice and sugestions.

§ 2. Main results. Throughout this paper, we shall write the group operation by
additive form. The identity of the group will be denoted by “0”. To distinguish the
direct sum of subgroups from the sum, we denote them by the symbols “@®” and “+-»
respectively. The direct product of two groups will be denoted by “®”. We shall
call simply aqutomorphisms continuous group automorphisms, and denote them by
Greek letters ¢ and y. Given an automorphism of a group, its restriction on a sub-
group and the induced automorphism on a factor group will be denoted by the same
symbol if there is no confusion. We shall call a factor automorphism the induced
automorphism of a factor group.

The following is a main result of this paper.

TuEOREM 1. Every automorphism of a compact metric abelian group is an algebraic
factor of a direct product of an automorphism with zero entropy and a Bernoulli auto-
morphism.

Proof. This is obtained easily from the following Theorem 2. Indeed, let X be
as in Theorem 2 and o be an automorphism of X. If Theorem 2 was established, then X
contains the subgroups X; and X, in Theorem 2. Hence (X, o) is an algebraic factor
of (X1®X,,0®0).

THEOREM 2. Let X be a compact metric abelian group and o be an automorphism
of X. Then X contains o-invariant subgroups X, and X, such that

@) (X;,0) has zero entropy,

(i) (X5, o) is ergodic (and hence Bernoullian with respect to the normalized Haar
measure) and

(i) X = X, +X,.

In the remainder of this paper we shall prove Theorem 2.

§ 3. Ar auxiliary result. We shall show a result on a compact metric abelian
group used in proving Theorem 2. P

PRrOPOSITION 1. Let X be a compact metric abelian group and X, be the con-
nected component of the identity in X. If o is an automorphism of X, then there exists
a c-invariant totally disconnected subgroup H such that X = Xo+H.

For the proof we need the following Lemma 1. Let G be a discrete countable
abelian group and y be an automorphism of G. We write

K= 3 XS, feG,

where { f} is a cyclic subgroup of G generated by f.

Levva 1 (Lemma 3.1 of [1]). Let G and y be as above. Assume that G, is

a y-invariant torsion free subgroup. Then, for g € G there exists an integer d>0 such
that dK,+G, is a torsion free subgroup.
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We shall give here a proof for completeness. Let ¢ = g+ G, e G/G,, and W be
the y-invariant subgroup of G/G, generated by §. Under that action of y, we can con-
sider W to be a Z[x, x~*]-module (Z[x, x*] denotes the ring of polynomials in x
and x~1 with integer coefficients). Let ¥ be the torsion subgroup of W. Then V is
clearly a Z[x, x™*]-submodule of W. Since Z[x, x~!] is Noetherian, V is finitely
generated under Z[x, x71, say by vy, ..,0,. If djv; = 0 for non-zero integers d;
(1<j<r), and d = dy ... d,, then dV = {0} in G/G,, and so dW is torsion free. Since
both -dW = (dK,+G)/G; and G, are torsion free, so is dK,+G,.

We denote by (G, y) the dual of (X, o) ((yg)(x) = g(ox),g&G and x eX).

Proof of Proposition 1. Denote by G’ the maximal torsion subgroup of G.
For a character g, ¢ G, it follows that there is an integer dy>0 such that dy K, is
torsion free. Since X is metrizable, G must be countable. Using Lemma 1 inductively,
we see that therc exist positive integers dy, d,, ... and characters g,, g,, ... ¢ G’ such

0
that G" = Y d;K,, is torsion free and G/G” is a torsion group.
j=0

Let H denote the annihilator of G’ in X. Then H has the character group G/G".
Thus H is totally disconnected and o-invariant. On the other hand, since XJXj is
totally disconnected, X/(X,+ H) must be connected and totally disconnected, that
is, an identity group. The proof is completed.

§ 4. Proof of Theorem 2. In proving Theorem 2, we need the following pro-
positions.

PRroPOSITION 2. Let X and o be as in Theorem 2. If X is connected, then Theorem 2
is true for (X, o). : ]

PROPOSITION 3. Tet X and o be as in Theorem 2. If X is totally disconnected,
then Theorem 2 is true for (X, o).

The group X is expressed as X = X,+ H with the notations of Proposition 1.
If we hold Propositions 2 and 3, then the subgroups X, and H split into the sums
X, = X|+X} and H = H,+ H, of subgroups such that X7 and H, satisfy (i) and X3
and H, satisfy (i). Denote X; = X{+H and X, = Xj+H, then X = X, +X,
since X = X, H. Since (X}, 0) is an algebraic factor of the direct product system
X{®H,, 0®0), (X1, 0) has zero entropy. Also (X, o) is a factor of (X;QH,, oc®0),
so that (X,, 6) is ergodic (and hence Bernoullian).

It Will be remain only to show Propositions 2 and 3.

(1) Proof of Proposition 2. For the proof we prepare some results that suffice
for our needs. As before let G be a countable discrete torsion free abelian group and y
be an automorphism of G. For g € G we shall denote by p,(x) a polynomial p(x)
with minimal degree such that p(y)g = 0for some 0 # p(x) € Z[x]. We define subsets

Gy =lgeG: p)g =0}
(obviously G, is a y-invariant'subgroup) and
Gy = {geG,: p,(x) has only roots of unity} ,
G = {g & G4: p,(x) has not roots of unity}.
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LemMA 2. Gy and Gg are y~invariant subgroups, and Gy N Gg = {0}

Proof. It is obvious that Gy and G¢ are y-invariant. If fand g are in G, then
AN f=p,7)g = 0. Since pN)p(y)(f+g) =0, a polynomial pg,(x) divides
Ps(x)p,(x) over @ (denoting the rational field). Thus p;. ,(x) has only roots of unity,
whence f+g € Gp. It is easy to see that G¢ is a subgroup and Gy N.G¢ = {0}.

Lemva 3. G (Gg®Gy) is a torsion group.

Proof. If rank(G,) = r<oo, then G, is imbeded in Q" where Q" is the
r-dimensional vector space over Q. We can consider G, to be a subset of Q". Then
there is an extension of y on Q" (we denote it by the same symbol y). The space Q" has
a direct sum splitting Q" = Q@ Q, of y-invariant subspaces where all the eigen-
values of yjg, are only roots of unity and those of y,. are not roots of unity. Ob-
viously, Gp= Qp and Ge=Qc. Let fe Gy, then f = f3+/fc with some fe Qp and
some f¢ € Oc. Since Q" is a divisible extension of G4, nfy € Gy and nfe & G¢ for some
n>0, hence nf = nfy+nfpe Gy@Ge. This shows that G,/(Gp@DGc) is a torsion
group.

If rank(G,) = oo, it is easy to see that G, contains a sequence .

GP56P ..o 6P =6,
n

of y-invariant subgroups such that rank(G{")<co for all n>1. Hence there exist
subgroups G5 and G such that G’ <Gy and G =Ge, and GPHCLDGY) is
a torsion group. We obtain at once the conclusion.

N , o0
LeMMA 4. If g ¢ G, then the subgroup K, = Y yXg)> splits into a (restricted)
o0
direct sum K, = @ y{ f>.

Proof. This follows from the fact that p(y)g # 0 for all 0 % p(x)e Z[x].

The set I' = {g e G: g ¢ G,} is countable and G,+TI" = G holds. For gy eT,
we denote by g, a character fe I such that th N K, = {0}, and by g,, a character
hel such that K, ®K, K, = {0}. Repeating this step, we get a sequence
{K;, } of subgroups and obviously

Gr= @ K, . )

Then Gy is y-invariant and G4 n Gp = {0}. We claim that G/Gj, is not necessarily
torsion free.

Lemma S. For any § € G|Gp, there exists 0 # p(x) € Z[x] such that p(y)§ = 0
(the identity of G/GYp). :

Proof. This follows from the definition of Gp.

LemMa 6. Let X be a compact connected metric abelian group, ¢ be an auto-
morphism of X ahd (G, y) be the dual of (X, o). If.G = Gy (that is, for any f< G,
() f =0 and p(x) has only roots of unity), then (X, &) has zero entropy.
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" Proof. We notice that G is torsion free. Let G, denote a subgroup generated by
{ylg: —oo<j<oo} for any g € G. Since P24(0)g = 0, the rank of G, is finite. We have
that p,(x) is monic and its constant term is +1 since it has only roots of unity and
Dy(x) € Z[x]. Therefore it follows that G, is finitely generated. Since G is countable,
G contains a sequence G;<G,c... of y-invariant subgroups such that |J G, = G
and for any n>1, G, is finitely generated. If X}, is the annihilator of G,in X, then X,
is o-invariant and X/X, is a finite-dimensional torus. Since every polynomial p,(x)
has only roots of unity, (X/X,, ¢) has zero entropy (cf. see p. 168 of [17]). Hence
(X, ) has also zero entropy since X, \{0}.

TueoREM A (§ 6 of [16]). Let o be an automorphism of a compact metric abelian
group X. If N is a o-invariant subgroup of X, then h(c) = h (crl x,~)+lz(0'|N) (the no-
tation h(c) means the Kolmogorov entropy).

From now on we shall prove Proposition 2. For the proof we must use Prop-
osition 3 that is proved later on. As before let (G, y) be the dual of (X, o). Since X is
connected and metrizable, G is a countable discrete torsion free abelian group. We
have

oG @Gp>GD GGy .
Denote by ann(X, G') the annihilator of a subgroup & of G in X, and put

Y) = ann(X, Ge®Gp) and X, = ann(X, GB)',
Then we get

Y1+ X, = ann(X, {Gc®Gp} n Gp) = ann(X, {0}) = X

It follows that (X3, o) is ergodic and (X/X, ) has zero entropy. For, the charac-
ter group of X, is G/Gp and y/g/g, has no finite orbits except the identity. If
d=9g+GyeG/Gy and y(g+Gy) = y*g+Gp = g+ Gy for some k #0, then
(*—1Dg e Gy and 50 pyrn,(y) (¥*—I)g = 0. Since Pye-ng(%) has only roots of unity,
50 s pye ,,a(x)(x"—~1). Hence g € Gy and so ¢ is the identity of G/Gy. Therefore
(X3, 0) is ergodic, The character group of X/X, is G,. Hence by Lemma 6,
(X]X,, o) has zero entropy. It is easy to see that X, is the maximal subgroup satisfying
the above conditions (by using Theorem A).

Using Proposition 1, we see that there are o-invariant subgroups Z and H such
that Z is connceted, H is {otally disconnected and

Y, =Z+H.

If we hold Proposition 3, then H contains o-invariant subgroups H, and H,
such that (H;, o) has zero entropy, (H,, o) is ecgodic and

H = H+H,.

To get the splitting as in Theorem 2, let (G, ) be the dual of (Z, o), then G
is the factor group of G/(Gc@Gy), which is the character group of Y;. Hence by
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Lemma 5, for any g & G there is 0 # p(x) € Z[x] such that p(y)g = 0. As before,
define y-invariant subgroups

G = {ge G?: p,(x) has only roots of unity},

G¥ = {g e G¥: p,(x) has not roots of unity} .

Then GPY(GP®GY) is a torsion group (Lemma 3). Since G is torsion free, there

exists the minimal divisible extension (G9, y) of (G, y) (see §23 of [11] and [1.

It is easy to see that G = GP@®GE where GP = {geG™: mgeGP for some

m # 0} and G is defined in the same way. Obviously, for g € G a polynomial Py(x)

has only. roots of unity and for fe G a polynomial p (%) has not roots of unity.
Let (Z, 0) be the dual of (G, ), then Z splits into a direct sum

Z=Zy®Zc

of ¢-invariant subgroups where Zp = ann(Z, G¥) and Z; = ann(Z, G\). Since Z,
has the character group G2, from Lemma 6 it follows that (Zj, ) has zero entropy.
On the other hand, the character group G& of Z¢ has no periodic points under y
except the identity, so that (Z¢, o) is ergodic.

Let X = ann(Z; G™), then K is o-invariant and Z/K is isomorphic to Z. Since
Z/K and Z have the same character group G on which actions of y coincide, (Z, o) is
isomorphic to (Z/K, o). Therefore Z is expressed as

Z=Z+Z,

of o-invariant subgroups where Z, and Z, are factors of Z; and Z, respectively.
From the maximality of X, Z,+ H,<X,. Let us put Xy = Z;+ H, then (X, 0)
has zero entropy, and X = X, +X,.

In order to conclude the proof of Proposition 2 and get Theorem 2, e have
to show Proposition 3.

(1) Proof of Proposition 3. For the proof we need the following results.

TueorREM B (11.1 of [16]). Let o be an automorphism of a compact totally discon-
nected metric abelian group X. Then there exists in X a o-invariant subgroup K such
that (X/K, 6) has zero entropy and (K, o) is Bernoullian (with respect to the normalized
Haar measure).

w
Let X be a compact metricabelian group and X splitinto a direct sum X' = @ H,

o0
where H; = H, i =0, +1, ... The automorphism ¢ of X defined by o{#,} = {#,+1}
will be called a Bernoulli group automorphism. A. Bernoulli group automorphism
having a group of states which is different from the identity and having no proper
non-trivial subgroups will be called a simple Bernoulli group automorphism.

TureoreM C (11.5 of [16]). Let X be a compact totally disconnected metric abelian
group and ¢ be an automorphism of X.'Let H be an open subgroup of X such that
(N a"H = {0}. If X|H is simple, then X is finite or o is a simple Bernoulli group auto-
morphism of X. .
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The following is a reform of Theorem 11.7 in [16]. In compact totally discon-
nected metric abelian groups, the statement of the theorem is not certain (see [3])
Lemma 7. Let X be a compact totally disconnected metric abelian group. If ¢ is
an ergodic auiomorphism of X, then X contains’a sequence

X =FyoF>..
of o-invariant subgroups such that (\ F, = {0} and for any n20, there is a sequence

,
By = F,goF, 5.5 (\F,, =F,,,
i

of o-invariant subgroups such that for any i=1, O\ FufFn, 18 @ simple Bernoulli group
automorphism. '
Proof. Since X is totally disconnected, X contains a sequence X = Ay>Ad;>..
of open subgroups such that ) 4, = {0}. Writing Hy = ) ¢*4, for any n30, by
k

Theorem B there is a subgroup H, of H, such that (H,/H,, o) has zero entropy and
(H,, o) has completely positive entropy. The sequence {H,} decreases and N H, = {0}
Without loss of generality we may assume that the sequence contains no repetitions.

We fix the integer n and carry out a recursive construction of the sequence

}In = Fn,ODEr.t:"':’Fn+l
of g-invariant subgroups, imposed the following conditions: for any 120,

Fn,iDI'n,i.l P2 jﬂ 'Fn,i,j = Fn,i-H

such that for any j21, e, r,,, is a simple Bernoulli group automorphism.

Assume that the subgroups 02 Fy 1 2.0 F, ; satisfy all the conditions that
we have imposed and F, ;2 H,,;. Then F,; contains an open proper subgroup B
such that Bo H,,, and F, /B is simple. Put H = ) ¢*B, then OF,u 15 @ simple
Bernoulli group automorphism (Theorem C), and h{(o\p, u) = logp where p is
some prime. By Theorem B there is a subgroup F, ;. of H such that (H|F, ;41, 0)
has zero entropy and (F, ,4,, ¢) has completely positive entropy.

Let (G,9) be the dual of (I, /F, ., 0). Since 1015, yFins) = logp (by
Theorem A), G is a p-group. For, if ¢ is not a p-group then G splits into a direct

sum G = 6;3 G of y-invariant prime groups G (p. 137 of [11]). Hence F, /F, 111
ezl ’ '

splits into a direct sum F, /Fy 141 = @ F® where F is a g-invariant subgroup
a1

with character group G, Since each (F, o) is ergodic (Bernoullian), if ¢ is a prime

and G is a g-group then / (0}ia) Zlogg (by Theorem B). On the other hand, let Gy

be the annihilator of HJF, ..., then Gy is the character group of F, /H. Since F, ,/H

-]
= @ o/(F'|H) where F'[H is a p-cyclic group, Gy, is annihilated by multiplication
-0

by p and hence Gy = G for some b. This is inconsistent with 7(6\p 1y Fnuier) = 108D
It is easy to see that G is annihilated by multiplication by the prime p. Indeed,
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let G, be the subgroup of G being annihilated by multiplication by p™ form = 1, 2.
Then Gy =G,<G and 76,6, has no finite orbits except the identity. For m = 1,2,
if K, is the annihilator of G,, in Fyi/F, 41, then F, /F, 41 = KooK oK, and
for m =0, 1, (K/Kn+1,0) is ergodic. Hence by Theorem C, A(0\k,. k... ) >logp
for m = 0, 1. But, since h(oyp, yr,,.+.) = logp, we get G = Gy.

Therefore we can consider G to be a Z/pZ[x,x *]-module (Z/pZ[x,x"1]
denotes the ring of polynomials in x and x~* with coefficients in the field Z/pZ). We
claim that y has no finite orbits except the identity. Since Z/pZ[x, x7 1] is a principal
ideal domain, there is a sequence G, = G,c... of free Z/pZ[x, x~*]-modules such
that {J G; = G and for i>1, G, is of the form

w
= ZpZly, v 1gi = @ Y9
-0
for some g;eGy. If F,;/F, .y is the annihilator of Gy in F,,/F,.;.; then
F,,;=F,; and for j=1, oy, r,.., i a simple Bernoulli group automorphism.

It remains to show that there is an integer i(n) such that F, .,y = H,.;. Put
X =X/H, and A = A, /H, ., then 4 is open in X and \/ ¢*o = & where o is
the finite group partition of X consisting of the cosets of 4 and & is the partition of £
into single points. Hence (X, ¢) has finite entropy. On the other hand,

4Lj

B(O|5,p s/ Fpy101) 2 10E2
and by Theorem A,

Zi: B8 1Py 1s YO Ry, ) = B (O 101 )+ ROy, ) = RO <00

Therefore our requirement was obtained. ‘
For the subgroups {F,;} (i=0,1,..,i(n) and n=0,1,
n—1

F,; = F, where k = Y i(m)+i. Obviously, the sequence {F.} satisfies all the re-
m=0

..), We write

quired conditions.
Lemma 8. Let X be a compact totally disconnected metric abelian group and o be
an automorphism of X. If h(c)<oo, then h(c) = logn where n is some integer.
Proof. Let {4,} be a decreasing sequence of open subgroups such that
4, = {0} and g,, be the finite group partition of X consisting of the cosets of A,,.
n

Then, k(o, 0,) = lim H(g,,,]\/a"gm) = loglg,| (the notation [E| means the cardi-
n- 1

nality of a set E). Since g,,# and \/g,, is the partition of X into single points, we get
(o) = lim h(o, 0,,). But since h(s)<co, there is m>0 such that A(c) = h(o, @)

and so (o) = log|o,|-

Let o be an automorphism of a compact metric abelian group X. We shall
call o expansive if there exists an open neighborhood U of the identity in X such
that 0 # x e U implies ¢"x ¢ U for some integer n. Some obvious examples of ex-
pansive automorphisms are a Bernoulli group automorphism and an automorphism
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of a finite-dimensional torus such that all the eigenvalues of the matrix corresponding
to the automorphism are off the umit circle.

LemMMA 9. Let X and o be as in Lemma 8. If (X, 0) is expansive and h(a) =0,
then X is finite.

Proof. Assume that X'is infinite (whence it is not discrete). Let U be an expans-
ive neighborhood of the identity for (X, o). Then U contains a non-trivial open sub-

group N. Since h(o) = 0, it is easy to see that ﬂ "N = ﬂ o"N. Indeed, if ﬂ "N

n=1
= ('] @"N for all k>0, then it follows that lX/ﬂ a"N|22* for all k>0. Let o(N) be
the partluon of X conswtmg of the cosets of N, then a(N) is a finite measurable par-
tition and \70 o(N) = g(ﬂ ¢"N) holds. Since ]g(ﬂ ¢"N)| =2%, by definition we have

k(o) =lim (1/(k-|- 1))Iog2" log2. But, since h(a) =0, we get the requirement.
k-0 - :

k
ﬂo’"N,

n=1

[
Hence Nc< () ¢"N for some k. If N' = then oN’ = N’. But,
n=l

{0} # N'e Nc U, which is a contradiction.

Lemma 10. Let X and o be as in Lemma 8. If o is a simple Bernoulli group auto-
morphism of X, then every o-invariant proper subgroup is finite.

Proof. Let K be a c-invariant proper subgroup. Since A(c) = logp for some
prime p, h(ox,x) = logp by Lemma 8. Hence /i(o|x) = 0 (by Theorem A). Since (X, o)
is expansive, K is finite by Lemma 9.

LemMA 11. Let X and o be as in Lemma 8. Assume that Y, is a o-invariant sub-
group such that oy, is a simple Bernoulli group automorphism and (X]Y,, 6) has
zero entropy. If Y, is open in X, then X contains a o-invariant subgroup Y, such that
(Y1, 0) has zero entropy and X = Y+ Y,.

@
@ o'W where W is

=

Proof. Since o}y, is a simple Bernoulli automorphism, ¥, =

a p-cyclic group (p is some prime). Hence px = 0 for any x € ¥,, Since Y, is open,
X contains a finite subgroup F such that X = ¥,+F. Since F is finite, there is the

n

smallest non-negative integer # such that KgX and X = { @ ¢'W}+K where
i=0

K={ &

1:0,1,.0m
XK = ("W K)K & "W). Let ¥, = ] ¢'K, then X] ¥, is infinite. For, if X]Y; is

finite, then (Y;+Y,)/Y: & Yo/(¥Y, N Y,) is also finite, Since ¥y n Y, Yy,
Y, " Y, is finite by Lemma 10, whence Y, is finite. This is impossible,

Since X/K is simple and X] ¥ is infinite, o|xy, is a simple Bernoulli group auto-
morphism (by Theorem C). Hence the entropy of (X/(Y;+Y;),0) is zero and
positive if XJ(¥y+Y,) is non-trivial. We have therefore X = Y;+7¥, where
k(g 1r) = 0. .

o'W+ F, Thus X/K is simple (indeed, by the choice of n we have
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LeMMA 12. Let ¢ be an automorphism of a compact metric abelian group X and H
be a o-invariant subgroup (cH = H) of X. If (X, 0) and (X]H, 0) are expansive,
then (X, o) is expansive.

Proof. Let U and U’ be expansive neighborhoods for (X/H, ¢) and (H, o),
respectively. Obviously, U = {x+H: xe V}and U’ = Hn V where U and ¥ are

© ®
suitable neighborhoods of X. Letting W= Un V, we have N /W = N oW H
cw Lo

= o/(Wn H) = {0} since ) o'(W+H) = H. Therefore W is an expansive
- -

neighborhood for (X, o).
LemMa 13. Let X be a compact totally disconnected metric abelian group. If o is
a Bernoulli group automorphism of X and if h(c) < co, then for any o-invartunt subgroup
H, (X/H, o) is expansive.
Proof. Asbefore let (G, y) be the dual of (X/H, ). By assumption, G is expressed
0

as G = Y, 7"G, where G is a finite group. Since G is a torsion group, Gy splits into
-
k
a finite direct sum G; = @ Gy,; of prime groups G,,;- Hence,
J=1
0 k k
G=2"{@®G,}=@c” -
- j=1 J=1
where G = ¥'y"G, ; for 1<j<k. Then X/H splits into a direct sum
bt
ko ‘
XH=@ X,
i=t

where each X is a subgroup with character group GY,
Let G be a p-group and G, be a subgroup of G being annihilated by multi-
plication by p™ for m>1. Then there is an integer @>0 such that

CcGhe. G, =GP
since Gy ; is a finite group. It is easy to see that for l<m<a, y\d,,,,d,, has no finite
orbits except the identity. Since GV = fy"Gu and G, is finite, each G/, /G
is finitely generated under Z/pZ[x, x"]_,mand 50 Gy 1/Gyy is expressed as
G i/G,, = ZIPZ1y,™"16:@-- @ZpZly, v~ 14,
= (@ YU & 7o)

“for some gy, ..., g, € Gy 1/Gl:
Let X7 be the annihilator of G/, in X ;- Obviously, X, 2 X¢,>...0X4, = {0}.
For m>1, Xy, is o-invariant and kg ikg'.,, 18 a simple Bernoulli automorphism.
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From this together with Lemma 12, we get that (X 75 0) is expansive. Therefore

(X]H, o) is expansive and the proof is completed.

LemMA 14, Under the notations and the assumption of Lemma 11, if Y, is not
open in X, then X contains a a-invariant subgroup F such that (F, ¢) has zero entropy
and Y,+F is open in X.

Proof. Since o}y, is a simple Bernoulli automorphism, obviously h(oy,) >log2.
o«

Hence X contains an open subgroup L such that if Fy, = ) ¢'L then (Yo +Fp)/Fy,
~ o0

is non-trivial. For, assume that ¥, < Fy, for all open subgroups L. Then Y, = F
= {0}, which is a contradiction. Obviously h(0 x4 1yy) = O since h(oyxyv,) = 0.
By theorem A,

h(oy,) = h(0) = h(ox/(ratry) ’[‘II(JI(Y1+FL)/FL)+h(9'|F,_)-

' Y
Hence, i(op,) = 0. Wewrite X = @ V,where ¥, = X/Lfori = 0, +1, .. Let Pbe

i=—c
the cannonical projection from X/F, onto X/L and & be a Bernoulli group
automorphism of X. Define the map : X/F, — X by

W) = {Pd'x}2,, xeXJF,.

Then W is an isomorphism from X/Fy, on some subgroup of X and Y16y = ¢
on X/Fy holds. Since & is the Bernoulli group automorphism of £ and (&)< oo,
{(RNo((Yo+FL)Fy), §) is expansive by Lemma 13 and ({?(X/FL)N/(( Y,+F)[F), 6)is
also expansive, whence so is (X/( Y-+ Fy), o). Since hOxyrrr) = 0, X|(Y,+Fy)is
finite by Lemma 9 and Y,+Fp is open in X.

Propesition 3 now is proved as follows. Let X, be a subgroup of the group X
such that (X/X,, o) has zero entropy and (X,, ¢) has completely positive entropy
(see Theorem B), Using Lemma 7, we see that X, contains a sequence

X, = X,00X;,2.. )
of o-invariant subgroups such that () Xy, = {0} and for any n>0 there is a se-
quence X, ,>X,, .. of g-invariant subgroups such that N Xomj = Xopir
i

and for any >0, oy, x,,, i$ a simple Bernoulli group automorphism.
Since oyx,/x,,,, 15 a simple Bernoulli group automorphism and

((MX2.0,1)/(X2/X2.0,1)7 ”)
has zero entropy, by Lemmas 11 and 14 there is a o-invariant subgroup M, of X
such that
X=M+X,
Since X3 0,;%X,,;1, by Theorem A we have that for k>1,

k
IZ(UlX:.o/X:.o,u) = h(”l Xa.uIX:.o.x)"'jX;h(ULXz.o,l—x/Xz.u.J) .

and h(a!ML/xz,O,l) =0,
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Notice that 6)x, o/xs,0, 204 0%z 0/X20,1 3TC simple Bernoulli group automorphisms.
10/Xa,0, - J1Xz20/Xa,0,

Then by Lemma 8, we get 3. (0] x5,0,;-1/%30,) = 0 and 50 1(01%a,0,1/%2,05) = O- Since .
i=2 :

k is arbitrary, h(o| Xaou/Xz,) = 0 and hence £(0)p,/x,,) = 0 (by Theorem A).
Since 0)x,,/x,,,,, 1 & simple Bernoulli group automorphism and

((Mi/Xz,Ll)/(XZ.lle,1,1)5 U)

has zero entropy, by the same argument we can find a o-invariant subgroup M,
of M, such that

M, = M,+X,,; and h(‘7|Mz/Xz,1,1) =0.

Sinee X=X, we get My+X, = M,+X, = X. It is easy to see that

h(a|X2.1,1le,2) =0 and h(JIMJ./X:\,z) =0.

Hence ((MafX2,1)/(X3,2/X5.1), 6) has zero entropy and 6yx,,/x,,,, 18 @ simple
Bernoulli group automorphism, so that M, contains a o-invariant subgroup M,
such that

M, =M3+X;, and  h(Opyx,) =0.

Obviously, X = M;+X;. Since h(0)x,,./x,5) = 0, we get k(055 = O-
Continuing inductively this process, we have a sequence M;>M,>... of
o-invariant subgroups such that for any n>1, :

X =M+X, and h(opx.) =0.

Put X, = (| M,, then X = X; +X,, and since X1/(X;, N X1) & (Xp0+X1)/ X200
is a subgroup of M,/X; ,, {o)x,) = 0 by Theorem A. The proof of Proposition 3 is
completed. :

Added in proof. An extension of the result of [9] (or [1]) to compact metric groups had

already done by G. Miles and K. Thomas, Advances in Math. Supplementary Studies 2
(1978), pp. 207-249.
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