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Periodic points of symmetric product mappings *
by

Nancy Rallis (Boston)

Abstract. We study questions concerning periodic points of symmetric product mappings.
By means of the Maxwell trace homomorphism we define the notion of the mth Lefschetz number
of a symmetric product mapping of a compact polyhedron. We show that the nonvanishing of this
mth Lefschetz number is a sufficient condition for the existence of a periodic point of period <m.
Next we relate that mth Lefschetz numbers of a symmetric product mappingto a certain character-
istic function and obtain further results concerning periodic points.

1. Introduction. Let X be a topological space and X" the cartesian product.
Let G be a group of permutations of the numbers 1, 2, ..., n. The orbit space of X"
under the action of G (with the identification topology) is called the n-th symmetric
product of X and is denoted by X"/G. A continuous map of the form i X - X"G
is called a symmetric product mapping. :

For symmetric product mappings of compact polyhedra, C. N. Maxwell defined
the notion of a Lefschetz number [4]. He showed that a nonzero Lefschetz number
implies the existence of 4 fixed point. This extension of the Lefschetz fixed point
theorem also holds for symmetric product mappings of metric ANR’s provided the
mapping is compact [3].

Tn the present paper we define the notion of a periodic point of period <m for
fi X - X"/G. In the caso that X is a compact polyhedron, we define the mth
Lefschetz number of f by appealing to the simplicial machinery developed in
Maxwell [4]. We show that the nonvanishing of this number is a suft ficient condition
for the existence of periodic points of period <m. Further results concerning periodic
points are obtained upon relating the mth Lefschetz numbers to a certain charac-
teristic function. For instance, we show that if X is a compact polyhedron such that
H(X) = 0 for i odd, where H is the homology functor with coefﬁ.cients in the ra-
tional field, then any map fi X - X"/G has a periodic point of period < the Buler
characteristic of X. ‘ :

* This papet is based in part on the author's dissertation at Indiana University under- the
direction of Professor Jan Jaworowski. '
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2. Preliminaries. The purpose of this section is to fix basic notation and ter-
minology and discuss general concepts which will be used in this paper; additional
detail can be found in [3] and [4].

Letn: X" — X"/G be the identification map and 7;: X" — X the ith projection.

For x e X and y € X"/G, x is said to be a coordinate of y if #(2) = y implies
that x = z; for some i where z = (zy, ..., z,) € X". Let x €y read x is a coordinate
of y.

2.1. DeFmTioN. Let f: X — X"/G. A point x € X is a periodic point of f with
period <m if there exists points Xy, ..., x,, € X such that: (i) x = x;, (il) x, & f (x,_,)
for 2<i<m, and (iii) x; €f(x,).

If m =1, then the above definition coincides with the definition of a fixed
point of a symmetric product mapping, that is, x € X is a fixed point of /2 X — X"/G
if xef(x).

Next suppose X is a metric space with metric d. Let d be the usual euclidean
metric on X". A metric d can be defined on X"/G by

d(n(@, n(2)) = inf{d(z, gz'): g G}
where z, z’ € X". Consider the map w: Xx X"/G - R>® defined by
o(x,1(2)) = inf{d(x, m(2)): i =1,2,...,n}

where xe X and ze X". The map w is continuous and satisfies the inequalities

o(x, <o, y)+d(y,¥) and  olx,y)<dx, 2)+o(z, y)

where x,ze Xand y, y' € X"/G. In terms of the map w we define the following func-
tion from X™x (X"/G)" into R>°:

Q((yh ...,y,,,), (UI: ey Dm)) = w(yl ) U,,,)'I‘ Z CD(J)iv Di~1)
i=2 '

where (yy, ..., y,) € X™ and (v, ..., v,) € (X"/G)". The function  is continuous
and satisfies the following inequalities

(P15 evs Yo (01 orrs V) Sy, t)+dy, Dm)+l§ @y, t)+d(t;, 0,-1)
=2

and
m

‘Q((y]» W:J"m)a (Dja ey U,,,))Sd(yl, Zl)+w(zl: Dm)+ Zd(yiv Z,;)"]-('D(Zl, Di'—z)
I=2

where (21, ..y Zy)y (V1,00 Yu) € X™ and (v, ..., D) (g ooy by) € (XMGY™,

Now suppose that X = |K] is a compact polyhedron. Assume that K is an
ordered complex. K determines a triangulation K" of X* naturally. Let Sd(X™
denote the ﬁrst barycentric subdivision of X" and ¢: Sd(K") - K" the simplicial
map which associates to each barycenter b, the least vertex of #. A triangulation
K(n ' G) of X"/G can be defined in terms of Sd (K™ so that the p-simplexes of K(n, G)
are in one-to-one correspondence with the equivalence classes. of p-simplexes of
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Sd(K"). Let C(K), C(K"), C(SA(K") and C(K(n, G)) be the integral chain groups
defined on the simplexes of the respective complexes. Then there exists a chain
map p: C(K(n, G)) » C(K) which makes the following diagram commute

C(K") L C(Sd(x™)

%
PR Ly

C(K) e C(K(n, G))

Specifically, given any gencrator ¢ of C(SA(K™) for which n4(c) =t set
n
w(t) = ‘Xlnw ¢ 4(a). The map u then induces a homomorphism py, from the simplicial

homology of X"/G into that of X. This homomorphism due to Maxwell shall be
referred to as the Maxwell trace homomorphism. It can be shown that p, is natural
and hence independent of the triangulation. Further, p, satisfies the following
condition:

n
(*) MM = ‘Zlni, .

3. Periodic point theorems. As before, let X = |K| be a compact polyhedron.
Throughout the rest of this paper A, will denote simplicial homology theory with
coefficients in the rational field. For f: X - X"/G, the mth Lefschetz number L™( f)

o
is defined to be the number 26 (—1)" trace (g, fyp)" I n = 1, then p, is the identity
v
and L"( /) coincides with tlllc Lefschetz number of /™, the mth iterate of £. If m = 1,
then L(f) is the Lefschetz number of f as defined by Maxwell [4].

We now turn to the main theorern of this section in which we show that the
nonvanishing of the mth Lefschetz number of a symmetric product mapping is
a sufficient condition for the existence of a periodic point. The proof is in the spirit
of the proof of the Lefschetz fixed point theorem. '

3.0, TusoreM. If X is a compact polyhedron and f: X = X'|G with L"(f) # 0
then [ has a periodic point of period <m.

Proof. Assume, by way of contradiction that f has no periodic point of period
sm Let 0 X"x(XG) R*% be the map defined in section 2. Then
Qg5 s %), (L)) v S (3,0) >0 for all (x4, ..., X,,) € X™. Further, since X is
compact, there exists an £ 0 such that Q((xg, .o, Xu)» (S (1) or ] ())) > for all
(g5 vy Xp) & X,

Let K be a triangulation of X chosen so fine that meshX"<e/3m. Then
mesh K< ¢/3m and mesh X (s, G)<ef3m. Further there exist a subdivision K’ of K
and map h: K' -+ K(n, G) such that & is simplicial and d(h(x), £ (x))<gf3m for all
xeX. :
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Consider the following composition of chain maps

CE) > C&) ~2> C(K(n, 6)) > C(K)

where v denotes the subdivision chain map. Let # be the set transformation which
associates to each simplex s of K the closed subset

n

() = U

I sevesirpensim =

Tim on” hing,_ o B (... (e on " RS

where @, n and =; are the maps described in section 2. Then [(uhy v)™(s)| <t (s).
It is claimed that for every simplex s of K that |s| n t(s) = @. To show this we

assume by way of contradiction that there exists a simplex s of K and x € X such

that x e |s| n #(s). So for some i, ..., i,, where 1<y, ..., i,,<n we have that

xem, on h(r,,_ on" h(..(n, on” hisl)..) .
Then there exist
zpe o h(ny,_, . (my on 7 Rs]))

zen  h(m, .. (T 07 Rls])..)
and

xy em;, _ on b (m; on 7 hls])..)

such that m; (z,) = x, ¢(z,) = z, and 5(z,,) = h(x,). Continuing in this way, for
each integer j, 1<j<m—2, there exists

x; € my, on " R (my, o0 Rs).)

z e on” h(m,_, ... (my o0~ hls)...)
and

zyen™ hm,,_, ... (m; 01" th]s])...)

where j+r = m such that 7, (z,) = x;, ¢(z;) = z, and 5(z}) = h(x;,,). Finally there
is x,€lsl, z e @n™'hls) and z{en~'h|s| such that m,(z,) = X,-1, @(z]) =2
and #(z{) = h(x,,),

Since x and x, both belong to |s| we have that

O(Xne> 1 (Zn)) <A (X Ty, (Zm)) < 6f3m1 .
Further, from the above discussion it follows that
o (xp, 1(z))<d(x;, mi (2,)) = 0
where r = m—j and 1<j<m~—1. Also for 1<r<m we see that
d(n(z), n@z))<d(z,, z)<sf3m.
Finally, for 0<j<m—1, we have that

a(ﬂ(z;n—j)’f(xj+1)) = a(h(xj+1):f(x}+1))<a/3m .
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Therefore, by the inequalities of section 2, we have

»Q((-xm: K1y ones xl)’ (f(xn)):f(x1n~1)= :f(xl)))
<0 (s 1(zn)+ A1 (), 1(2)+ A1z, f (1)

m~1

2 00 G-+ 1)+ A, f 40)

& g 2

< 3m+m Y t-m 3m<8'
This inequality contradicts the choice of &. Thus |s| ~¢(s) = @ for all simplexes s of X
and the claim is shown.

Since ¢ is the carrier of the chain map (uhyv)™ we have that (uhy v)™ has zero
entries along the diagonal when expressed as a matrix. Hence Y (—1)F trace

=0
(#e, S, )" = 0. This contradicts the hypothesis that L"( f) # 0. So ; has a periodic
point of period <m. H ‘

If m = 1, then the above theorem coincides with the Maxwell-Lefschetz fixed
point theorem for symmetric product mappings [4].

In [5], we extend Theorem 3.1 to symmetric product mappings of compact
ANRs as well as 4-ANRs by standard argument involving the domination of these
spaces by polyhedra. We generalize Theorem 3.1 further to compact symmetric
product mappings of (not necessarily finite) polyhedra and metric ANRs by means
of direct limits.

We now consider the following relationship between the mth Lefschetz numbers
of a symmetric product mapping and a certain characteristic rational function. The
development of this relationship generalizes Halpern [1]. Once again let X be
a compact polyhedron. For f: X — X"/G, let P(uyfy) denote the characteristic
polynomial of the transformation Hy(X) A H(X"G) 2 H(X). Consider the
rational function

K(f) = ILP(pear fradD TP (Uaziw 1 faain) -

K(f) has a unique expansion into a formal Laurent series
K(f) = A1 4a 7 +a A2 +.0)

where x is the Euler characteristic of X. From Kelly and Spanier [2], we have that
the n tuplets {ay, az, ..., a,} and {L(f), LA(f), .., L"(f)} determine one another.
In particular, ¢, = ay = ... = a,= Oifand onlyif L(f) = L*(f) = .. =L'(f)=0.
So by Theorem 3.1 we have the following result.

3.2. TrEoreM. Let X be a compact polyhedron and f: X — X'|G. If f has no
periodic point ~of period <m, where m=1,..,p, then ay = @y = ... = 0 = 0.

Next conditions are found which ensure that for some p, @, # 0, and hence
the existence of a periodic point.
§ ~ Fundamenta Mathematicae CXVII
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3.3. LEMMA. If B = {B;} is an mxm matrix with rational coefficients such
that for each i, y, B; ;= M, then A—n is a factor of the characteristic polynomial of B.
7

The proof is immediate. From this lemma we obtain the following result.

3.4. CorOLLARY. Let X be a compact polyhedron and f: X — X"|G. Then
(A=) | P (Lo fixa)-

Proof. Suppose X consists of m path components. Then the matrix representing
Mo Sro 18 an m xm diagonal with n’s down the diagonal since on a path connected

n
component fyo fxo = tyo = 9. M = #n. The second equality follows from ex-
=1

pression (*) of section 2. H

3.5. THEOREM. Let X be a compact polyhedron and f: X — X"|G. If H(X) = 0,
Jor i odd, then there is some m, 1 <m<y, such that f has a periodic point of period <m.
(x is the Euler characteristic of X.)

Proof. Since H(X) =0 for odd i, K(f) = Pty frz) = A +ad¥ 4
Fota,. But (A—n)|P(uso fuo) and so (A—m)|K(f). Hence not all a;’s vanish.
So by Theorem 3.2 the desired result follows. B

3.6. Exampre. Let S* be the k-sphere with & even. Then any map f: S*— (4G
has a periodic point of period <2.

We note that Theorem 3.2 and Theorem 3.5 both can be extended to symmetric
product mappings of compact ANRs. k
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Geordnete Liuchli Kontinuen
by

Norbert Brunner (Baden)

Inhalt. Ein linear geordnetes Kontinuum im geordneten Mostowski Modell ist genau dann
cin Dedekind abzihlbarer Lusinraum, wenn es stark zusammenhingend ist und die abzéhlbare
Kettenbedingung erfulll.

1. Einleitung.

1.1. DepINITION. (X, Z) sei ein topologischer Raum: Er ist stark zusammen-
hingend, wenn jede stetige, reellwertige Funktion konstant ist. Ein stark zusammen-
hiingendes Kontinuum beifit Lauchli Kontinuum,

1.2. Brispics (Existenz). (a) H. Liuchli [5] hat ein Permutationsmodell kon-
strujert, in dem ein geordnetes AA1-Liuchli Kontinuum existiert ().

(b) Ist (X, Z) ein Kontinuum und P(X) D-finit, so ist (X, Z) Liuchli’sch.

(¢) X = [u,b] sei ein abgeschlossenes Intervall von Atomen des geordneten
Mostowski Modells ([8]) mit der Ordnungstopologie Z bzgl. der natiirlichen Ord-
nung < des Mostowski Modells: Ist «<b, so ist (X, Z, <) ein nicht-triviales geord-
netes Liuchli Kontinuum. .

(d) Im zweiten Fraenkel Modell ([7]) gibt es keine nichttrivialen Lauchli Kon-
tinuen ([1], S. 55), weil das Urysohn’sche Lemma- gilt.

1.3. BmseisL (Anwendung). (a) Der Satz von Gelfand und Kolmogoroff,
daB kompakte T,-Riume homdomorpb. sind, wenn die Ringe der stetigen, reell-
wertigen Funktionen isomorph sind, ist in ZF-+BPT nicht beweisbar (gemiB 1.2.c.,
[3] und [9]). )

(b) Der Satz von Nakano und Stone, wonach ein kompakter T5-Raum (X, Z)
genau dann extrem unzusammenhdngend ist, wenn jede nicht-leere punktweise
beschriinkte Teilmenge von C(X) ein Supremum besitzt, ist in ZF +BPI nicht be-
weisbar.

1.4, BEMERKUNG. (2) Ist (X, Z,) ein Liuchli Kontinuum, (X3, Z2) Ty und ist
fr X, > X, stetig, so ist f(Xy) ein Lduchli Kontinum.

o *) Die Mostowski’sche . Konstruktion der Permutationsmodelle wird nach Specker [12]
modifiziert, wodurch ZF® Modelle entstehen: a ist ein Urelement, wenn a = {a} ist.
5
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