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ALGORITHM 82
ANNA BARTKOWIAK (Wroclaw)

STEPWISE SELECTION OF DISCRIMINATIVE VARIABLES
BY THE USE OF THE WILKS CRITERION

1. Procedure declaration. For given matrices C; and C, stored by lower
triangles row-wise in one-dimensional arrays, procedure disstepw performs
a search for variables with the greatest discriminative power, using the
A-gtatistic as the measure of the discriminative power.

The procedure allows us for obligatory introduction of wvariables
into the discriminative set (denoted by 2).

Data:
p — number of variables under consideration;
¢l,c2[1: px(p+1)=-2] — lower triangles of the “within” and “total”
corrected cross product matrices, stored row
by row, i.e. the elements of the matrix
C ={c;},%,j =1,2,...,p, should be taken
in the order: ¢yy, Cs1y Cazy Ca1y Cany oovy Cp p1y
Cpp
11 — the largest number of variables to be intro-
duced into 2 while selecting upwards;
12 — the smallest number of variables to be
retained in 2 while selecting downwards;
nr[l:p] — array of nos. (places) of the variables under
consideration in the primary (original) data
set;
ind[1:p] — array indicating the variables which should
be obligatorily introduced into 2 before
starting the selection procedure: imd[¢] = 1
means that the variable no. ¢ should be intro-
duced into 2, otherwise ind[¢] should be put
equal to 0;
eps — small number indicating the machine ac-
curacy.
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procedure diestepw(p,c1,c2,17,12,nr,ind,eps,onestep,
outratio);

yalue p,11,12,eps;

Ieal eps;

integer p,11,12;

array cl,c2;
integer array nr,ind;
Procedure onestep,outratio;
real ratio,X,y,2;
integer k,1,q,r;
array d,dt[1:p];
l:=k:=0;
ratio:=1.0;
for a:=1 gtep ! witil p do
begin
ke=k+q;
3f ind{q]=1
tlien
hegi.
if c1[k]>epsic2[k]>eps

then

ratio:=ratioxc1[kl/c2[k];
1:=1+1;
oneetep(g,1.0,p,c1);
onestep(q,1.0,p,c2);
outratio(p,l,ratio,nr,ind)
end cilkl>eps /v c2{k]>eps

else ind[q]:=0
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end ind[ql=1
end q;
if 11>p
then 11:=p3
nextvar:
ig 1211
then go to back;

x:=c1[k];
yi=c2lk];
if x>epefy>eps

then

q:=r
end x<z
end y1>epe N y2>eps
end ind[r]=0

end r;
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if >0
then
begiy
ratios=ratio=z;
ind[ql:=1;
l:=1+1;
onestep(q,1.0,p,c1);
onestep(q,1.0,p,c2);
outratio(p,1,ratio,nr,ind);
89 o nextvar
end ¢>0;
back:
if 12>1
then go to fin;
z:=,0;
ki=q:=0;
for r:=1 gtep 1 uatil p do
begin
ke=k+r;
if ind[r]=1

the

EE

x:=c2[k]/c1[k];

3; x>z

then
begig

Z3:=X;
qi=r

enqd x>z
end ind[rl=1
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ratio:=ratio/z;

ind[ql:=0;

l:=1-1;
onestep(q,=1.0,p,¢1);
onestep(q,~1.0,p,c2);
outratio(p,l,ratio,nr,ind);

g9 to back

end disstepw

Results:

ind[1:p] — array indicating the variables contained in 2 after finishing
the sélection procedure: ind[¢] = 1 means that the variable
no. ¢ belongs to 2, ind[i] = 0 means that the i-th variable
does not belong to 2.
Other results are obtained by the use of procedure outratio described
in the sequel, which is several times called during a run of disstepw.

Other parameters:
onestep — identifier of the procedure performing one step of the modified
Gauss-Jordan transformation, given by formulae (3) and (4),
including or excluding the variable no. ¢; this procedure
should be headed as follows:
procedure onestep(q, v, P, €);
value ¢, v, p;
real o;
integer ¢, p;
array c;
The meaning of the formal parameters is as follows:
¢ — number of the variable for which the transformation is performed;
v — should be set to +1.0 or —1.0: v = +1.0 means the forward trans-
formation by the use of formulae (3), » = —1.0 means the back
transformation by the use of formulae (4);
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Rrocedure onestep(q,v,p,c);
yalue q,v,p;
Leal v;
dinteger q,p;
SLIaY c;
Regin
Ieal x:
snteger 1,J,k;
array d,dt(1:pl;
Ji=q=(g=1)+2;
x:==v/clj+ql;
for i:=1 step 1 uniil q do dlil:=clj+il;
for i:=q+1 step 1 mpiil p 4o dli)e=clix(i-1)+2+q];
for i:=1 giep 1 until p 4o dtlil:=d[il=x;
dtlql:=vxx;
for i:=1 gtep 1 until q do clj+il:sdtl[il;
Lor i:=q+7 gtep 1 until p 4o clix(i-1)+2+ql:=at(i];
af v==1.0
then
Lop i:=1 gtep 1 uptil p do dtlil]:==dt([il;
k:=0;
Zor i:=1 ztep 1 until p do
ezin
if i+q fhen
for j:=1 step 1 wptdl i do
if jq
then clk+jle=clk+jl+dlil=dtl(;];
k:=k+i
end 1i;
gnd onestep
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» — number of variables under consideration;
¢ — array containing the lower triangle of the matrix on which the
transformation is performed.
An example of realization of procedure onestep is given on page 356.
outratio — identifier of the procedure printing intermediate results of
the search procedure after a new variable has been introduced
in 2 or eliminated from it, headed as follows:
procedure outratio(p, r, ratio, nr, ind);
value p, r;
real ratio;
integer p, 7;
integer array ind;
piocedure outratio(p,r,ratio,nr,ind);
Yalue p,r;
2eal ratio;
anfeger p,r;
infeger array nr,ind;
Regin
dnteger k;
format( ¢ 2waup=123uur=12usx=123456, 1234567 );
print(p,r,ratio, ¢ Puvariableswinuthewdiscriminativeuset:?);
format(¢123?);
k:=0;
for r:=1 giep 1 untdl p do
if ind[r]=1
ihen
N
print(ar(r]);
k:=k+1;
if k=10
then k:=line(2)+space(34)
end ind(rl=1;
line(3)

&84 outratio
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The meaning of the formal parameters of outratio is the following:
P — number of variables under consideration;
r — number of variables actually being in 2;
ratto — value of the A-statistics (see Section 2) evaluated for the
variables actually being in Z;
nr[l:p] — nos. (places) of the p variables under consideration in the
primary data set;
ind[1:p] — array indicating for which variables the A-statistic has
been evaluated.
Procedure outratio contains exit procedures specific for the Algol
compiler under use. An example of procedure outratio prepared for the
Algol 1204 compiler is given on page 357.

2. Method used.

2.1. A measure of the discriminative power of a set of variables
X;, Xy, ..., X, is given by the ratio

W]
1 A ="
(1) ]

with the determinant of the within-groups cross product matrix W in the
numerator and the determinant of the total eross produet matrix 7' in the
denominator [6]. The ratio A is called Wilks A-criterion. If the value
of the A-statistic is small, then the between-groups variance is large,
and this means a great differentiation of the groups under consideration.

2.2, It is known [5] that the value of the determinant of a grammian
matrix ¢ = {¢,},r,8 =1,2,...,p, can be calculated stepwise by the
use of the formula

(2) 0] = 3%33.1 8319 -+ 8129.12...(1)—1)7

where §; = ¢y, and 8}, 1), ¢ =2,3,...,p, is the residual vari-
ance of the 4-th variable X, conditioned on variables X,, X,, ..., X; ;3
it is after subtraction from X, its best linear predictor based on variables
Xy, X,, ..., X;_, and evaluated by the least square method.

2.3. Now the residual variance 35,12...(1-_1) can be calculated by the
use of the modified Gauss-Jordan algorithm operating on the sequentially
transformed matrix C. This algorithm is realized in a sequence of linear
transformations T,, ¢ = 1,2,...,7i—1, applied to the matrix C given
by the formulae

’ ’ ’

(3) c:zq = —1/6yy  Cg = € = CrgCqq> c;s = c;,. = crs+crqcc’1s
for r,s =1,2,...,p; 7,8 # ¢,
where ¢,, denotes an element of C before the transformation T, (but perhaps

transformed by previous transformations), and c,, denotes the corre-
sponding element after the transformation T, (see [3] and [1]).
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The transformation T, performs the inclusion of the variable
X, into 9.

A variable X, actually being in 2 can be excluded from 2 by the
back transform&tlon 1’ executed on the already transformed matrix C
by the use of the formulae

’

! ! 4 ’ ’
(4) Cq = —1[Cyy € = Cp = crchq’ Crs = Cgp = Cpg— CpgCys

for r,s =1,2,...,p; r,8 #q,

Where c,, stands for an element of the matrix ¢ before the transformation
Tq, and c denotes the corresponding element after the transformation .’Z’

By symmetry of the matrix C, it is sufficient to work only on the lower
triangle of this matrix. The transformation T, (1 < ¢ < p), given by formu-
lae (3), can be performed in the following manner:

Cog = —1.0/c,q,

C..
d. — q’
! ¢, forj=gq+1,q+2,...,p,

¢ = d; = d;jep, for j=1,2,...,¢-1,

for j =1,2,...,¢-1,
(3)

g =4 = dyey, for j =gq+1,q+2,...,p,
¢y = cs+d,d; forr=1,2,...,q-1,9+1,...,p; §=1,2,...,7

An analogous algorithm for the back transformation Tq can be per-
formed on the lower triangle of the matrix C and is described by the fol-
lowing formulae:

’
Cqq = —1.0/Cgq,

¢ for j =1,2,...,9—1,

a3

4, = .
(6) ! Ciq fOI'] =q+1,q9+2,...,p,
0:1]- =.d; = —d]C(IIq fOI‘j =1,2,...,q—‘1,
c;.q =d; = —d]C;q forj=q+1,q+2,...’p,

¢y = ¢,,—@a,d, forr=1,2,...,q-1,q+1,...,p;8 =1,2,...,1

The back transformation Tq given by formulae (6) can be performed
only in the case where the variable X, has been introduced into 2 by
Previous transformations.

The two algorithms given by formulae (3) and (6) may be combined
together giving one common formula:

oqq = —1.0/cg,,
c.

7 — 1% for j =1,2,...,9-1,
’ Ciq for j = q+1,9+2,...,p,
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’

(7) o = &; = vd;ey, for j=1,2,...,q-1,
¢;q = d; = vdje,, for j =gq+1,9+2,...,p,
6y = C+od.d, forr=1,2,...,9—1,q+1,...,p; s=1,2,...,7.

Substituting ¥ = 1 we can use formulae (7) as the forward transfor-
mation T, and substituting ¥ = —1 we can use them for the back transfor-
mation T, as well.

2.4. Suppose we are seeking a set 2 of size I < p on the base of the
matrices W and 7. We proceed as follows:

1° Set initially ratio : = 1.0, g:=1:= 0,ind[¢]:=0(2= 1,2, ..., p).

2° Seek the variable for which the ratio of the diagonal elements
Woqlty, 1S the smallest, thus finding the single variable with the greatest
discriminative power. Set ratio:= w,/t,, obtaining the value of the
A-statistic for 2 of size 1. Set I, the actual number of variables in 2,
equal to 1. If 171 > I, go to point 3°; otherwise, go to point 6°.

3% Seek a new variable ¢, not being in 2, for which the quotient
of the corresponding diagonal elements is minimal, but look only on these
variables for which the diagonal elements are greater than eps, a declared
small number. If there is any such variable (say variable no. ¢), pass to
point 4°; otherwise, go to point 6°.

4° Introduce the variable X, (if any) into 2; multiply the actual
ratio by wy,[t,,, set ind[q]:= 1, set I := 141; go to point 5°.

5° If the actual size ! of 2 is less than 11, the desired size of 2, go to
point 3°; otherwise, pass to point 6°.

6° Finish the search procedure.

Points 1°-6° describe an algorithm which enables us to make a step-
wise selection of variables with a considerable large discriminative power.
We use substantially the following property of the Gauss-Jordan algorithm
described by formulae (3):

If the forward transformations T;,T;,...,T; are performed on
the whole matrix ¢ comprising all variables, then after performance of
these transformations the diagonal elements of the variables not being
introduced into 2 are virtually the residual sums of squares of these
variables conditioned on the variables belonging to 2.

2.5. An analogous algorithm can be formulated for the back elimina-
tion. Let Ry denote the ratio |W,|/|T,| for ¢ variables. Suppose Wwe
eliminate the variable X,. Then

’

w
aq
By =Eq

aq
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or, using formulae (3),
1
R -2 —-R,.
(g-1 (@
q )wqq q
We seek such a variable in 2 for which the quotient ¢,/w,, is the
largest one. After elimination of that variable from 2 the remaining quotient

R(,_, is the smallest one.

3. Certification. The results of procedure disstepw can be certified
In two modes:

1° investigating the values of the A-statistic,

2° observing the variables introduced into 2.

We compared the values of the A-statistic obtained from disstepw
with those calculated directly from (1) by the use of procedure det2 [4].
The results were practically the same.

The variables chosen by disstepw were compared with those chosen
by dissteptr, a competitive procedure given in [2]. These variables almost
always were the same, but we did notice some small discrepancies in
cases where the subset chosen was unstable (there existed other sets
with similar discriminative power).

4. Test example. For p = 5 we have

cI[1: 15] = [258.9286
106.3214  397.0179
106.3214  397.0179  397.179
104.0000  138.7143  138.7143  317.7143
—34.3929  174.2321  174.2321  252.7143  478.3036],

¢2[1: 15] = [19741.8636
23411.5909 28902.7727
23411.5909 28902.7727 28902.7727
11688.5455 14066.6364 14066.6364 7213.8182
9666.4545 11872.3636 11872.3636 6005.1818 5293.8182],

l1=5, 12=2, w[l:6]=2,3,4,5,6,
ind(1:6] =0,1,0,0,0, eps = 1,—6,
and using procedures onestep and outratio we get the following results:
ind[1:6] =1,1,0,0,0.

This means that the variables with the greatest discriminative power
are the first and the second variables from the input matrices. After rela-
belling these variables, as indicated by the array nr, the variables no. 2 and
No. 3 from the original data set (not given here) have the required property.

During the run of disstepw we get the following results by outratio,
Which was called 6 times (p = 5):

10 — Zastos. Mat. 17.2
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No. of call r x Variables in
17
1 1 0.013736 3
2 2 0.004068 2 3
3 3 0.003642 2 3 6
4 4 0.003528 2 3 5 6
5 3 0.003642 2 3 6
6 2 0.004068 2 3

Checking this result by calculations from the definition of the A-sta-
tistic for the variables chosen lastly we get: the determinant in the nu-
merator

4, = 914950489,,— 4,
the determinant in the denominator

Az =5 22492007810 _1 [}
and

Ay 5 = ratio = A;[/4, = 0.004068.

So we get exactly the same result as previously. The competitive
procedure dissteptr gives the same result (see [2]).

Notice that the second and the third rows and columns in the input
matrices ¢I and ¢2 are the same, i.e., these matrices are not positive defi-
nite. The Gauss-Jordan algorithm avoids this difficulty by omitting the
variable corresponding to the third row of these matrices.

The calculations have been carried out on the Odra 1204 computer.
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ALGORYTM 82
ANNA BARTKO WIAK (Wroclaw)

KROKOWY WYBOR ZMIENNYCH DO ZBIORU DYSKRYMINACJI
NA PODSTAWIE STATYSTYKI WILKSA

STRESZCZENIE

Procedura disstepw wybiera metoda krokows zmienne o najwigkszej sile dys”
kryminacji. Sile dyskryminacji mierzy si¢ za pomocg statystyki A4 Wilksa, zdefiniowa"
nhej jako iloraz wyznacznikéw macierzy C; i C,, 4 = |C,]/|C,|, gdzie C, jest macierzg
Zmiennosci wewnatrzgrupowej, a C, — macierzg zmiennoéci catkowitej (por. [6]).

Przy obliczaniu wyznacznikéw stosowany jest wzor (2).

Procedura disstepw dziala w trzech etapach:

1° Obowiazkowe wprowadzenie I zadeklarowanych zmiennych do zbioru dyskry-
Mminacji 2 (dopuszcza sie mozliwoéé I = 0).

2° Dobranie metoda krokowa dalszych zmiennych tak, zeby liczebnos$é zbioru
2 osiagneta wielkodé 11, gdzie U1 jest dang liczbg.

3° Usuniecie ze zbioru 2 odpowiedniej liczby zmiennych tak, aby koncowa
liczebno$é tego zbioru wynosila 12, gdzie 12 jest dang liczba.

Wprowadzanie i usuwanie zmiennych odbywa si¢ metoda krokowa za pomoca
Zmodyfikowanego algorytmu Gaussa-Jordana opisanego wzorami (3)-(7). Wykonanie
jednego kroku tego algorytmu moze odbywaé sie za pomoca procedury onestep zalaczo-
nej do pracy. W kazdym kroku dobiera sie lub eliminuje zmienns wedlug zasady,
Zeby sita dyskryminacji zmiennych znajdujacych sie w zbiorze 2 byla mozliwie duza.

Dane:

p — liczba rozwazanych zmiennych (stopied macierzy 0, i Cy);
cl,c2[1: px(p+I1)=2] — tablice zawierajace dolne tréjkaty macierzy popra-
wionych iloczynéw wewnatrzgrupowych C, i calkowitych

O,, zapamietanych wierszami;

l1 — maksymalna liczba zmiennych;
12 — minimalna (i koricowa) liczba zmiennych;
nr{l:p] — numery rozwazanych zmiennych wedlug pierwotnej
numeracji w zbiorze danych;
ind[1:p] — tablica wskazujagca na numery zmiennych (wedlug

numeracji w macierzach 0, i 0,), ktére maja byé obowigz-

kowo wprowadzone do zbioru 2 przed rozpoczeciem

postepowania krokowego: ind [¢] = 1 oznacza, Ze zmienna

o numerze ¢ powinna byé wprowadzona do zbioru 2;
eps — mala liczba oznaczajaca dokladnodé maszynows.

Wyniki:
ind[1:p] — tablica okreflajaca numery zmiennych (wedlug numeracji w macierzach
C, i 0,), znajdujacych si¢ w zbiorze 2:
1, gdy ie 2,

ind[i] = .
0, gdy i¢ 9.

Poza tym otrzymuje si¢ wyniki cze§ciowe po kaizdym kroku, zmieniajacym

Zawartogé zbioru 2. Wyniki te drukowane sa za pomoca procedury outratio, zawiera-

Jacej instrukeje wyjécia specyficzne dla maszyny, na ktércj wykonywane sa obliczenia.
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Podano przykladows realizacje tej procedury, przystosowana do translatora Algolu
1204. Procedura ta drukuje nastepujace wyniki:
p — liczba rozwazanych zmiennych;
r — liczba zmiennych znajdujacych sie aktualnie w zbiorze 2;
ratio — wartosé statystyki 4 Wilksa dla zmiennych znajdujacych sie aktualnie
w zbiorze 2;
nr[1:p] — numery zmiennych znajdujacych sie w zbiorze 2 (wedlug numeracji
okre§lonej tablica mr); drukowane sg tylko numery tych zmiennych,
dla ktorych tablica ind, bedaca parametrem formalnym procedury,
wykazuje wartoéci rowne 1.



