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Probabilistic approximation of
partly filled-in composite Julia sets
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Abstract. We study properties of the metric space of pluriregular sets and of con-
tractions on that space induced by finite families of proper polynomial mappings of several
complex variables. In particular, we show that closed balls in the space of pluriregular sets
do not have to be compact and we give a simple proof of applicability of the so-called
chaos game in the case of composite Julia sets. Part of the construction of those sets also
leads to a computationally viable approximation by simpler sets based on Monte-Carlo
simulation.

1. Introduction. Ever since the appearance in 1981 of the seminal pa-
per of Hutchinson [Hu] introducing iterated function systems (IFS), numer-
ous studies, modifications, applications and generalizations have appeared in
the literature. A pivotal role in generating great interest in the computational
realizations of the underlying mathematics was played by the discovery of
the chaos game (see [BD] and [Ba]) allowing visualization of the attractors
of iterated function systems with the help of probabilistic methods. A mod-
ern and general version of the definition of IFS can incorporate probabilistic
aspects as part of the concept (see e.g. [BHS]), and thus brings together both
deterministic and probabilistic points of view.

The field of discrete dynamical systems, including the complex dynamics
and study of Julia sets, has enjoyed decades of unprecedented popularity.
As a consequence the list of authors, starting perhaps with B. Mandelbrot,
whose research contributions are significant, would be very long indeed. Since
this paper pertains to pluricomplex analysis, and more specifically to the
metric space of pluriregular sets, we will only refer here to works directly
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influencing our investigations. Even in complex analysis, particularly in sev-
eral variables, the study of complex dynamics and Julia sets usually goes in
quite different direction from the topics researched in this article (see e.g.
[Fo], [Sm], [ABBDSS]). In one complex variable, perhaps the closest in spirit
to our work are the articles on the Julia sets generated by semigroups of
holomorphic mappings (see [Su1], [Su2], [SS]). It should also be noted that
the methodologies employed in the literature in the study of IFS and that
of Julia sets have been in most cases significantly different, particularly in
higher-dimensional settings. However, a solid link does exist, as shown in
[Kl2], [Kl3] and in a range of articles on analytic multifunctions: [Kl4], [Kl5],
[KK1], [KK2], [KK3].

The main research objective of this paper is to better understand the
metric space R of pluriregular polynomially convex compact sets in CN , as
many properties of this metric space remain still unknown. We will look at
some general properties ofR and we will also study, in some detail, composite
Julia sets. There are at least two good reasons for doing so in this context.
Firstly, the composite Julia sets constitute one of the very few general classes
of pluriregular sets which are reasonably well understood. Secondly, arising
from the somewhat modified iterated function systems, they permit the use
of probabilistic methods.

The organization of the paper is as follows. In Section 2 we recall the
definition of the metric space of pluriregular sets, and we show some of its
topological properties in Theorem 1. In particular, we prove that the space
of pluriregular sets is separable but not proper, meaning that closed balls
do not have to be compact. In Section 3 we describe some characteristics
of proper polynomial mappings in CN relevant to this study. These concern
the growth rate of such maps at infinity and the invariance property of
pluricomplex Green functions. Section 4 looks at the anatomy of composite
Julia sets, combining new notation with results from earlier articles in a way
suitable for the problem at hand.

The objective of the penultimate Section 5 is to state and prove The-
orem 2 pertaining to properties of families of contractions on the space of
pluriregular sets. One of the conclusions of Theorem 2 is a version of the
chaos game. A few comments are in order here. Basically, it is shown that
the classic chaos game applies in the space of pluriregular sets to IFS gener-
ated by finite families of proper polynomial mappings. This can be demon-
strated in many ways using the general theory, e.g. it can be deduced from
[BHS]. Here however we present an argument based only on the relevant
concepts from pluricomplex analysis and relying essentially on the geometry
of metric spaces and density of ordinary Julia sets. Alternatively, elementary
proofs of the classical case proposed by [Cr] and [Ma] could be adapted to
our setting. In fact, similarly to [Cr] and [Ma] our argument works because
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of finiteness of the diameter of the attractor of the IFS considered and the
compliance of Bernoulli processes with the Strong Law of Large Numbers.
Since Theorem 1 asserts that the space of pluriregular sets is not proper, it
means in particular that the main result of [BV] does not apply to the case
analyzed in Theorem 2. In fact, the geometry of the pseudometric in the last
conclusion of Theorem 2 is largely unknown, and it is difficult to say how
to deal with polynomial convexity in this context. In particular, in contrast
to the conventional case, the statement cannot be directly translated into
computer visualization.

To circumnavigate these obstacles on the road to computational viability,
the last section of the paper contains Theorem 3 describing the Monte-Carlo
approach to plotting images of partly filled-in composite Julia sets. It uses
monotonicity of sequences of sets approximating composite Julia sets to de-
duce convergence with respect to the usual Hausdorff distance, leading to a
range of examples in which the theorem is applied to visualize such sets in
the complex plane.

Finally, a few words about notation. If A,B are non-empty sets, then BA

will denote the set of all mappings from A to B. If S is a set of non-empty
subsets of a setW , then we will use the symbol

⋃
S to denote

⋃
A∈S A ⊂W .

If f is a bounded complex-valued function defined on a set A, then ‖f‖A =
sup{|f(a)| : a ∈ A}. Let (X, d) be a metric space. Given a set A ⊂ X,
the symbol int(A) will stand for the interior of A. The set of all non-empty
compact subsets of X will be denoted by κ(X). The open ball with center a
and radius r will be denoted by Bd(a, r). The distance of a point from a set,
the diameter of a set and the Hausdorff distance between two compact sets
will be denoted by distd, diamd and χd, respectively. By the ε-dilation of a
set E ⊂ X, where ε > 0, we will mean the set {x ∈ X : distd(x,E) ≤ ε}.
When working with the usual Euclidean metric in CN we will use similar
notation but without the subscript d.

2. The space of pluriregular sets. We need to recall a few concepts
from pluripotential theory (see e.g. [Kl1] for background and references).
Given a set E ⊂ CN , the pluricomplex Green function of E is defined as

VE(z) = sup{u(z) : u ∈ L(CN ), u ≤ 0 on E}, z ∈ CN ,
where L(CN ) denotes the family of all plurisubharmonic functions u : CN →
[−∞,∞) with at most logarithmic growth at infinity:

sup{u(z)− log(1 + ‖z‖) : z ∈ CN} <∞.
If E ⊂ CN is a compact set, then E and its polynomially convex hull Ê have
the same pluricomplex Green function. Recall that

(1) Ê =
⋂
p

{z ∈ CN : |p(z)| ≤ ‖p‖E},
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where the intersection is taken over the set of all complex polynomials p :
CN → C. The zero set of VE is equal to the polynomially convex hull of E
(see e.g. [Kl1]). A compact set E is said to be pluriregular if VE is continuous.
Pluriregular sets are also called L-regular in older literature.

LetR denote the family of all compact, polynomially convex and plurireg-
ular subsets of CN . This family of sets can be turned into a complete metric
space (see [Kl2]) when it is furnished with the metric

(2) Γ (E,F ) = max{‖VE‖F , ‖VF ‖E} = ‖VE − VF ‖CN , E, F ∈ R.
The same formula defines a pseudometric on a larger family of pluriregular
compact subsets of CN which are not necessarily polynomially convex. We
will refer to the metric space (R, Γ ) as the space of pluriregular sets. Some
topological properties of this space have been studied in [Kl2], [Si2] and
sporadically in other papers, but in general it is fair to say that the topology
of R is not well understood. We will need the following.

Theorem 1. The space (R, Γ ) has the following properties:

(a) If K ⊂ R is compact, then
⋃
K is compact in CN .

(b) If A,B ⊂ R are non-empty and compact, then

Γ
(⋃
A,
⋃
B
)
≤ χΓ (A,B).

(c) For every m ∈ N, the mapping

Rm 3 (C1, . . . , Cm) 7→
m̂⋃
j=1

Cj ∈ R

is continuous, where the hat denotes the operation of taking the polyno-
mially convex hull.

(d) The space (R, Γ ) is separable, but is not proper, i.e. closed balls do not
have to be compact.

Proof of Theorem 1(a). In view of [Si2, Theorem 3.3], the set
⋃
K is

bounded. We only have to show that it is closed. Take a ∈
⋃
K. There

exists a sequence of points (an) ⊂
⋃
K convergent to a. Also, for every

n ∈ N, one can find Kn ∈ K such that an ∈ Kn. Then there exists a
subsequence Knk

which is Γ -convergent to a set K ∈ K as k → ∞. Hence
the corresponding pluricomplex Green functions converge uniformly in CN ,
and in particular on the set {a, a1, a2, . . .}. In view of continuity of VK and
the uniform convergence, if ε > 0, there exists m such that for all p, k ≥ m,

|VK(a)− VKnp
(ank

)| ≤ |VK(a)− VK(ank
)|+ |VK(ank

)− VKnp
(ank

)| < ε.

In particular we can take p = k, and so we conclude that VK(a) = 0, which
means that a ∈ K.
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Proof of Theorem 1(b). Fix ε > 0 such that χΓ (A,B) < ε. Then

B ⊂
⋃
A∈A

BΓ (A, ε),

and so each set B ∈ B is an element of BΓ (A, ε) for some A ∈ A, which may
depend on B. Hence

V⋃A ≤ VA < ε on B,

and consequently V⋃A < ε on
⋃
B. Similarly V⋃B < ε on

⋃
A, as required.

Proof of Theorem 1(c). This is so, as for any Aj , Bj ∈ R we have the
estimate

Γ (A1 ∪ · · · ∪Am, B1 ∪ · · · ∪Bm) ≤ max{Γ (Aj , Bj) : j = 1, . . . ,m},

according to [Kl2].

Proof of Theorem 1(d). In view of Mazurek’s property (see [Si1, Proposi-
tion 5.11]), if E ∈ R and ε > 0, then E(ε) = {z ∈ CN : VE(z) ≤ ε} ∈ R and
VE(ε) = (VE − ε)+. Moreover, if F is a finite union of closed balls such that
E ⊂ F ⊂ E(ε), then F̂ ∈ R (see (1)) and Γ (E,F ) ≤ Γ (E,E(ε)) = ε (see
also [Kl2, Corollary 2]). Consequently, polynomially convex hulls of finite
unions of closed balls with rational radii and centers with rational coordi-
nates form a countable dense subset of (R, Γ ). In fact, the proofs of [Kl4,
Theorem 3] and [KK1, Theorem 5.1] also imply that composite Julia sets,
which we will study later on, generated by finite families of quadratic poly-
nomial mappings with rational coefficients provide a countable dense subset
of (R, Γ ) as well.

For the second part of (d), we consider firstN = 1. It was shown by Siciak
(see [Si2, Example 3.6 and Theorem 3.3]) that if the numbers εn ∈ (0, 1/n)
are small enough, then the sequence of sets

En =

n−1⋃
j=0

[j/n, j/n+ εn] ∪ [1, 2] ∈ R, n ∈ N,

has the property that

lim sup
n→∞

Γ (En, [0, 2]) > 0,

but at the same time limn→∞ χ(En, [0, 2]) = 0 since χ(En, [0, 2]) ≤ 1/n.
Hence, because of [Si2, Theorem 3.3 and Proposition 3.5], the sequence En
is not relatively compact in the metric space (R, Γ ). Since Γ (En, [0, 2]) ≤
Γ ([1, 2], [0, 2]), the closed ball in R with center at [0, 2] and radius
Γ ([1, 2], [0, 2]) is not compact. If N > 1, we consider the Nth Cartesian
powers of the sets En, [1, 2] and [0, 2]. Because of the product property of
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the pluricomplex Green functions (see [Si1, Proposition 5.9] or [Kl1, Theo-
rem 5.1.8]),

lim sup
n→∞

Γ (ENn , [0, 2]N ) = lim sup
n→∞

Γ (En, [0, 2]) > 0.

Also, since χ(ENn , [0, 2]N )→ 0 as n→∞, [Si2, Theorem 3.3 and Proposition
3.5] lead to the same conclusion as in the one-dimensional case.

3. Proper polynomial mappings and their exponents. We will
denote the vector space of all complex polynomial mappings P : CN → CN
by P(CN ). The Łojasiewicz exponent at infinity of the mapping P ∈ P(CN )
is the real number defined as

L∞(P ) = sup

{
δ ∈ R : lim inf

‖z‖→∞

‖P (z)‖
‖z‖δ

> 0

}
.

Obviously the choice of any particular norm is irrelevant, but we will use
the Euclidean norm throughout the paper. The supremum is achieved, and
if R > 0 is large enough, then for some M > 0,

‖P (z)‖ ≥M‖z‖L∞(P ), ‖z‖ ≥ R.
The mapping P is proper if and only if L∞(P ) > 0. If deg(P ) = d, we say
that P is regular if inf{‖Pd(z)‖ : ‖z‖ = 1} > 0, where Pd is the homogeneous
part of P of degree d. If this is the case, then L∞(P ) = d. Interestingly, as
shown in [Pł], any positive rational number is the Łojasiewicz exponent at
infinity of a proper polynomial mapping. Various estimates for L∞(P ) can
be found in [CKT], [Kr], [RS]. The task of finding the value of the Łojasiewicz
exponent at infinity of a given P is often made easier by a result from [CK]
according to which it is enough to check the lower bound for the growth of P
on the zero set of the product of the components of P .

Let P : CN → CN be a proper polynomial mapping. Then
(3) L∞(P )VP−1(E) ≤ VE ◦ P ≤ deg(P )VP−1(E)

for any E ⊂ CN (see [Kl1, Theorem 5.3.1]). In particular, if E ∈ R, then
also P−1(E) ∈ R. Moreover, the function defined by
(4) A{P} : R 3 E 7→ P−1(E) ∈ R
satisfies the Lipschitz condition with the constant 1/L∞(P ) (see [Kl2]). In-
deed, by (3), for any E,F ∈ R, we have the estimate

L∞(P )‖VP−1(E)‖P−1(F ) ≤ ‖VE‖F ,
and a similar one when E and F swap places. Hence the first equality in the
definition (2) of Γ yields the stated Lipschitz condition.

If R > 0, the symbol BR will always denote the closed Euclidean ball
with center at the origin and radius R. An escape radius for P ∈ P(CN ), if
it exists, is a number R > 0 such that if z ∈ CN \BR, then limn→∞ ‖zn‖ =∞,
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where z0 = z and zn = P (zn−1) for n ≥ 1. If L∞(P ) > 1 and δ ∈ (1,L∞(P )],
then an escape radius R > 1 can be found such that (see [Kl3])

(5) inf

{
‖P (z)‖
‖z‖δ

: ‖z‖ ≥ R
}
> R1−δ.

We will then say that the escape radius is δ-adjusted. In particular, in this
case

(6) int(BR) ⊃ P−1(BR) = int(P−1(BR))

as P , being a proper holomorphic mapping, is both continuous and open.
Furthermore

(7) Γ (P−1(BR),BR) = ‖VP−1(BR)‖∂BR
≤ 1

δ
log+

‖P‖∂BR

R
≤ ‖P‖∂BR

Rδ
.

The last number can be easily estimated numerically, e.g. using basic Monte-
Carlo optimization.

4. Composite Julia sets and their internal structure. For any
finite subset F = {P1, . . . , Pk} ⊂ P(CN ) such that δ = min{L∞(P ) :
P ∈ F} > 1 and any set K ∈ R we generalize in two ways the mapping A{P}
from (4) by defining

AF (K) =
⋃
P∈F

P−1(K) and HF (K) = ÂF (K).

Here, just as before, the hat denotes the operation of taking the polynomially
convex hull of the set in question. It was shown in [Kl2] that the mapping

HF : R 3 E 7→ HF (E) ∈ R
is a contraction with contraction ratio 1/δ. Thus by Banach’s fixed point the-
orem, HF has a unique fixed point J[P1, . . . , Pk], which is called the filled-in
composite Julia set generated by P1, . . . , Pk (see [Kl2], [Kl3]). The map-
pings A{P1}, . . . , A{Pk} form an iterated function system on the metric space
(R, Γ ) whose attractor will be denoted by S[P1, . . . , Pk], or simply S if the
generating mappings are agreed on in a specific context. In particular, S is
a compact subset of R (see e.g. [Hu]).

Finite and infinite iterations which can use different maps at each step
require a precise labeling system. Suppose that k ≥ 2 is an integer. We define
the space Σk of full addresses as the set of all functions σ : N → {1, . . . , k}
and furnish it with the metric

(8) d(σ, τ) =

∞∑
j=1

|σ(j)− τ(j)|
kj

, σ, τ ∈ Σk.

By a partial address of length m we mean any function σ : {1, . . . ,m} →
{1, . . . , k}. With any full address σ ∈ Σk and m ∈ N we associate two partial
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addresses of length m:

σ|m = σ|{1,...,m} and rev(σ|m)(j) = (σ|m)(m+ 1− j), j = 1, . . . ,m.

It is easy to see that if d(σ, τ) < k−m, then σ|m = τ |m. Also, if σ|m = τ |m,
then d(σ, τ) ≤ k−m. Moreover, it can be shown that the metric space (Σk, d)
is compact, with a base for its topology given by sets of all full addresses
sharing a fixed partial address.

Suppose that the mappings P1, . . . , Pk with L∞(Pj) > 1 are chosen. Let

(9) δ ∈ (1,min{L∞(Pj) : j = 1, . . . , k}]
and assume that a common δ-adjusted escape radius R for P1, . . . , Pk is
fixed. Given a point z ∈ CN and an address σ ∈ Σk we define a σ-orbit of z
(with respect to P1, . . . , Pk) as the infinite sequence z0, z1, . . . , where z0 = z
and

zn = Pσ(n)(zn−1), n ∈ N.
In the case of a partial address σ of length m, we can similarly define a
truncated σ-orbit of the point z (of length m+ 1).

Define Jtr[P1, . . . , Pk] as the set of all z ∈ CN such that for each m ∈ N
there exists σ ∈ Σk such that the (σ|m)-orbit of z is contained in BR.
It can be shown that the set Jtr[P1, . . . , Pk] is compact (see the proof of
[KK1, Theorem 4.6] or [KK2, Lemma 5.1]) and that J[P1, . . . , Pk] is the
polynomially convex hull of Jtr[P1, . . . , Pk] (see [KK1]).

If σ ∈ Σk and E ∈ R, then the following set is an element of R which is
independent of the choice of E (see [Kl3]):

Sσ = lim
m→∞

(Pσ(m) ◦ · · · ◦ Pσ(1))−1(E),

where the limit is taken with respect to the metric Γ . The set Sσ can be
described as the set of all points z ∈ CN whose σ-orbits are bounded, or
as the filled-in Julia set of the non-autonomous dynamical system {Pσ(m) :
m ∈ N}. It turns out that the set

S = {Sσ : σ ∈ Σk} ⊂ R
is compact, being the attractor of the iterated function system

{A{P1}, . . . , A{Pk}}
(see [Kl3]), and hence by Theorem 1(a) the set

Jtr[P1, . . . , Pk] =
⋃
σ∈Σk

Sσ =
⋃
S

is compact in CN (see also [KK2]). Since the union
⋃
S does not have to

be polynomially convex (see [Kl3] or [Ko]), the set Jtr[P1, . . . , Pk] can be
described as a partly filled-in composite Julia set. We refer to the set Sσ as
the σ-constituent of Jtr[P1, . . . , Pk].
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For any m ∈ N, we will define an m-outline as any set of the form

S[σ] = (Pσ(m) ◦ · · · ◦ Pσ(1))−1(BR),

where σ : {1, . . . ,m} → {1, . . . , k} is a partial address. If σ ∈ Σk, then

S[σ|m] = (Pσ(m) ◦ · · · ◦ Pσ(1))−1(BR),

S[rev(σ|m)] = (Pσ(1) ◦ · · · ◦ Pσ(m))
−1(BR).

Note that for a given σ ∈ Σk, the m-outlines S[σ|m] have the following
properties:

• For all m,

(10) int(S[σ|m]) ⊃ S[σ|m+ 1] = int(S[σ|m+ 1]).

• If E ∈ R, then (see [Kl3])

(11) Γ
(
Sσ, (Pσ(m) ◦ · · · ◦ Pσ(1))−1(E)

)
≤

max1≤j≤k Γ (P−1j (E), E)

δm−1(δ − 1)
.

In particular, if ∆ = max1≤j≤k Γ (P−1j (BR),BR), then

(12) Γ (Sσ, S[σ|m]) ≤ ∆

δm−1(δ − 1)
.

• In particular,

(13) Sσ = lim
m→∞

S[σ|m] =
⋂

m≥m0

S[σ|m], m0 ∈ N,

where the limit makes sense with respect to both the metric Γ in R (see
[Kl3]) and the ordinary Hausdorff distance between compact sets in CN
associated with the Euclidean metric. (This is so because of monotonicity
and compactness: the intersection of a non-increasing sequence of compact
sets is also the Hausdorff limit of this sequence.)

Due to the way in which Σk is metrized (see (8)), it is easy to notice that the
mapping Σk 3 σ 7→ Sσ ∈ R is uniformly continuous. Indeed, given ε > 0, if
j ∈ N is chosen so that

∆

δj−1(δ − 1)
<
ε

2
,

and if d(σ, τ) < k−j for σ, τ ∈ Σk, then Γ (Sσ, Sτ ) < ε in view of (12) and
the triangle inequality. Since one of our objectives is to approximate partly
filled-in Julia sets with simpler sets, it will be useful to have the following
notation at hand. We will denote the set of all m-outlines by Sm. Obviously

Sm = {S[σ|m] : σ ∈ Σk} ⊂ R
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and the number of elements of Sm is at most km. If ε > 0, take

m =

⌈ log δ∆
ε(δ−1)

log δ

⌉
,

where d·e denotes the ceiling function. Then Γ (Sσ, S[σ|m]) ≤ ε and also
χΓ (S,Sm) ≤ ε. Again, because of monotonicity and compactness, we can
see that

lim
m→∞

⋃
Sm =

⋃
S

with respect to the ordinary Hausdorff distance on the set κ(CN ). To com-
plete our terminology we will call the set

⋃
Sm ∈ κ(CN ) the cumulative

m-outline of the partly filled-in composite Julia set
⋃
S. Note also that be-

cause of (10) and the fact that the families Sm are finite, we have

(14) int
(⋃
Sm
)
⊃
⋃
Sm+1 = int

(⋃
Sm+1

)
.

5. IFSs on the space of pluriregular sets. The objective of this
section is to prove the following result listing a number of properties of
mappings induced by polynomial endomorphisms of CN and acting on the
space of pluriregular sets.

Theorem 2. Consider polynomial mappings P1, . . . , Pk : CN → CN with
Łojasiewicz exponents greater than 1.

(a) If C ⊂ R is bounded and a sequence of partial addresses

τm : {1, . . . ,m} → {1, . . . , k},

with m ∈ N, is given, then any dilation of S in R contains almost all of
the sets

Cm = {(Pτm(1) ◦ · · · ◦ Pτm(m))
−1(C) : C ∈ C}, m ∈ N.

(b) Let U ⊂ R be an open set such that U ∩ S 6= ∅ and let n ∈ N. There
exists a partial address θ of length m ≥ n and ε > 0 such that the image
of the ε-dilation of S via the mapping

R 3 F 7→ (Pθ(1) ◦ · · · ◦ Pθ(m))
−1(F ) ∈ R

is contained in U .
(c) Let an address τ ∈ Σk be generated according to a set of probabilities

p1, . . . , pk > 0 such that p1+ · · ·+pk = 1, that is, the values τ(j) of τ are
selected at random, independently of each other, so that P[τ(j) = i] = pi
for j ∈ N and i ∈ {1, . . . , k}. Then for any E ∈ R,

(15) lim
m→∞

Γ
(
Jtr[P1, . . . , Pk],

⋃
Em
)

= 0
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with probability 1, where

(16) Em = {(Pτ(1) ◦ · · · ◦ Pτ(n))−1(E) : n ≥ m}
and the closure of Em is taken in R.
Note that the set

⋃
Em appearing in (15) is compact because of Theo-

rem 1(a), since in view of Theorem 2(a) all accumulation points of Em are
in the compact subset S of R. Moreover, the sets in (15) are pluriregular
but not necessarily polynomially convex, and so we use the fact that the
pseudometric Γ is well defined for such sets too.

It should also be noted that the main theorem obtained in [BV] does
not apply in Theorem 2(c), as our metric space is not proper according to
Theorem 1(d).

Proof of Theorem 2(a). Fix C0 ∈ C. By the triangle inequality,

∆ = max
1≤i≤k

sup
C∈C

Γ (C,P−1i (C))

≤ diamΓ (C) + max
1≤i≤k

Γ (C0, P
−1
i (C0)) + δ−1 diamΓ (C) <∞.

For each m ∈ N we choose σm ∈ Σk such that τm = rev(σm|m). According
to (11), if C ∈ C, then

distΓ
(
(Pσm(m) ◦ · · · ◦ Pσm(1))

−1(C),S
)

≤ Γ
(
(Pσm(m) ◦ · · · ◦ Pσm(1))

−1(C), Sσm

)
≤ ∆

δm−1(δ − 1)
,

where δ is as in (9). This yields the desired property.

Proof of Theorem 2(b). As noted earlier, the set S is compact in R.
Take ε > 0 and E ∈ S such that BΓ (E, 2ε) ⊂ U . Let n ∈ N. Without loss of
generality we may suppose that

δ−n diamΓ (S) < ε/2.

Now, E = Sσ for some σ ∈ Σk. As was shown in [Kl3], density of periodic
sequences in Σk implies that

lim
m→∞

Γ (Sσ, J[Pσ(m) ◦ · · · ◦ Pσ(1)]) = 0.

Therefore, we can choose m ≥ n such that

(17) Γ (Sσ, J[Pσ(m) ◦ · · · ◦ Pσ(1)]) < ε/2.

Define θ = rev(σ|m). Let F belong to the ε-dilation of S in R, that is,
distΓ (F,S) ≤ ε. There exists G ∈ S such that Γ (F,G) ≤ ε. Thus

(18) Γ
(
(Pθ(1) ◦ · · · ◦ Pθ(m))

−1(F ), (Pθ(1) ◦ · · · ◦ Pθ(m))
−1(G)

)
≤ δ−mΓ (F,G) < ε.
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Moreover

(19) Γ
(
J[Pσ(m) ◦ · · · ◦ Pσ(1)], (Pθ(1) ◦ · · · ◦ Pθ(m))

−1(G)
)

= Γ
(
(Pσ(m) ◦ · · · ◦Pσ(1))−1(J[Pσ(m) ◦ · · · ◦Pσ(1)]), (Pσ(m) ◦ · · · ◦Pσ(1))−1(G)

)
≤ δ−mΓ (J[Pσ(m) ◦ · · · ◦ Pσ(1)], G) ≤ δ−m diamΓ (S) < ε/2.

Combining (17)–(19) and using the triangle inequality, we see that

Γ
(
E, (Pθ(1) ◦ · · · ◦ Pθ(m))

−1(F )
)
< 2ε,

as required.

Proof of Theorem 2(c). In view of Theorem 1(b), it suffices to prove that
with probability 1,

lim
m→∞

χΓ (S, Em) = 0.

Take ε > 0. In view of Theorem 2(a), if m is sufficiently large, then the
ε-dilation of S contains Em, and hence also Em. In order to show that for
sufficiently large m, the ε-dilation of Em contains S, it is enough to prove
that any point from an ε/2-dense finite subset of S is within ε/2-distance
from a point of Em. So let A ∈ S be an element of a fixed ε/2-dense finite
subset of S. By Theorem 2(b), there exists a partial address θ of length `
and α ∈ (0, ε/2) such that the image of the α-dilation of S via the mapping

F 7→ (Pθ(1) ◦ · · · ◦ Pθ(`))−1(F )

is a subset of BΓ (A, ε/2). Using Theorem 2(a) again if necessary, we can
increasem so that the α-dilation of S contains Em. In view of the Strong Law
of Large Numbers applied to the Bernoulli processes, we can conclude that
with probability 1 for some n ≥ m we have θ(j) = τ(n+ j) for j = 1, . . . , `.
Consequently,

(Pτ(1) ◦ · · · ◦ Pτ(n+`))−1(E)

= (Pθ(1) ◦ · · · ◦ Pθ(`))−1
(
(Pτ(1) ◦ · · · ◦ Pτ(n))−1(E)

)
∈ BΓ (A, ε/2),

as required.

6. Direct Monte-Carlo approximation of Julia sets. If one wants
to generate an image of a partly filled-in composite Julia set using a com-
puter, then the last conclusion of Theorem 2 is not applicable directly, as
the geometry of the Γ -convergence is quite complicated and not well under-
stood. What is needed is an approximation with respect to the Hausdorff
distance associated with the underlying Euclidean metric. Since the cumu-
lative outlines of a partly filled-in Julia set form a decreasing sequence (see
(10), (13) and (14)), they converge to that Julia set both with respect to Γ
and in the ordinary Hausdorff distance in κ(CN ). This means that we only
need efficient approximation of the cumulative outlines. To this end we will
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examine in more detail the number of iterations needed for orbits to exceed
in magnitude a radius of escape.

Let P1, . . . , Pk : CN → CN be polynomial mappings with Łojasiewicz
exponents greater than 1, and let R be a common escape radius for these
mappings, adjusted to the minimum of their exponents. Given m ∈ N we
define the escape time function for the cumulative m-outline of our Julia set
by the formula

tm(z) =
m∑
i=1

1
⋃
Si(z), z ∈ BR.

For any j∈{1, . . . ,m} this function’s jth superlevel set {z∈BR : tm(z) ≥ j}
is exactly the cumulative j-outline

⋃
Sj of the Julia set Jtr[P1, . . . , Pk]. For

the purpose of approximation we need to have a version of the escape time
function which does not take into account all the orbits of points in BR of
length m, but only specific selection of such orbits. Let

∅ 6= Λ ⊂ {1, . . . , k}{1,...,m}.

For z ∈ BR we define

t
Λ
m(z) =


0 if ‖Pλ(1)(z)‖ > R for all λ ∈ Λ,
max{j ≤ m : ‖(Pλ(j) ◦ · · · ◦ Pλ(1))(z)‖ ≤ R for some λ ∈ Λ}

otherwise.

One could describe t
Λ
m as being a partial escape time function. Obviously

t
Λ
m ≤ tm for any choice of Λ, and if Λ = {1, . . . , k}{1,...,m}, then t

Λ
m ≡ tm.

Theorem 3. Assume that P1, . . . , Pk : CN → CN are polynomial map-
pings with Łojasiewicz exponents greater than 1, and that R is a common
escape radius for these polynomials, adjusted to the minimum of their ex-
ponents. Given m ∈ N, the escape time function tm for the cumulative m-
outline of the partly filled-in composite Julia set Jtr[P1, . . . , Pk] can be approx-
imated as follows. Let D ⊂ CN be a domain and let µ be a Borel probability
measure whose support is D̄. Let ν be a strictly positive probability mass func-
tion on the set {1, . . . k}{1,...,m} of partial addresses. Fix L,M ∈ N. Consider
independent random variables Z ∼ µ and λ1, . . . , λL ∼ ν (with probability
distributions µ and ν, respectively). Then producing a sequence of samples

(20)
{

(zi, ti) ∈ D̄ × {0, . . . ,m} : i = 1, . . . ,M
}

of the random variable

(Z, tΛm(Z)), where Λ = {λ1, . . . , λL},

and letting M → ∞, we approximate the graph of the escape time function
tm in the following sense. For any j ∈ {1, . . . ,m}, the discrete superlevel
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sets
{zi ∈ D̄ : ti ≥ j, i = 1, . . . ,M}

converge in the usual Hausdorff metric in κ(CN ), with probability 1, to the
corresponding superlevel sets {z ∈ D̄ : tm(z) ≥ j} of the escape time func-
tions, which coincide with the matching cumulative j-outlines of the Julia
set considered.

Proof. Fix j ∈ {1, . . . ,m}. It suffices to consider the case L = 1.
Let V ⊂ CN be a non-empty open set such that

V ∩ D̄ ∩
⋃
Sj 6= ∅.

Then µ(V ) > 0, because of the definition of the support of a measure.
We can consider the event of selecting a point z ∈ V and an address λ ∈
{1, . . . , k}{1,...,m} such that t{λ}m (z) ≥ j as a success in a Bernoulli trial. Then
the probability p of success satisfies the inequality

p ≥ µ(V ) ·min
{
ν(η) : η ∈ {1, . . . , k}{1,...,m}

}
> 0.

Let s(M) denote the number of successes in M trials. Then in view of
Bernoulli’s Law of Large Numbers, s(M)/M → p with probability 1, and
thus also s(M)→∞ with probability 1.

Now, choose ε > 0. Let w1, . . . , w` be an ε/2-dense subset of the compact
set D̄ ∩

⋃
Sj . If we let each of the balls B(w1, ε/2), . . . , B(w`, ε/2) play the

role of the set V above, we can select, with probability 1, points z1, . . . , zM
forming an ε-dense subset of D̄ ∩

⋃
Sj .

This way we can produce an increasing sequence of finite sets approxi-
mating the target set with respect to the usual Hausdorff distance in κ(CN )
with probability 1.

A corresponding deterministic approach can be described as follows. Let
{zi : i ∈ N} be a dense sequence in BR. Let M ∈ N be fixed—basically M
represents the resolution of the discretization of the escape time function one
wants to obtain. In order to determine the set

{(zi, tm(zi)) : i = 1, . . . ,M}
one would have to test the behavior of up to km orbits of length m for each
point zi. Only if for a particular tested point zi a full-length orbit is detected,
one could stop further tests for this point and move to zi+1. Otherwise the
full number of tests must be carried out. So, for example, if k = 2, m = 20,
M = 104, the number of necessary tests could exceed 1010.

A mixed approach is also possible. One possibility is to use a deterministic
sequence zi combined with a random choice of orbits of length m for each zi.
Alternatively, one can first select at random L elements of {1, . . . , k}{1,...,m}
and then test the L corresponding orbits of length m for each zi. This last
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approach with a relatively small L can be very fast, but as a result we only
get approximation of L constituents within the cumulative m-outline.

In the following examples we use the method from Theorem 3 to plot
some partly filled-in Julia sets in the complex plane, by testing M = 500000
points drawn at random from the uniform distribution. The support is either
the relevant rectangle in which the picture is generated, or a part of it if
fragments of the plotted set are congruent. The length of truncated orbits
was set at m = 10 and we tested L = 10 randomly selected orbits for each
point, assuming uniform probability distribution on {1, . . . , k}{1,...,10}. As
far as the number k of polynomials is concerned, we have k = 2 in the first
two examples and k = 4 in the last two. The figures associated with each
example show the resulting approximations of the m-outlines of the relevant
Julia set. The first three Julia sets were considered in [Kl3] and the last
one in [Ko]. Note that the Julia sets in Examples 3 and 4 are obviously not
polynomially convex, justifying visually why the term partly filled-in is used
in connection with composite Julia sets. The issue of polynomial convexity
is one of the main difficulties in trying to understand the geometry of the
metric space (R, Γ ).

Example 1. Consider the polynomials P1(z) = z2 − 2 and P2(z) = z2.
Then the composite Julia set Jtr[P1, P2] generated by these two functions is
shown in Figure 1. Note that J[P1] = [−2, 2] and J[P2] = D̄(0, 1).

Fig. 1. Jtr[P1, P2]

Fig. 2. Jtr[P3, P4]

Example 2. Let P3(z) = z2 − 2 and P4(z) = −i(z2 + 2). The com-
posite Julia set Jtr[P3, P4] corresponding to these polynomials is represented
in Figure 2. The individual Julia sets of the polynomials P3 and P4, are
respectively the interval [−2, 2] and the line segment joining −2i and 2i.
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Example 3. Let Qj(z) = −|aj |2a−2j (z − aj)3 + aj , where z is a com-
plex number and j = 1, 2, 3, 4. Let aj = ij−1(1 + i). Note that J[Qj ] =
D̄(aj , 1) for j = 1, 2, 3, 4, which accounts for the four largest circular shapes
that can be seen in Figure 3 within the partly filled-in composite Julia set
Jtr[Q1, Q2, Q3, Q4].

Fig. 3. Jtr[Q1, Q2, Q3, Q4] Fig. 4. Jtr[R1, R2, R3, R4]

Example 4. Let

Rj(z) = − 2i

aj
(z − aj)2 − iaj + aj ,

where j = 1, 2, 3, 4. Let aj = 2ij−1. Figure 4 shows the partly filled-in
composite Julia set Jtr[R1, R2, R3, R4]. In this case the union of the ordinary
Julia sets generated individually by the four polynomials is the boundary of
the square with vertices at the points 2± 2i, −2± 2i.
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