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On the interpolation of sublinear operators
by
SVANTE JANSON* (Uppsala)

Abstract. A wide class of interpolation theorems for linear operators extend to
sublinear ones. o :

Let T he a mapping defined on a vector space X, taking values that
are measurable functions on o measure space (2, p). We say that T is
sublinear if

1T (s + @0)] < 1T ()] + | T (@s)] a0 (0, 72 € X)
and
|T(kz)| < |k||T(%)| ae. (xeX,kscalar).

The theory of interpolation of operators treats mainly linear operators.
One exeception is the Marcinkiewicz interpolation theorem [7], which
holds for sublinear operators, and in fact for quasilinear omes (|7 (,+
+a,)| < O T (2,)| + 1T (,)]) a.e.). The same is true for its abstract counter-
part; the real method of interpolation. Using the K-method it is easily
seen that it (X, X,) is a couple of quasi-Banach spaces, (¥Y,, ¥,)is a couple
of quasi-Banach lattices of functions on a measure space 2, and T is
a quasi-linear operator from X,+ X, to ¥+ ¥, that is bounded from X,
to ¥, and from X; to ¥, then T is bounded from (X, X;)o, 10 (Yo; Y1)ags
cf. [2].

For the complex method, Calderén and Zygmund [1] have extended
the Riesz interpolation theorem to sublinear operators on L? spaces, while
Weiss [6] treated sublinear operators of H? onto L?. Kraynek [5] extended
this to Orlicz spaces. We will prove a general theorem ineluding these
results.

The customary procedure to interpolate the various sublinear oper-
ators that arise in analysis (maximal functions, square funections etc.)
is to construct linearizations of them and use the theory for linear operators.
The proof below is based on this idea and consists essentially of showing
that any sublinear operator may be linearized (in a nonconstructive way).

* This research was done during a visit to the University of Chicago.
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We study sublinear operators defined on X,-- X, where the couple
X, and X, may be completely arbitrary as long as the interpolation space
is defined. (Thus they do not have to be Banach spaces. Cf. [6], treating
H?, p > 0. For remarks on the definition of complex interpolation spaces
for quasi-Banach gpaces, see [4].)

For simplicity we assume that the operators map into LP-gpaces, bhut
the proof also works for more general Banach lattices of functions. e.g.
Orlicz spaces, Lorentz spaces and weighted LP-spaces. (In the discrete
case (IP-spaces) we may take 0 << py, py <2 o0, but the proof doos not
allow this in general.)

TurorREM. Let X, and X, be a couple of quasi-Banach spaces and let
Xy = (Xgy X1)o (0< 0< 1) be a complew interpolation space. lut T be
o sublinear operator of X,+X, into L™ (u)+I" (), 1 < py, pres oo,
such that

1720,y < Aollelx, for wel,
and
1Tl < Auloly, for o eXs.
Then
VT2l ooy, < 47" Allolx,  for o e X,
with
1 1-0 0
B —— M|_ -

Proof. Let ®, e X,. First we assumo that the measure p is discreto.
Let w € ; by the definition of sublincarity @->|T#(w)| is a seminorm on
X,+.X,. By the Hahn-Banach theorem there exists a linear funetional
U, on Xo-+X, such that |u, (@) < |T%(w) and wu,(w,) = Twy(w). For
#e X+ X, we define the function Ur by Ur(w) = u,(#). Then U is
a linear operator of X,--X, into the functions en @, |Uwm| = |Te| and
Upy = T,.

Jonsequently || Um”lp‘ < I]T{O”lpi < Aillm][_-w (¢ =0,1,»eX,), By intor-
polation

124l 20 = 1| Uyl mo < Af,"”flf]]m(,”‘\,“.

In general this proof has to be modified to make Um mowsurablo.
Therefore,.let B, s By be disjoint subsets of £ with finite measures.
bj [Tw|dw 15 a seminorm and thus thero exists a linear functionnl ty sueh
i
that |u, ()] < I[ | Tajdp and vy (w,) = [ |Tw|dp. We define U by

3

&)
Ua(w) = D' (u(By) ™ u,() 14, (0).
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Thus U ig & linear operator, Uz, equals the conditional expectation
B(|Two| |# {B;}) on | B; and is zero elsewhere, and |Us| < (| Tw||Z {H;}),
whenece ||Us)| JIES II.TwlILm < 4, |[m]IX‘ for every z. Hence

1Tyl 20 < A7 Aol -
We can make “U-’I/'()"Lpg arbitrarily close to || T, 20 by a proper choice of
B, og.
By = {1 je < |Tog(o)] < (j+1)e}
for suitable ¢ and N, Thus
1Tl o < A3~ Ay ol

and the proof is completod.

Remark. We have formulated this theorem for the complex method,
but it is elear that it may be replaced by any method of interpolation. For
example, the method in [3] yields interpolation theorems for sublinear
operator between Orlicz spaces different from those in [5].

Note added in proof. The theorem does not extend to quasi-linear operators,
geo M. Gwikel, A counterexample in nonlinear interpolation, Proc. Amer. Math. Soe.
62 (1977), 62-66.
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