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Hence we have the following formula
1 DK, A)
. = A
{9) 1% 1+ o)

where & (K, 1) = KB, (A)+ ... +E2®,(A).

Sinee ¢ (1) is a polynomial of degree < p and - is mot defined

1
1—AK
only at the points at which ¢(1) = 0, then

The spectrum of a vector of rank p consists of p points at most.
‘We also find from formula (9), in view of (), the following form of
‘the resolvent
DI, 2)
* p(a)

In the application to Fredholm’s equation the above way represents
-a convenient algorithm for finding the resolvent for the kernel with separate
“variables(*):

E(@,y) = D a,(0)b, (v);

r=l

for vector K = {K (x, y)} always is of finite rank.
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On type II convergence in the Mikusiniski operational calculus

by
JOZET BURZYK (Katowice)

Dedicatad to Professor Jan Mikusitshi

Abstract. In the paper it is proved that type IT convergence in the field & of
Mikusifski’s operators is not topological (Theorem 2.1), which is a solution of the prob-
lem posed in [1]. Tt is given a characterization of type II convergence and, defined
in the paper, type II’ convergenece. A deseription of compactness and boundedness
in & with type 11’ convergence is given and a sequential completeness of & is proved.

1. In the field of Mikusiviski operators three types of convergence:
type Iy type I' and type IT are introduced (see [6], p. 144, 147 and [2]).
Properties of type I and type I’ convergences are deseribed. in [2], [3].

In the paper we shall describe properties of type II convergence. In
particular, it will be proved that type IT convergence is not topological.
This is the negative answer to the problem posed in [1]. Moreover, we ghall
give some facts about type II convergence, similar to that given in [3] for
type I' convergence.

We ghall uge terminology and notation from [3].

2. We say that a sequence {»,} of operators is type II convergent to x
{and we write =, = @) if there exist continuous functions f, g, Tns Gn
{n=1,2,...) such that =z, = f,/g,, @ = flgand f,~f, g,~>g almost
uniformly.

In the above definition continuous functions can be replaced by locally
integrable functions (as in [3] I denoboes the set of all such functions) and
the almost uniform convergence by the convergence with respect to the
following family of pseudonorms:

7
Iflle == [ 1f(9)ldt  for any feI and T > 0.
]
The above convergence will be denoted hy X,
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By Corollary 4.2 from [2] (see also Theorem 11 in [3]), it follows that
type I' convergent sequences are tiype IL convergent (to the same limit).
The converse is not true, because the sequence {w,} = {l1/g,}, where

1/n for ¢e[0,4
(1) gult) = 1 19,4,
1 for t & (4, co)

is type II convergent to the operator # = 1/h'l but it is not type I’ con-
vergent.

Note that if a sequence of operators w, is type IT convergent, then
the sequence A (z,) of the support numbers is bounded from the left and
thus the sequence z, has a common denominator (see [3]).

Let 2 be an arbitrary non-negative number.

‘We say that a sequence of functions f, e L (n = 1,2,...) is fype 11,

convergent to f € L (and we write fn—IESf) if there exist funections g,,¢9 e
(n =1,2,...) such that

§
A(g)gl, gn'—}' g7

L
g@f n— 97
We gay that a sequence {#,} of operators is type II, convergent to

an operator  (and we write , Ty ) if there exist functions f, g, f, ¢ I
(n =1,2,...) such that

11,

wn’:fn/g? $=f/_(], fn_—"*f

We have
1T,
wn——l—> T T, — —Iri» 0.
o <El <?,u ,ithen

10,

11,
Ty "> & = 0, —F> @,

Note_ that
£
m,,,—-I—I» T = Jvnfia z for some 12 0.
By Corollary 4.2 in [2] (see also Theorem 11 in [3]) we have
wn—I—laméwn—Iﬂa @,
., type I’ and type II, convergence are equivalent.

LevmA 2.1. For any 1> 0 there are f'wnotions f, foel ('n =1,2,...)
such that A(f,) = 4, (n =1,2,...), A(f) = 0, f
n<h

Proof. Let g, be functions defined by (1). We have

—>f and fn++f Sor any

icm
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0, te[0,4]
L b H ’
N—=qg(t) =
9u(t)=9(t) 1, te@, o)

By Proposmon 2in [3}, there emst ﬁmotlons fronedy(n = 1 2,000,
where I, is the set of all f € L for which A(f) = 0, such that

g =gulf (m=1,2,...).
Let f, = gg,. We have
A(fa) = Alg)+ Alp,) = 4(g) = 4

and.
g'n, f’lL = gn‘}’n) f
Hence
II
f=>7.
Now, suppose that
1T
fut>f

for some u << A. Then fhere exist functions h, b, el (n =1,2,...) such

that

hnﬁ- hy AR, hﬂfni hf.
We have
Apfr) 2 A(f) =4 (n=1,2,...)
and thus
A= 2
which leads to the contradiction, because
Ahf) = AR+ A() <

The proof is finighed.

THmoREM 2.1. Type I1 convergence does not satisfy the Urysohm condition,
i.6., it 18 not topological.

Proof. Lebt {fy,} for k =1,2,...
such that

be a sequence of functions in L

15,

1341
+ 0 fkn -,4-3-0 as

[ R N—-00

and

A(f ]m) = k
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Let {f,} be such a sequence, which containg as subsequences all se-
quences {fi,lnen and does not contain others elements than f,, (k, n e N).
The sequence {f,} is not type IT convergent to 0, because for any 4> 0
it containg a subsequence which is not type II, convergent to 0.

‘We shall prove that every subsequence of the sequence {f,} containg
a subsequence, which is type II convergent to 0. Let { Fp,} o an arbitrary
subsequence of the sequence {f,}.

Only one of the two following cases can happen:

(a) The sequence {f, } hag infinitely many elements, which belong
to the sequence {fy,} for some & = 1,2, ... Then the sequence {f, } con-
taing a sequence type IT;,,, convergent to 0.

(b) For each k =1,2,... the sequence {f, } contains only & finite
number of elements belongmg to {fin}. Then /1( fp,) oo which results

Tp, L0 and thus also S Zo

It is known that the set L o.E all locally integrable funetions (and thus

all continuons functions) is dense with respeet to type I convergence in
the subset #, of the field & of the Mikusifiski operators (see [4]). It turns
out that L is dense with respect to type II convergence in the whole #.
Namely, we have

TaeorEM 2.2. For any operafor ® e F there ewist funciions ¢, el
{(n =1,2,...) such that

1T
P> .

Proof. Hvery operator # can be represented in the form x = K™,
‘where @, € #, and 1> 0.

Since L is dense in &, with respect to type I and thus also type IT con-

vergence, it suffices to prove that for any 4> 0 there exist functions

bpel(n =1,2,...) such that
h, —>k”"L
Letf,f,eL (n =1,2,...) and
L f, AN =0, Af) =4 (n=1,2,..).

There are in L funections g, (n = 1,2,...) such that

gn'fil =1’
On the other hand, we have

II
G f=>1

and, consequently, the sequence %, = b=, f, (h, €L for n = 1. 2 .)
is convergent to A~

icm°
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3. Let for any A >0 and fe L

AT
= wt{|fglot g€ Ly lgh<e, lglsr<1, [ B—gl<s}

2

App,o(f)

In particular, we have

AO,T,B(f) = 'B.’[',e(f) =

(see [3]).

TurorREM 3.1. 4 sequence {f,} (f,eL for n =1,2,...) is type 11,
conwergent to 0 if and only if the sequence A, (f,) is convergent to O for
any T,e>0.

Proof. Suppose that an%»O and take arbitrary T, ¢ > 0. There are
functions ¢, ¢, € L (n =1,2,...) such that A(g) = 4, gnig and gnfni 0.
Let g, = h~%. By Lemma 2 (see [3]), there exists a function ke Z
such that '

mE{ifglle: gl <1, B—Tglr < &}

Mhgle <1, B—Tkgollr < e
‘We have
: A+
Mgl = 0, lkglyr <1, [ R—Thgl<se
a .
and thus
A+T
Megalli< &y Wegalagr <1, [ B—Tgal<e

A
for sufficiently large n. Hence

Ay o fa) < Wegufullipz—0

as n—>oo.

Now, suppose that 4, .(f,)—+0 for any T, & > 0. There are indices
1< P < ... such that

Apeane(fay <11k
for n >y, (b =1,2,...). That means that there exist functions g, e L
(n =1,2,...) such that

A+l

Walix <1, [ B—lgd <1k, lguTalisr <1/

lgalls << L7k,

for » = y;.
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Let h, = lg,. We have
R, and  h,f,%0,
IIZ

o9 o>

As consequenoes of Theorem 3.1, we obtain

COROLLARY 3.1. (a) Hor any A > O the convergence 11, satisfies the Ury-
sohn condition.

(b) A sequence {f,}, f, € I is type IL, convergent to 0 if and only if there
ewist functions b, el (n =1, 2, ...) such that h, 1, and hy, -, % 0 (I, = 1),

(e) If a sequence , of operators s type II, convergent to an operalor x
for any v > 1, then w,, is type II, convergent to w; in particular, if for any
A > 0 the sequence x, is type IT, convergent to x, then wn-I-; @.

Now, applying (a)-(c), we shall give a characterization of type IIT
convergence in L in terms of the functions By, introduced in [3].

TEEOREM 3.2. 4 sequence {f,}, f, € L is type II convergent to 0 if and
only if there ewists 2. > 0 such that for every T > 0 we have By ,(f,)—0.

Proof. Let f,7~>0. Then £, 0 for some v > 0. We shall show that
By o (fy)—=0 for any I'> 0 and 4> u. It ean be assumed that 7' > ». There
exist functions g,, g € L such that gn—>g, A(g) = v and gnfn——>0

Now, let g, = h~%¥g. By Lemma 2 ([3]), there exists a fumction
k € L such that

Vegolls <1, I8 —Uhgylly_, < A—v.

We have |kgllp<1, [l—Tkgllp<< 2 and thus |kg,lly<<1,
for sufficiently large ». Hence

Bra(f) <

IF— gl << 4

a8 n->co,

Suppose now that for some 1 > 0 we have By, (f,)—0 for every T > 0.
We shall show that f,2%0

Since type ITI, convergence‘sa.tisfies the Urysohn condifion, it suffices
to prove that from the sequence {f,} it can be selected a subsequence, which
i type II, convergent to 0.

Note that there are indices y,<< y,< ...
(n =1,2,...) such that

Woalln <1y =Tyl <, Sl < 1/n.

By Lemma 1 in [3], there exist a subsequence {h, } of the sequence

{h,} and function g e L such that i, —+g We have |l —g|lp < 4 for any

and functions h, el

>0, 80 A(g)<< A
Let a, =y, g, = Wy . We have g,lfa"i 0, gn~13>g and Ag) < 4,
80
Fa 0.
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Now, we give a sufficient condition for a set 4 = L to be type II,
precompact in &.

TeeoREM 3.3. Let A be an arbitrary subset of L and let 4> 0. If for
every T'> 0 the set {B; p(f): f A} is bounded, then the set A is type II,
precompact.

Proof. Let f, e 4 (n =1,2,...). We shall select from the sequence
{f,} & type IL, convergent subsequence.

By the assumption, for any ke N there exist functions g, el
(k,neN) such that |gumllir<<1, I—lggnlier<<i and the sequence
1900 Follagr (0 =1,2,...) is bounded.

We can agsume that the sequences {lg..}, {lgwmfo} (»=1,2,...)
are convergent for any % € N in the norm |||, , because using the diagonal
method we can chose & sequence of indices r, such that the sequences

{9 }r {9 fr,} arve convergent for all ke N.
Let
gy, 9%
and
WpnTo—>Tr

in the norm |[|[l;,; a8 fn—>oo, )
It is clear that |l —g.ll> 2 and thus A(g,) << 1. Therefore there are
functions ¢, b, € L (k € N) different from 0, such that

Alg)<i and Iyg =g for k=1,2,..
‘We have
MGin—>hg = g
and '
Vi in o= P

in the norm ||l a8 %—>o0.

It suffices to prove that
{2) b = MnGr 00 [0, K],

provided %< m. Bub
WPl — Wl Fo> P G — P T
and
(T U Gon) Wi >0
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in the norm ||, a8 n—co. Since

Win—~>9s 88  n—>o00

n | ler We geb
g]'(h'mgnl"‘hlgk) =0 on [0 2“’"75].

Taking into account that A(g,) < 4, we obtain (2), in view of the Titch-~
marsh theorem. Thus the proof is complete.

In particular, Theorem 3.3 and Corollary 3.1 (e) imply Theorem 3
in [3].

4. In Section 2, we have proved that type IL convergence in & is
not topological.

By type II' convergence we mean the weakest topological conver-
gence among the ones stronger than type II convergence. In other words,
we have o, > iff from any subsequence {wp,} of {z,} one can select a sub-
sequence {z,} such that @, *>a.

We are going to describe type I1' convergence in L and obtain some
properties of type IT convergence. For arbitrary sequences a = (ay, a,, ...)
and 8 = (T4, T,,...) of positive numbers and for feL let

Os,a = inf{e, By . (f): n e N}.

TEEOREM 4.1. A sequence {f,}, f, € L is type IL' convergent o 0 if and
only if for arbitrary sequences 8§ = (T'y, Ty, ...), a = (ay, ag, ...) of positive
- numbers Og . (f,)—>0.

Proof. Suppose that f,~~>0. Then there exists % e N such that

Bri{fi)>0 as n->o0
for any 7'> 0. Consequently, for arbitrary « = (a3, ay, ...) and 8
= (T, T,, ...) we have

GS a(fn) akB_['h fn
a8 m—oo.

Therefore if f, >0, then from any subsequence of the sequence
{0g,.(f.)} ome can selec‘n a subsequence tending to 0, ie., Cg,(f,)~0.

Now, suppose coaversely, that the sequence {f,} is not type IT' con-
vergent to 0. Then there is a subsequence {fo,} of the sequence {f,} and
there are numbers T, >0 (k =1,2,...) such that

BThi(fp )Ze  (k,n=1,2,..).
Putting § = (T, T, ...) and a = (g7, &7, ..
GS,n(fpn)>1

.) we have

icm
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Le.,
OS,u(f n) ++ 0.
Before formulating the next theorem, we shall prove the following
lemama:
TowmmA 4.1 Let fe L. If T'> s+ A(f), then By (f)> 0.
Proof. Assume that By ,(f) = 0. Then there exists a sequence Gntr
g € L such that [lgalla <1, [I—lgllp<e (n =1,2,...) and |g,flly—0.

By Lemma 1 in [3], there exist a subsequence {g I, } of {9} and a fune-
tion g e i such that

p,—>9-

Of course, we have lgfly = 0 and A(lg) <
AN =

¢. By the Titchmargh theomm,
: ', 80 I'<C A(f)-¢, which contradicts the assumption.
THEOREM 4.2. A set A < L is type II' precompact (type IL precom-
pact) in F if and only if for arbitrary sequmaes 8 =(T,,T,,...) and
a = (ay, da, -..) Of positive numbers the set {Cg,.(f); fe A} is bounded.
Proof. Suppose that the set 4 = L is not type II' (type II) precom-
pact, i.e., there is a sequence {f,} = 4, which does not contain any sub-
sequence type IL convergent in &. In particular, we have for some y > 0

A<y (n=1,2,..).

|

Since type IT, precompactness for some 4 > 0 implies type II precom-
pactness, we deduce from Theorem 3.3 that there exists a subsequence
{fon} of {fn} and numbers T}, (k = 1,2,...) such that

T7c > 7€—|—)/, BTk,k(fpn)—)'oo

ag n-»oo0 for any &k =1, 2,.
By Lemma 4.1, we have By, 1(f,)>0 for n,k=1,2,
we can select a subsequence {f, } of {f,} in such a way that

Bralf)zn  for
Of course, wo can find positive numbers oy, dag, ...

ach.'l';,h(frﬂ) =
... Putting a = (a5, a3, ...) and 8 = (T, Ty, ...),

... Hence

nz=k.

such that

for all k,m =1,2,
we have

N—» 00 as N—>00.

. S, (frn
This means that the set {Og.(f), f €A} is not bounded.
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Thus we have proved one of the implications. The second one follows
immediately from the preceding theorem, by virtue of homogeneity of
the functions Cg. ‘

Note that every sequence of operators which is type II' bounded
has a common denominator. Hence we oblain the following corollary
from Theorems 4.1 and 4.2:

THEOREM 4.3. 4 set A < F s type II' precompact (or equivalently,
type II precompact) if and only if A is type I’ bounded.

Finally, we shall prove the following result, concerning completeness
of F: ;

THEOREM 4.4. Type II' convergence in F is P-complete and type 1T
convergence is Q-complete in F.

Proof. Note that every type 11’ Cauchy sequence in & has a common
denominator (cf. Proposition 2 in [1]). Therefore it suffices to prave that
if fpel(n=1,2,..)and {f,} is a type II’ Cauchy sequence, then {f,}
is type IT' convergent. This means it is enough to show that the set {f,;
n e N} is type II precompact.

Suppose that it does not hold, i.e., there exist sequences 8 = (T,

Ty, on)y @ = (a4, 0y, ...) and a subsequence {g,} of {f,} such that
Csalgn)—>c0 a8 m—>oo.

‘Then for every &k e N ‘we have
By p(gn)—>o0 a8  m—o0

and thus there is a subsequence {h,} of {g,} such that

By albnia) 2 By (hy) -+ 1
for k,neN, k<n.
Hence, using inequality 3° in Section 2 in [3], we get
(3)
for n> k.
On the other hand, we have

By (Vn1 = ¥n) 2 Bagy o (Ynin) — By () 2 1

g
Yop1 —Po~—>0 88 M—>o0

and consequently there exists index & such that

BTk.k (V’n+l _"Pn> <1

for inﬂn.itely many n, which contradicts (3). The proof is completed.
) I wish to express my gratitude to Dr A. Kaminski for his valuable
help in preparing this paper.
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