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Translation invariant complemented subspaces of I?

by
J. BOURGAIN (Brussels)

Abstract. ¢ bo a compact Abolian group and I' the dual group of @. Assume
A< I and 1Y ecomplomented in L(@) for some 1 < p < oo (p % 9). A necessary and
sufficient condition on 4 is given in order that L% should be isomorphic to the
gpacoe LP10, 1],

Introduction. Throughout this note ¢ will be a compact Abelian
group and ["the dual group of @. For A = I'and 1 < p < oo, L% will have
the usual meaning. The results presented here are a continuation of [2]
(see also [3] for more details) in which more particularly the Cantor group
was considered.

Our purpose is to show that if L<p < oo (p %£2) and L% com-
Jplerentedin P (@), then the analytic condition for A considered in Th. 1 of

2718 necessary and sufficient in order that L% should be linearly isomorphic
to the Banach space L?. From the descriptive point of view, our approach
is satisfactory if the elements of @ are of bounded order.

Notations and preliminary results. Let vy, ..., v, be a finite sequence
in I". Define by Vi(py, ..., y,) for k = 1,2, ... the set of characters ¥ which
can be writiben in the form

Y= v
whore o, € {0, 1, ..., k} for ¢ =1,...,7.
Nimilaaly, lot W(yy, ..., 7,) be the set of characters y of the form
Y=Ly

whoero a, € {0,1, ..., 8 for s =1, ...,7.

For I == 1,2, ..., we agree to say that & subset A of I' has property (%)
provided there exist a sequence (y,) of distinet characters and a sequence
of characters (4,) in I" such that for each r

@ Vie(¥ay cees ¥r) 6, = 4.
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Analogously, we define property (L) for a subset 1 of I' replicing

(1) by

2) W (y1yeees Vo) 6 A

Thus property (L) corresponds to the property stated in Th. 1 of [2].
Although the next results are in [2] explicitly stated for the Cuntor
group, they extend to any compact Abelian group.
ProPOSITION 1. If 9> 2 and LP cmbeds in LY, then
erty (1),
PROPOSITION 2. Property (1) 48 “primary”, d.e. if .
A = A,0d,, then either A, or A, has (1).
In fact, Prop. 2 is purely combinatorial and related to Iindman’s
theorem (see [1], [7]).

A has prop-

has (1) and

Translation invariant complemented subspaces. Tn this sceliom we
state the new results. Proofs will be outlined in the next section.
PROPOSITION 3. If A < I' has (L),
1<p < co.
PRrOPOSITION 4. Assume A < I' has (1) and LY
LY (@) (p 5 2). Then A has (L).
THEOREM 5. Assume A < I', L < p 52 < oo and LY complemented in
L*(@). Then t.f.a.c.
(i) < has (1).
(ii) 4 has (L),
(iii) L3 4s isomorphic to I? (assuming /A countable).
COROLLARY 6. Assume A< I, 1<p #2,9< oo and LY, LY com-
plemented. If LY is isomorphic to L?, then L is zsommphu‘ to L7,
COROLLARY 7. Assume the elements of G of bounded order and A < I
Then t.f.a.e.
(1) There is a sequence (y,) of distinot characters in I'such that 4 contwing
« translate of the subgroup grly,. ..., y,] for each r.
(ii) There is o subset A' of A such that for some 1 < p < oo {p + 2
is complemented in L (G) and isomorphic to L7,
(i) There is a subset A’ of A such that for all 1 < p <2 oo Lt ix com-
plemented in L (@) and isomorphic to L.
Referring to the classes &, introduced in [2].
CoROLLARY 8. Assume A < Z, 1 <p < oo (p 5 2) and L, complemen-
ted in LP(II). If A does not belong io any dlass of finite indow, Lhm A contains
arithmetic progressions.

then LY embeds in LY for all

complemented in

) s
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Additional proofs. For & =1,2,.

-y and (y,) a sequence in I, we
sy Lhat (,) i8 k-dissociated provided

Aoyl =1 and i<k (1< <Pyl =1 (1<s< 7).

We omit the proot of following two simple facts.

Lmvma 1. If A is an infinite subset of I' amd & a positive integer, then
there is a sequence (y,) in I and 6 e I" such that (8.y,) is k-dissociated.

LasmmA 2. Let (v,) be a sequence of distinet elements of I'and &k a positive
indeger. T'hen there ewist finite subsets 8, of N satisfying max S, < ming,

a+1?
subh that (8,) 48 k-dissociated, where 8, == ] ] Vyr

The noxt lomma is easily obtained by standard approximation argu-
ments.

TmMMA 3. Given 1<p < oo, 6>0 and positive integers L, r, there
owists an integer IC such that if (y,)iqeer i I' 48 K-dissociated amd if fee
vl 15 < k) L <8< ), then

(=) lfully - Wolly < Wfa oo fully S LA Ufilly - Wil

LEMMA 4. For 1< p < oo (p 5= 2), there is a constamt ¢, >1 such
that the orthogonal proyectwn Jrom [1, v, v%] onto [1,y] is of L”-norm at
loast o, whenever y in I'is of order at least 3.

Proof. By duality, wo can take 2 < p < oo, Since further
lla~- ey -+ 0™ 2], = |la -+ be®® + o],
wo can rostrict ourselves to G = I7 and y = ¢*. Now, onehas for 0 < s < 1

14 6% — eg)jp == |[L46™||2 — oe+0(s?),
‘whero
w2
¢ = pn~'2%2Y [ [cost]P~cosBidt > 0.
0
The next result is immediate from Lemma 3 and Lenma 4.

LanivA B, For 1 < p < oo (p % 2), there 48 .a constant 0, > 1 such
that for given positive integers T, v, the LP-norm of the orthogonal projection
Jrome Vi (vay ooy vy) onto V(s ooy 9,) 18 ab least of, provided (¥,)igser 99
@ S’Ibfjb(}?/(")'bllj dissoviated sequence in I" whose clements are at least of order
-1,

Luvwma 6, Assume L5 complemented in LP(G) (p 9é2) and A with

property (k). Then for infinitely many characters v, the set ﬂ A has (1).

Proof. Remark first that by Lemma 2, the sequence (y,) in _the
definition of property (%) can be chosen arbitrarily dissociated. Since

7 — Studla Math, 75,1
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further y will be obtained as element of V(s yay --+), the existenco of
infinitely many candidates will be automatic. Denote P the orthogonal
projection on L% and fix r large enough to ensure ¢ > 1Pl Take yy, ...y v,
sufficiently dissociated and A, = I' with (1) such that

Vk(yh AR 77')'6 cd

If some p € {y1, .++, 7o} I8 of order at most &, then obviously

I3 41
N7 a=74
st Jent
has (1), since latter seti contains ;.
Otherwise, Lomma 0 asserts that the LP-norm of the oxthogonal
projection from Vi (¥1, .., %) 000 Vy(yiy «oep 9,) i ot loast of. Fixing
éed,, one has

Vieay eoes ) © 48OV ia (Vas -3 %) © Via (v o0y ¥ehs

where in particular the second set is |P|| complemented in the third. Thus
the first and the second set must be different, implying the existence of
some & € V,1\V; such that é e A&,. Applying now Prop. 2, we can
fix £ € Vyya\ V. for which 4 En 4, has (1). There is o nonempty gubset 4 of
{1,...,7} such that
k+1n7

for each d¢e 4,.

E=y where ymnys and 7 € Vi(y,; s ¢.4).
ged
Sinco
k
AEnd, < (AF*g0 () 4777),
J=0
k41
the set (1) #’ 4 has property (1), which conclude the proof.
4=0

LeMMA 7. Assume L% complemented in LP(G) (p # 2). If A has (L),
then A has also (k) for any positive integer k.

Proof. We proceed by induction on %. So agsume that under the
above hypothesis the implication (1) = (%) holds. Thus in particular 4 has (k)
and hence, by Lemma 6, there is a character ¢, such that the sob

T+1

dy =N 7l.4 = E. A

gm0 éa¥yqa(ry)
has (1). Observe that L7 is still complomented in L* (@) since 4, is finite
intersection of LP-complemented sots. So, by induction hypothesis, 4y
has (k).

Apply again Lemma 6 to obtain a character y; 5% p, such that
k4l

Az=ﬂ7£-41=‘ g4

eV pq1(1v0)
has (1).
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Tteration of this procedure leads to a sequence (y,) of distinet characters
such that for each »

£.4

$EV g 101 0ene s¥p)

hag (1) and hence is nonempty. Thus one can find a sequence (6,) in I"
satistying

Vi s oym). 8, < 4
Consequently A has property (% --1).

Proof of Proposition 4. We use the same procedure as in Lemma 7.
If yyy .00y 9, oo alvoady obtained and

for cach r.

A

/]r £
EEMW (¥ ey
has (1), Lemma 7 asserts that 4, also has (r+1). In particular, there exists
Vypr €17 80 that

-1

Aygy = Jﬂu P-4y = £.4

SEWP (Y hee ¥y 41)
still has (1).

Prool of Proposition 3. We will construct a system of functions on
@ with spectrum in /4 which is equivalent to the usual Haar system in
I?[0,1].

Tako Lirst soquences (), (¢,) of trigonometric polynomials with
positive gpectrum on JI such that

(1) 1Dl + ol < L.

(i) ]f 1D~ %, ﬁf |¢on|*~> % “rapidly enough”.

'3

Let further p,,, g, be of degree at most g,,.

Lot (y,) bo a sequence of distinet characters and (4,) & sequence of
charactors 5.1,
Wpey ooy P b = A

Wo will fix owr attention to the case where the y, are of unbounded order.
We can then replaco (y,), (8,) Dy soquences (v,,), (d,) satisfying

(i) .. pdmes 1 oand |fyl € @2y = jg = ... =Jp=0.

(iv) p{...yimd, e A provided j, € {0,1,...,d,} (L<s<m)

n—1
Dotine g, == 2,07, 0 @1 = GO ¥y Lot further for o = % 6,27
o=
=1, ..., 2%,

m~1

fm,n = l 1 9’8,3,'5%7”

gual
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where the §,,, in I' are chosen such that Speef,,, = 4 and the systom (8] W. B. -T“]“}:""a]]‘- Mf"“ﬁ“y, G. Schechtman, L. Tzafriri, Symmeiric
. o 9 0 . . . . s structures in Banach spaces, Mem. Amer. Math. Soc. 217 (1979).
ifference sequonce for the lexicographical oriler in o morue P o,
();n.n) 8 a 1n?],rt1nga:10 diffe k! srar [01 J. Lindenstrauss, L. Tzafriri, Classical Banach Spaces I, Springer Ergebnisse
L2 (@). By (i) 92,
L2 fpnl = T [ font1,2m {10] E. M. S8tein, Topics in Harmowic Analysis, Ann. of Math. Studies, Princeton

University Pross.
and by (iii), (ii)
. DEPARFMENT OF MATITRMATION
2 2 3 IRALTHLT BRUSHI
f[%n,o[n = f{pm[ﬂ, fl?”m,ﬂ f|qm| VRIVE UNIVERSIPILLY BRUSYIL
[ i (4] I Plelnlann 2, 1I'7 L060 Brussels
and ‘
m~1 '
L. ] 2~ 9= Received September 21, 1981 (1707)
]fm,nl - q’“"&l *
¢

g=l (F

By standard techniques, one ean then show that (f,,,) contuing a sub- e
system equivalent to the Haar system (cf. [8]).

Proof of Theorem 5. (1)=(2) follows by Prop. 4.

(2)=-(3): By Prop. 3, L” embeds in L% and hence also ag complemented
subspace (see [8]). The isomorphism follows from Pelezyniski’s decompo-
sition method (see [9]).

(8) =(1) follows by Prop. 1 and duality in case L < p < 2.

Corollary 6 is now straightforward.

Proof of Corollary 7. (iii)=(ii) is obvious and (ii =+(i) is & consequence
of Th. B. :

Notice that the orthogonal projection on grlys,...,y,] i8 given
by a conditional expectation. The implication (i) =-(iii) follows from stan-
dard Burkholder-Gundi square-function techmiques for martingale
difference sequences and Stein’s inequality (cf. [6] and [107]).
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