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An extension theorem of functionals
on comuutative semigroups

by
YUJIL KOBAYABMI (Tokushinm)

Abetract, Gonoralizing the Sandwich Thoeorem, wo give an extension theorem
of ndditive functions to [~ eo, 4+ 00] on commutative semigroups. Several regults
ineluding some of R. Kuulman’s rosults are derived from it.

The HMahn-Banaclh type theorem on commutative semigroups has
been studied by many authors. The most general and efficient result
nughti be what is ealled the Sandwich Theorem, which is a generalization
of the Mazur-Orlicz theorem [7] and was proved originally by Kaufman [3]
and established by Kranz [6] and Puchssteiner [1]. Especially Fuchssteiner
doduced many related results from it,

In this note woe will generalize the Sandwich Theorem and give an
extension theorem of fanctionaly on commutative semigroups, from which
sovoral known results follow naturally.

Let @& be o commutative semigroup with a compatible quasiorder o,
that i, ¢ iy w reflexive and transitive relation satisfying that way
= gzoyz for @,y, 26 @ R denotes the real line and R=R u {—~o00, + o0}
= [~o0, ool is the additive (partial) semigroup of the real numbers
equipped with the negative and the positive infinite; the addition in R
is extonded naturally to R, bub note that (- 00) - ( — 00) and ( — 00) +-( - co)
are 1ot defined.

An oquation or an inequality in R is understood to hold if it holds
as far ag overy addition contained in it ix defined. For example, we say
that a-1-b == ¢ (a, b, o & ) holds if either a--b i defined and the oquation
holds or @ ~b is not definoed,

Tob f be o funetion of @ into R. Fis called additive it f(aoy) == f(w)--f(y)
for all @,y & G (an fur o f(m) +f(y) is dofined; we will omit this kind of
comment hovondbor), fis eallod subadditive (vosp. superadditive) it f(ay)
S f(@) - f () (osp. flay) 2 f(@)--F() tor il @, y € G fis ealled monoione
il way == f(w) < f(y), for all o,y &G,

Tho pointwiso order of funetions of @ is denoted by g, that is, for
functions f and g of @, £ < g means f() < g(w) for all @ & G. The constant
Tunetion with a value o & R is simply denoted by a.
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The following is a slite gencralization of the Sandwich Theorem of
Fuchssteiner and would be proved in a similar way.

Lisvnra (Sandwich Theorew). Let G be a commutative semigroup with
a compatible quasi-order o. Let 6 (resp. w) be a sub (resp. super)-additive
Junction of ¢. Then there ewisis a monolone additive function f of G such thai
o < f< 0 if and only if

(%) zoy = o@)< oy) for w,yeq.

Limonmm. Lot & be a commutative semigroup with o compatible quasi-
order o and let H be o subsemigroup of G. Let 8 (resp. o) be & sub (resp.
super)-additive function of G and let f be an additive function of H. Assume that
G has an identily clement ¢ which is contained in I and fle) = d(e)
= w(¢) = 0. Then there ewists a monotone additive function F of G sueh
that fiir = f and o < J< 6 if and only of

(wx) @y lyomphy; @, 0y €@, by, hye H = o (@) +f(ly) < 8(my) +F ().

Proof. Sinee the necessity of condition (#x) iy clear, we will prove
only the sufficiency. We define functions p and ¢ of @ into I as follows:

p(@) = Inf{d(s) +F(h) — 0 (9)] wyosh; y,2 @, heH,
8(8) -+ () — w(y) is defined},
q(®) = sup {w(@)+f(h)—d(y)| zhoay; y,2€@, heH,
w(g) -+ (h)—d(y) is detined},
where z & G-

(i) p is well-defined, that is, there arc y,2e@, h e H such that
xyozh and 0(z)+f(h)— w(y) is defined. This is assured by the relation
weoxe. Similarly q is well defined.

(i) ¢ <p: Assume that g(2) > p(@) for some »e@. Then there
arey, z,y’, 2 e@and h, ' ¢ H such that ayozh, 2'h owy’ and

o(#)+f(h)—8(y") > 8(2)+f(h) — w(y),
where the both sides are defined. Then we have
o (2'y) +f(h') > 8(=y")+f (1),
where the both sides are defined again. On the other hand, we have by
the compatibility of o that 2'yh’oey’h, this contradicts condition (sex),

(i) p (vesp. g) is monotone and sub (resp. super)-additive: It iy
clear that p is monotone. Agsume that p is not subadditive, that is, there
are 7, @' € G such that p(»)+p(a’) is defined and p(@)+p(2") < p(aw).
Choose @, b € R so that p(») < a, p(@') < b and a+4-b < p(az’). The first
two inequalities mean that there are y, 2, 4, 2’ € G and hy b’ & H such that
wyoeh, ®'y' o'k, a> 8(2)+f(h)— o (y) and b > 6(&")+f(h')—w(y"), where
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the right-hand sides of these inequalities arc defined. Hence

W+ > 8(2) - 0(2') FF(B) + (') — o (y) — o (y")
2 (=) +f (A — w(yy') = p(en').
This is a eontradietion, so g is subadditive.
(iv) gl < f < plys This follows easily from condition (#x) and the
definitions of p and q.
(V) @l f 2 ply: Lot b e H. The relation heoeh gives
P (h) = 8(0) -+ (h)—w(e) = f(h).
(vi) p << 6 and o =3 i Lot @ e 6. Tho relation seoms gives
P(@) < 8(2)+HF(e) — (o) = 8(a).

Thus we have proved that p (vesp. ¢) is a monotone sub (resp. super)-
additive function of & satislying w < ¢<p < 6 and Gy =f =ply. By
Lemma there exists 4 monotone additive fanetion fof @ guch. that g<r<p,
which is what we have desired.

Remark. The condition concerning the identity clement in Theorem
can bo replaced by the following weaker condition,
F(ho) £ o0, f(hy) = —o0,
and (@) # +oo

for some hy, by e H and z, e@.

(#wn) (M) # — o0, 8(hg) # + oo,

(@) # —o0

In fact, lot p and. g be as in the proof of Theorem. The well-definedness
of p and ¢ follows from (ssx). Bocause we did not use the agsumption
coneerning the identity in (if), (i) and (iv) in the proof of Theorem, p
(resp. 9) is a monotone sub (resp. super)-additive function of G satigfying
¢<p and gly < f< ply. Now, let § and g be the functions of ¢ defined
a8

ple”) q(a™)

fiw) == Jlnl'f B J(w) = sup !

we@.

Tt is not difficult to prove that 7 (vesp. g) is again a monotone sub (resp.
super)-additive function of @ and the inequalities in (v) and (vi) in the
proof of Theorem hold for 7 and 7. Applying Lemma to P and g, we can
prove the remark above.

Let f Lo an additive function of a subsemigroup H of @. Then the
funetion £, ., (rosp. f_.,,) of @ defined an follows is sub (vesp. super)-additive:

_ [f(m) if weH,
f+m(m) (I‘(\H]')‘ f-—ou(m)) = ‘l_*_oo (I’Gﬂp. __co) it ©eGN\H.
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Applying Theorem to the case whore o= f . wo gob a result of
Kaufman [2] (see also [1], Corollary 1.3). Considering tho ease where e = 0,
we geb an extension theorem of non-negative functions which is given
by Kanfman ([4], Theorem 1). In particular, when the quasi-order g
is positive, that i, wowy for all x,y € @, we have

(1) Any non-negative monotone additive function of I is extensible o Q.

This result is uselul for studying archimedean eommutative semigroups
and gives another proof of Ross’ extension theorem of semicharactors [8]
(see [B7]).

Finally, considering the case wiere I is o eyelie subsemigroup of @,
wo get thofollowing generalization of avesult of Kaufman ([4], Theorem 2).

(2) Let & (resp. w) be a monolone sub (resp. super)-additive fundion
of G. Let a e G and assumo thut (o) 55 -[-co and w(a) # «co. Then Jor
r e R there ewisis a monolone additive function [ of & such that f{a) = »
and o << 6 if end only if

d(za™) > w(@)+nr, o(@d®) s d(w)-l-ar for  we@ and n 0.
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