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Local homotopy products
by
R. E. Goad (Knoxville, Tenn.)

Abstract. This paper introduces a generalization of hereditary homotopy equivalences and
provides the basic relationship with approximate fibrations (a generalization of cell-like maps).
We also provide a number of results which highlight the similarity with fibre bundles.

The interrelated topics of cell-like maps, hereditary homotopy equivalences
and near homeomorphisms have produced some very nice results in recent times, The
reader is referred to the outstanding survey article; [La 2], of R. C. Lacher far an
introduction and list of references.

The approximate fibrations of D. S. Coram and P. F. Duvall have been treated
as a natural generalization of cell-like maps ([C-D1] and [C-D2]). The existence
theorems of J. L. Bryant and R. C. Lacher ([B-L]) and D. Coram and P. Duvall
([C-D3] and [C-D4]) provide them with some intrinsic interest. Other related con-
cepts include the shape fibrations and n-shape fibrations of S. Mardesi¢ and
T. B. Rushing ([M-R1], [M-R2}, and [M-R3]) and the K-like maps of L. Mand [Ma].
Coram and Duvall have asked the natural question whether their maps are “near
fibre bundles” or “near fibrations”. There have been a number of partial results
along this line ([Go 1], [Go 2], [Hus], [Q].

An examination of the methods used for approximating cell-like maps suggests
that an analog of the notion of hereditary homotopy equivalence should be useful
in studying the problem of approximating approximate fibrations. This paper presents
one such generalization together with a theorem relating it to approximate fibrations.
We also present a number of results which permit constructions similar to those used
with coordinate bundles [St].

I would like to thank the referee whose suggestion, Proposition BS, improved
the exposition.

A. 1. Notation and conventions. Unless otherwise specified, all spaces will be
finite dimensional separable metric spaces and the metric will be such that closed and
bounded sets are compact. The metric will be denoted by d.

An ANR will be a finite dimensional absolute neighborhood retract for separ-
able metric spaces.

A map is a continuous function.

A map is proper if the inverse image of each compact set is compact.

feg means f is homotopic to g. i
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X~ Y means X is homeomorphic to - Y.
G~H means G is isomorphic to H.
The particular meaning of =~ will be clear from context in each case.
J represents the natural numbers.
R represents the real numbers.
k
R* = T[ R, a metric space with the Euclidean metric:

i=1

k

(X, (7)) = ( Z; (X Y)R)H2

1=

If x is an element of X and >0, Ny(x) is {x" & X| d(x, x) <8} and Ny(x) is
{x" e X| d(x, s"<6}.

I=10,1].

We provide the necessary definitions from [C-D 1] and [C-D2]:

A.2. DEFINITION. A surjective map p: E — B between metric spaces has the
approximate homotopy lifting property (AHLP) with respect to a space X provided
given an open cover ¢ of B and g: X — E and H: XxI — B such that pg = H,,
there exists a map G: XxI - E such that G, = g and pG and H are g-close. The
map G is said to be an e-lift of H.

It is equivalent for our spaces that given g and H and a continuous function
8 Y- (0, 00), there exists a map G: XxI—E such that G, =g and
d(p(G(x, D), H{x,)<e(H(x, 1) for each (x,) in XxT.

A.3. DEFINITION. A proper surjection p: E— B is an approximate fibration
if 1) E and B are absolute neighborhood retracts and 2) p has the approximate homo-
topy lifting property for all metric spaces.

If p: E— B is an approximate fibration and b and ¥’ lie in the same path com-
ponent of B, then p~*(b) and p~*(b") have the same shape [C-D1].

The following definitions generalize the notion of hereditary homotopy equiv-
alence:

A.4. DEFINITION. A map p: X — Y has property 'LHP-F, local homotopy
product structure with fibre F, if for every y in Y there is a neighborhood
Uofyand a map f: p~3(U) » F such that for every open ¥ in U, the map
pxfip™ W) p~ (V) » VxFisa proper homotopy equivalence. If we may take
U = 7, then p has property HP-F. If F is compact, we also require that p be proper.
If p: X — Y has property HP-F and f is as above, we say p has property HP-F via f,
or that fis a HP srivilization of p.

B. Basic relationships and constructions. To obtain a number of results which deal
.with modifications of LHP-F maps, we will need the following theorem. This theorem,
in various forms, has appeared whenever one wishes to obtain global homotopy infor-
mation from local information. A version appears in the 1966 Princeton Ph. D. Thesis
?f Dennis Sullivan [Su] and a more general version was stated by George Kozlowski
in an address to the CBMS/NSF Regional Conference on Infinite Dimensional
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Topology held at Guilford College in October 1975 [Ko]. A version also appears
in [Mi].
B.1. TreoREM. If F is a closed ANR subspace of the ANRE and U = {U)| jelJ}
is a locally finite open cover of E such that for every nonempty finite subfamily S of U
there is a strong deformation retraction of Ug = Uﬂ U; onto F 0 Us, then there is
1€S

a strong deformation retraction of E onto F which is limited by U.

Proof. Although Milnor does not claim this result for locally finite covers, his
proof yields this result. One must observe that the deformation which he constructs
is indeed limited by the cover [Mi, Lemma 1].

The analogy of LHP-F maps with fibre bundles leads one to the following defi-
pitions and to B.3, B.3 is analogous to the fundamental result that the pullback
of a trivial bundle is trivial.

Dermimion. If pi E— B and p': E' - B are LHP-K maps, an LHP-K
bundle map from p to p’ is a pair (e, b) of maps e: E— E', b: B— B’ such that
p'e = bp and for every y in B', there is a neighborhood U of y in B’ such that
Plp N U) is HP-K (via f7) and plp~ b~ U): p~ (™ (U)) = b~ (U) is HP-K
via [ = f"e.

The next proposition follows routinely from B.1; however, it is cast in terms
which will be more useful in the sequel. B.2 and its Corollaries B.3 and B.4 are
fundamental devices for working with LHP-F maps.

B.2. PropoSITION. Suppose X, Y, and F are ANR’s, p: X—» Y, f: X = F
are maps and {U)} is a locally finite open cover of Y such that for every Ui,
p: p~ MU, — U, has property HP-F via f. Then p: X — Y has property HP-F via f
Further, we may find a homotopy inverse g for pxf so that g(U; x FYsp~ XUy
Jor each U, and homotopies h: ge(pxf)=1,, k: (pxf)og=lyxp s0 that
hp~ Y (U)xIsp™ (U and k(Uix FxSU;x F. ‘

Proof. Note that all the hypotheses are hereditary in ¥. That is, if ¥ is an open
subset of ¥, then plp~1(¥): p~ (V) » V. flp i (W):p~ (V) » Fand {V; = U;n V'}
satisfy the hypothescs of the proposition. Thus it suffices to show that g, &, k can
be found for p, £, and {U,}. Also note that any refinement of {U;} will still satisfy
the hypotheses and that if the conclusion is satisfied for this refinement, it is satisfied
for {U,}. Thus, without loss of gencrality, we may assume diam(U;)<1 for every i.

Now, in order to apply the above theorem, we must convert the map
pXfi X - ¥YxF to an inclusion. This is done in the usval way:

Consider the mapping cylinders M of px f and M; of

(plp~ UN)*Sf: p™*(U) = Uyx F.
Note that if S is a nonempty finitc intersection of elements of {M, .} then S is the
k .
mapping cylinder of (p|p~*( N Up)x f which is a proper homotopy ekqmvalence.
J=1

Thus there is a strong deformation retraction of § to S N X = p'1(jQ1Uj). Note
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also that M is a finite dimensional ANR. Thus, according to the above theorem,
there is a strong deformation retraction, H: M x I — M, of M to X which is limited
by {M}.

This yields the proposition as follows: Let iy: YXF — M and iy X — M
be the usual inclusions and let r: M — YxF be the usual retraction. Then
H,oiy: YxF — X is the desired homotopy inverse g for px f = roiy. Note that
under projections to ¥, no point is moved a distance more than 1. Now, the desired
homotopies are h: X'xJ — X where i(x,1) = H(x,1—t)and k: YXFx[- ¥YxF
where k(y,f1, 1) = r(H(iy(y,f), t)) Note that & and k are proper, because iy, iy, r
and H are proper. This completes B.2.

B.3. COROLLARY. If

S

B— B

is an LHP-K bundle map and p’ is HP-K, then p is HP-K.

B.4. CorOLLARY. If p has property HP-F via f* X — F and o: B — Y is an
open immersion, then the topological pullback, p', of p by o has property HP-F via
fod

o I
E—> X F

Ll

B—>Y

Proof. The open sets openly embedded by « clearly have HP-F via fo o'
A locally finite refinement of this cover provides the necessary cover of B.

The following proposition also follows routinely from B.1 by use of the mapping
cylinder.

B.5. ProPOSITION. Let X and B be locally compact ANR’s and let F be o com-
pact ANR. Suppose p: X - B is proper and f: X — F is a map. If, for every open
subset U of B, the map px flp~(U): p~*(U) » UxF is a homotopy equivalence,
then px f is a proper homotopy equivalence.

Proof. Let @ = C,c€,cCyc... be a compact exhaustion of B. Note that
{p~1(C} is a compact exhaustion of x and {C,x F} is a compact exhaustion of B x F.

Define Uy =B\C;, V;=p" U)=Xp " N(C) and W, = UxF
= (BxF)\(C;x F) (p is necessarily a surjection),

The hypothesis guarantees that px f: ¥V, — W, is a homotopy equivalence for
_ each . Since these open sets are nested, or agcun from the hypothesis, we have that

P X frestricts to a homotopy equivalence from ﬂ Vi, to ﬁ W, for every nonempty,

finite set of indices {i;}}-,.Passing to mapping cylmders for px fand its restrictions
as in Proposition B.2, we obtain that p x fis a homotopy equivalence of X to Bx F
with homotopy inverse g and homotopies 4 and k of the compositions g o (p X f)
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to 1, and (pxf)eg to 1pxp respectively which are limited by {V;} and {W} te-
spechvely Now recall that ¥; = X\p~}(C)) and W; = (Bx FYN(C;x F) for each i.
Since {p~*(Cp} and {C;x F} are compact exhaustions of X and B x F respectively,
we have that p x fis actually a proper homotopy equivalence of X to Bx F.

The next proposition shows that the approximate fibration property is hereditary.

B.6. ProvosimioN. If p: X — Y is an approximate fibration and U is an open
subset of Y, then plp~*(U): p~ (U) = U is an approximate fibration.

Proof. We will show that p|p~*(U) has the approximate homotopy lifting prop-
erty for cells. By 2.6 of [C~D2], this will imply that p|p~*(U) is an approximate
fibration, To show this, let h: D xI - U be continuous and suppose Hy: D x {0}
- p~ N U) is a lifting of iy and that ¢: U - (0, o) is given. Since D x I is compact,
R(Dx1I) has a positive distance & from Y\U. Choose &': ¥ — (0, o0) so that
max (s’ (x)) is less than %8 and that ¢'(x)<e(x) for x € U. Apply the approximate
xel

homotopy lifting property of p: X — ¥ to the homotopy A, the lifting H, and the
map &, to obtain a near lifting H of h which extends H, and satisfies

d(pH(x, 1), h(x, t))<6'h(x, ).

Note that this last condition forces pH(x, ¢) to be an element of U for each
(%, t) & D x L. Thus H actually takes values in p~*(U). Hence, plp~*(U): p"*(U) - U
has the approximate homotopy lifting property for cells and by 2.6 of [C-D 2],
it is an approximate f{ibration.

For the next proposition, let p: X = ¥ and suppose ye ¥ and eep™*(y).

This result is analogous to the theorem of Lacher [La 1] that a cell-like map of
Euclidean Neighborhood Retracts is a hereditary homotopy equivalence.

B. 7. PROPOSITION. Suppose p: X ~» Y is an approximate fibration of absolute
neighborhood retracts such that each fibre F, = p~*(y) has the shape of a compact
ANR F. Then p has property LHP-F.

Proof. Since [ and F, are compact metric spaces, the shape theary described
by Mardesi¢ [Mar] agrees with that of Borsuk [Bor]. In particular, we will use the
inverse system approach to Mardesié’s theory described by Morita [Mo]. The
constant inverse sequence {F; = F, p;, ;-y = 1p} is associated to F and the inverse
system of open neighborhoods in X, connected by inclusion, is associated to F,.
There is a colinal scquence of open neighborhoods Uy 2U,2... of F, and, since Fy
is shape equivalent to F, there are sequences of maps S;: Uy~ F and r;: F—U;
determining shape maps S and r and satislying:

1) for each k, there is a k'zk so that

e 1
¥ Wi'my:.p F > F
is homotopic to

Pk

F > F S U, ey F
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and
2) for each k, there is a k'>k so that

1
U &= U, —> U,
is homotopic to

S 4]
Uy G U, —> F —> U,.

Thus, in particular, s,: U, — Fisa homotopy domination. Choose a neighborhood U
of yin ¥ sothat p~{(U)c U, and define f: p~(U) = F by f = S;|p~*(U). Then
fis a homotopy domination.

Now, p|p~}U): p~*(U) - U is an approximate fibration, according to B.6.
According to [C-D 1], the sequence in the top row below is exact. We build an exact
sequence as indicated in the second row

9,
s (U, 3) —2 Shy(p™A(9), €) — m(p™H(U), €) —> myU, ) —> ..
Sy ry '
5,04 bevry Py 5,0y
e Ty (U, ) = SYF, () — m{p™"({U), &) — m(U, ») — ...
Now, since F is an ANR, Sh(F, f(e)) = m(F, f (¢)) for every k and so we have
the following exact sequence:

o Ty (U, 9) = il F, (@) = mlp~ U, &) = m((U, 3) = ...

Note that iy o ry is split by /i and so for every k, we have

0 — my(F) CJ ﬂk(P_i(U)) - m(U) = 0.
f*
Thus we have the following commutative diagram:

w(p (V) 225 n(F) @)

| _xp) > m(Fx U)

When k& = 1, the groups in the exact sequence may not be abelian. However,
since the splitting is on the left, one still obtains the direct sum decomposition [Hu1].

Thus fx p is a homotopy equivalence by the Whitehead Theorem.

Observe that the homotopy equivalence is hereditary in U, for if ¥ is an open
subset of U containing y, then the corresponding exact sequence is still split by f.
If y is not in U, one uses 2.9 of [C-D1] to effect the change of base point.

The homotopy equivalence is proper, by B.5. This completes B.7.

Another fundamental technique for working with HP-F maps is the modi-
fication of HP-trivializations. According to B.8, one may replace one trivialization
with another if the two are homotopic by a homotopy which is essentially proper.
Proposition B.9 provides conditions under which one may find a trivialization which
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agrees with a given one over a particular set and with a different one over another
set. This will be particularly useful in attempting to approximate LHP-F maps with
fibre bundle projections. It will be desirable to find an HP trivialization which is
a bundle trivialization over some set. B.9 will provide a method of doing this.

B.8. PROPOSITION. Suppose p: X — Y has property HP-F via f: X - F.
If H is a homotopy from f to [’ which is proper when restricted to p~*(K) for each
compact subset K of Y, then p has HP-F via f'.

Remark. Note that the condition on H is redundant when p is proper, for then

p~MK) is compact and any map whose domain is p~*(K)xI is proper.

Proof, We must show that (pop )% H: XxI— YXF is a proper homotopy
from pxf to pxf'. To see that (popy)x H is proper, suppose that K< ¥'x F is
compact. Choose compact sets K;GY and K,&F such that K=K, xK,. For
instance, sct K; = p(K). Now,

((pop) X H) ™" (Ky x K3) = prip KL 0 H™YKY) = p~ UK *xIn H YK .

This, however, is compact by hypothesis.
Now, ((popy)x H) 1K) is a closed subsct of ((pop,)x H) *(K; % K;) and
s0 it, too, is compact. Thus, since p % fis a proper homotopy equivalence, so is p x f”.
Now, suppose ¥ is an open subset of Y. Observe that H|p~*(V)x I is a homo-
topy of £~ (V) to /| p~*(V) and H is proper on p~*(K) for each compact subset K
in V. Thus, by the above paragraph, px f' is a proper homotopy equivalence of
p~H (V) to V< F. This completes B.8.

B.9. PROPOSITION. Suppose p: X -+ ¥ has property HP-F via f: X = F, and
that H is a homotopy from f to f' which is proper when restricted to p~YK), for each
compact subset K of Y. If By and By are two disjoint closed subsets of X, then thereis
a third map g: X — F such that

1) p has HP-F via g and

2) g|B, = f|By and g|B; = f'|Ba.

Proof. Choose a Urysohn function u: X — [0, 1] such that u(B;) =0 and
u(B;) = 1. Set g(x) = H(x,u(x)). It x is in By, then g(x) = H(x, 0) = f(x) and
il x is in By, then g(x) = H(x,1) = f'(x). Then condition 2) above is satisfied.
To verify condition 1) we must show that g is homotopic to f by a homotopy which is
proper on cach pT(K). Set L{x,t)= H(x, (I—t)u(x)). Note that L(x,0)
= H(x,u(x)) = g(x) and that L(x,1) = H(x,0) = f(x). We must show that L
has the desired property, so let X be a compact subset of Y and consider
L' s Lip™ (Kyx It p~t(K)x I~ F. Let C be a compact subset of F. L'"YC)
is a closed subset of 1 1(C) ~ p~*(K) which is a compact set, by hypothesis. Thus
L'™YC) is compact and L' is proper. Thus, by B.8, p has property HP-F via g.
This completes the proof of B.9.

The next proposition allows one to combine HP trivializations which do not
necessarily agree on their common domain.
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To establish notation, suppose p: X — ¥ is a map and that Y is the union of
two open sets 4; and 4,. Set B} = Y\d,, By = Y\4,.

Ci = {yed; n 4, 2d(y, B))<d(y, B3)},
Cé = {yEAl n AZ: 2d(J’> B;)Sd(y, B;.)} »
Ci=p™MC), By=p 'B);i=1,2,
Dy ={ye¥: 2d(y, B))<d(y, Bp)},

Dy ={ye Y: 2d(y, By)<d(y, BV},

Dy =p~ (D).

B.10. PROPOSITION. For i=1,2 suppose p|lp~*(4): p~*(4) — A; has prop-
erty HP-F via some f;. If fi is homotopic to f, on p~(4; N A,) by a homotopy H
which is proper on p~(K) for each compact K in A, N A,, then p has property HP-F
via a map g: X — F such that, for ie{l,2}, g|B; = fi|B;.

Proof. We first show C{ n C; = &:

Let y be an element of Cj n Ch, then 2d(y, BY)<d(y, B5)<d(y, B}), so
d(y, Bi) = 0. By the same argument, d(y,Bs) =0 and so yeBjn Bj. Thus
C{ n C,<=B] n B,. However, since

Y=4,UAd,, BinB)=("4)n(A)= N4, udy)=9.
Thus BynB,=8 and C,nC,=@. By B.9, there is a function
g’: p7HAy 0 A,) — F which agrees with f; on C; and which is a HP trivialization
for plp~*(4; N A4,). Now, observe that each D, is an open neighborhood of B,
and that D; n p™(4, n 4,)<C;. Again, note that D, and D, are disjoint because
D,cB;u C;. Thus {Dy, D,,p YA, n 4,)} is an open cover of X with the
properties that Dy n D, = @, and D; np~ (4, n 4,)=C,. Thus, setting

J'fm, if xe Dy,
gx) ={g'(x), fxep ldindy),
fz(x): ifxeDz,

we obtain a continuous function, since each pair of the three component functions
agree on their common domains, Thus, by B.2 p is HP-F via g. Note that since
B, D;, we have that g|B; = fi|B; for ie {1,2}.

The next theorem and its first corollary provide a partial converse for B.7.
The result is that for ANR’s, the notions of approximate fibration and proper
LHP-F map coincide (B.13).

B.11. THEOREM. If the proper map p: X — Y has property HIP-F, then p is an
approximate fibration.

Proof. We will show that p has the AHLP for discs. According to Theorem 2.6
of [C-D2], this implies that p is an approximate fibration. Let 4 be a disc and let

— kX
i »

H E}
Ax{0} = AxI = Y > (0, )
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be given such that phy = H|d4 x {0}. We wish to extend h, to a map h: AXI - X
so that d(ph(a,t), H(a, t))<e(H(a, ). First choose a locally finite cover {U:}
of Y so that
diamU; = min  }&(»)
U,;g;;:@

and suppose f is a HP trivialization of p. }

Now apply Proposition B.2 to obtain maps g: ¥YxF— X, I': XxI— X
and k': YxFxI-— YxF so that:

R'(x,0) = x tor each x in X,

Fx, 1) = g((pxf)(x)) for each x in X,

K(y,f,0) = (y,f) for each (y,f) in YxF,

K(y.f, 1) = (pxf)g(y,f) for each (y,f) in ¥YxF,

K(p~(U)xI)=p~*(U,) for each i,

K(UxFxI)cU;x F for each i.
Now define L: AxI— ¥YxF by the formula L(a,t) = (H(a, l),fho(a,O)) and
define  L'(a,t) = gL(a,t): Ax]— X. Now, L'(a,0)= g(H{a, 0), fhy(a, 0)
= g(pho(a, 0), fho(a, 0)) = g(px f)ho(a,0). Thus, to obtain A, we must insert
the homotopy A’ of g (p x f) to 1. First choose 0<6<1 so small that for each @ in A,
there is some U, such that H({a} x [0, 6]) < U,. This can be done because 4 is compact.

Now, set

t
/1'(110(51, 0), 5) . if 0<i<,
hia,t) = s
{ -
L (ﬂ, '1—;-‘5), if o<tk .

8
To see that /1 is well defined, observe that lz’(lzo(a,O),S) = W(ho(a, 0),1)

. , -6
= g(px f)(hola, 0)) = L'{a, 0) =L'(a, 15 3). Thus 4 is well defined and
-

continuous. To sec that & extends ho, compute a, 0) = '(hy(a, 0), 0) = hy(a, 0).
To compute the distance between ph and H, there are two cases:

Casc 1. t<4: for each « in 4, ph(a,t) and H(a,0) are both contained in
some U}, by choice of i'. H{a,0) and H(«, t) are both contained in some U;, by
choice of 8. Note that H(u,0) e U, n U;. Thus

d(ph{a, ), H(a, )<d(ph(a, 1), H(a, 0))+d(H(a, 0), H(a, 1)

s (H (u, t e(H (a, t
<diam U+ diam Uy < r((;f«)2+££-~(§——~)2 = g(H(a,1)).

Case 2. 123: For each a in 4, ph(a, t) and H(a, ) both lie in some U,. Thus

d(ph(a, ), H(a, t))<diam U, < aw(li(%z_,i)") <e(H(a,1).

This completes B.11.
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B.12. CoROLLARY. If a proper map p: X — Y has property LHP-F, then p is
an dpproximate fibration.
Proof (cf. [St] 11.3). Let D be a disc and suppose

W ¥
| J

H 8
Dx{0} » DxI~ Y~ (0, )

is given. Choose a locally finite covering {U;} for ¥ such that
1) plp~*(U): p~*(U;) = U, has property HP-F and
2) diam U;< min g(p).

yelU;
Choose a triangulation {¥;}j=, of D and {I,)}~, of I where each I, is an interval

[t1; t2+1]; so that for each ¥} and I, there is a U, so that H(V;x ;)< U,. Now,
order {¥;} so that simplicies of one dimension preceed those of higher dimensions
and order {I,} so that I;<I;, if and only if #;<7}. Now order the cells ¥;x I, as
follows:
A preceeds A’
VixI, preceeds V;x I, if {or
A= A" and i preceeds j.

We are now ready to lift H inductively.
For each V;x1I,, let
Ny = N Uj
B(Vix 12)SU;
and note that NV;; is an open neighborhood of H(V;x 1), since {U;} is locally finite.
Now, define g;;: Ny, — (0, ) so that g;,(x)<d(x, Y\N,;). Suppose inductively

that we have constructed a map 4: U V;x I = X so that ph(V;x I,)S Nj;.
Vix I <VyxIa

We wish to extend h to a map of ¥;x[I,. Note that 4 is already defined on
@V;x 1) v (Vyx{1)}) and that on this set it takes values in p~*(N ';») by the induc-
tion hypothesis. Choose a homeomorphism

k: (oxI,0x{0}) = (V;xIi, 0V;x 1) U (V;x {1,})
and observe that we have:

hk

> p " Ny
P
o o
ox{0} » oxJ —=> Ny, —> (0, o)

and since N;; S U, for some i, we have that p has property HP-F. Applying B.11
yields a map h': ax1 —>p“1(Nj,y). Now, & may be extended to V;x I, by the map
Fk™'. This completes the induction and also serves as the initial step since ¥ is
a o-simplex and 9V, = @,
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Thus p has the AHLP for cells and so, by Theorem 2.6 of [C-D2], p is an
approximate fibration.

B.13. COROLLARY. If p: X — Yisa proper map of ANR’s and there isay in ¥
such that p~*(y) has the shape of a compact ANR F, then p is an approximate
Sibration if and only if p has property LHP-F.

B.14. ProPOSITION. Let X = X, U X, and ¥ = Y, U Y, be ANR’s, written as
the union of open sets. Suppose Pyt Xy~ Yy and py: X, ~ Y, are maps so that

p: X - Y defined by
14 l(x) 2 ljf X € X\X >
e = {pzm, FxeX,
is continuous. Then if each p;: X; — Y, has property HP-F, P has property LHP-F.
Proof. According to B.7 and 2.6 of [C-D1], it suffices to show that p has the
AHLP for discs. Let
]——--@~—————> X

| Jr

"
D'x {0} - D"xI - ¥~ (0, oo0)
be given. Now, for each y in Y, choose a neighborhood U, of y so that

. e . .
diam U, < mmm and triangulate D and 7 so finely that H (o;x )= U, for

xelUy
some .

Set N = U
Uyn(X\X2)# @
such that d(p,i(x), H(x))<8(H(x)) then
s(H(x)
2(n+1)
Thus, to obtain a mnear lifting of H, we can induct as in B. 12, using p, if
H(exI;)SN and p, if not.

U, and note that if H(o;xI))SN and I: oy xI;, - X is.

A(p,1(x), Hex))< +8(H(x)) .

If we require that 5 (x) be less than , the cumulative error ‘will be less

&(x)
2(n+1)
than &(x), since each cell o;x 7, has dimension at most #-+1. This yields the near
lifting, and so, the proposition.

References
[B-1.] J. L. Bryant and R. C. Lacher, Blowing up homology manifolds, Preliminary report,,
Not. Amer. Math. Soc. 23 (5) (1976), A-498.
[Bor] K. Borsuk, Concerning the homotopy properties of compacta, Fund. Math. 62 (1968),
pp. 223-254.
[C-D1] D.S. Coram and P. ¥, Duvall, Approximate fibrations, Rocky Mount. J. Math.
7 (1977), pp. 275-288.


GUEST


icm®

154 R.E. Goad

{C-D 2] D. 8. Coram and P. F. Duvall, Approximate fibrations and a movability condition
for maps, Pacific J. Math. 72 (1977), pp. 41-56.

[C-D 3] — — Non-degenerate k-sphere mappings between spheres, to appear.

[C-D 4] — — Mappings from S* to 5% whose point inverses have the shape cf a circle, Gen. Top.
and Appl. 10 (3), pp. 239-246.

[E-T-W] F. T. Farrell, L. R. Taylor, and J. B. Wagoner, The Whitehead theorem in the proper
category, Comp. Math. 27 (1973), pp. 1-23.

[Go 11 R.E. Goad, Local homotopy properties of maps and approximations by fibre bundle
‘projections, Thesis, The University of Georgia, 1976.

[Go 21 — Approximate torus fibrations of high dimensional manifolds can be approximated by
torus bundle projections, Trans. Amer. Math. Soc. 258 (1), pp. 87-97.

[Hu 1] S-T Hu, Elements of Modern Algebra, Holden-Day, Inc., San Francisco 1965.

[Hus} L.S. Husch, Approximating approximate fibrations by fibrations, Canad. J. Math.
29 (1977), pp. 897-913.

[Ko] G. Kozlowski, Variants of homotopy equivalence, contributed lecture, CBMS NSF
Region Conference on the theory of infinite dimensional manifolds and its applications
to topology, October 11-15, 1975, Guilford College, Greensboro, N. C., Proceedings,

to appear.

[La 11 R.C. Lacher, Cell-like mappings, I, Pacific J. Math. 30 (1969}, pp. 717-731.

[La 2] = — Cell-like mappings and their generalizations, Bull. Amer. Math. Soc. 83 (1977),
pp. 495-552.

[Ma] L.R. Mand, A Generalization of Cell-like Mapping, Thesis, The University of Ken~
tucky, 1975.

[Mar] S. Marde§ié, Shapes for topological spaces, Gen. Top. and Appl. 3 (1973), pp. 265-282.

[M-R 1] — and T. B. Rushing, Shape fibrations, 1, Gen. Top. and Appl. 9 (1978), pp. 193-215.

[M-R 2] — — Shape fibrations, II, Rocky Mount. J. Math. 9 (2) (1979), pp. 283-298.

[M-R 3] — — #n shape fibrations, to appear.

[Mi] J. Milnor, On spaces having the homotopy type of @ CW-complex, Trans. Amer. Math.
Soc. 90 (1959), pp. 272-280.

[Mo] K. Morita, On shapes of topological spaces, Fund. Math. 86 (1975), pp. 251-259.

[Q1 F. Quinn, Ends of maps, I, Ann. of Math. 110 (1979), pp. 275-331.

[Si 1] L.C. Siebenmann, Approximating cellular maps by homeomorphisms, Topology
11 (1972), pp. 271-294.

st} N. Steenrod, The topology of fibre bundles, Princeton University Press, 1951.

Sul D. P. Sullivan, Triangulating homotopy equivalences, Thesis, Princeton University, 1966

Accepté par la Rédaction le 24. 3. 1980


GUEST




