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Oscillatory properties of M(x) = > u(n), III

g

by'

J. Pixtz (Budapest)

1. In part I [6] of this series we proved that i (o) = £{Bo+iye) = 0,
then for ¥ > eol**

hg .7
(@.3) mix M@z [ el
Fi(100log Fi<a<T Fl0leg T} lga! _

Thls implies by easy calculation thatfor ¥ > 2
VY
17000

{1.2) max

Fi{100log ¥)=tec ¥

|3 ()] > = |31 () dee >
FI{100108 Y}

In part IT [7] we showed that 1 (z) changes sign in every interval of the

form

(1.3)

[Yexp(—3logiT), Y]

for ¥ > ¢;, wherelog, ¥ denotes the v times iterated logarithmie function,
and ¢,,0,,... denote explicitly caleulable positive absolute constants.
Concerning these problems, it is natural to ask how large are the oscillations
of M(z) in positive and negative directions and what kind of estimates
can be proved for maxM(z) and min¥ (x).’ :

2<¥ TE .

The first results in this field are due to S. Knapowski. By the appl-

cation of Turdnm’s method he proved in [4] that the Riemann hypotheﬂs
implies for ¥ > ¢, the inequality :

CmaxM(z)> max I(x)>VYexp (—— 5

¥ A(F)=z<T

Y
{1.4) 5 log, Y)
and the corresponding mequahty for min M (z), Where

E20 ol

. logY
(1.5) A(Y) = Tesp (»caTOgg-?l.o_gQ,Y) .



. @
106 J. Pintz Im
In 1965-68 I. Kafai [1}, [2], [3] proved somewhat weaker resulte
but witheut making use of any unproved conjecture. He showed [3] that
for Y>e,
M Mz
(1.6) max —ﬂ> Csy min @
Pl ]/w : FI3bpey Vﬂ?

< ’-—05-

This imples for maxif(x) the effective lower bound ¢, ¥*'® but he

Y

alse proved the ineffective estimate ¥°—° [2], where 0 denotes the least
upper bound of the real parts of the zeta-zeros. Under assumption of the
Riemann hypothesis he improved [1] the estimate (1.4) of Kna,powsh
to P/I’exp(mc6 & ¥) for ¥

2. A refinement of the method of proving (1.3) (ef. [7 ]) enables us
to show the following effective theorem.

TEEOREM. If

e =LBi+iy) =0 (1 =1/2) and Y > max(exp(2 fval)s ca);.-
then there emist

(2.1) o, e [Yexp(-—Sloga””I’), Y]
such that
()"
(2.2) Mz >
) 481g,|®
and
B
. (mn) 1
(2.3) M{a"y < — .
48 |g;}?

Choosing ¢, = 1/2-4+4-14.13 ..., the first zero above the real axis,
we geb

COROLLARY 1. For Y > ¢, there erist

(2.4) &', 3" e [Yexp(~5logi*¥), ¥]
such that )

o F Vi
2.5 M@)y> 12 "< .
(2.5) @Y> Tosoe M) < — Taeses

These results naturally yield effective estimabes for max M {») and
<7
min M ()., Namely, we have T
o<F .
COROLLARY 2. If (llo) = L(fi+ip) =0 (f,>1/2) and ¥
> max (exp(2 [y4l), 010y then

(2.6)  max M(z) > ¥exp(—6logd” Y)
A(F)=o<F ' )
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and the corresponding ineguality holds for min M (%) too, where
AlFye=T

(2.7 A(Y) = Yexp(—5logd* X).

COROLLARY 3. For Y > ey, one has

(2.8) max  M(z) > V¥exp( —310gd> T)
AYj<e<¥

and the corresponding inequality holds for min M (%) foo, where A{X)is
A N<e<T
given in (2.7).

3. To prove our theorem we ghall need two lemmas.

Lewvwa 1. Let L = 1000 be an infeger, 1 2= 10, B > 1 and % real numbers ;.
Further, let us define

| aet 1 e — g Tk net (B
{3.1) F 1m0 = el B -y e B s,
(2}
Then for every u
(3.2) Franlt) 203

for lu| < RVL[6 we have
(3.3) Fy1plu)>14RVL,
furthery, for |u|z B(L4-2),

(3.4) Fra R(fw) exp( (% — 5 1))

This is a slightly sharpened form of Lemma 1 in [7]. Since {3.2)
and (3.4) were proved in Lemma 2.1 of [5], it is sufficient to show (3.3).
This will be proved in the Appendiz.

Leyaa 2. If L(s) has no zero in the domain

{3.5) o>y, <AL,
where A > ¢4, then for ' _
(3.6) o2 ap2/h, WL HKA
the estimate

fzaltllugz.

(3.7)
?wlds.

¢(s)
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This lemma is proved in [7]. Let

(3.8) I = [log(1001og Y)]+1,
(3.9) R = V6L,

and

(3.10) A =log¥ ~R(L+4).

T there exists a f-zero in the domain

(3.11) o> fi-+H4Lf2, < A+L,

then let g, = fy+iy, be any zero with maximal real part among those
satisfying (3.11). '
If the domain (3.11) is free of zeros of {{(s), then let
det

{3.12) V 00 == 0;. ,
If gy 7 01, L. g is contained in (3.11), then for & in (2.1)
(3.13) 2" S (I = T o (100 00l)
thab is,
(3.14) ﬂ ilm

leol® IQII:_”

Thus in view of (3.8)-(3.10) and (3.12)(3.14) it is sufficient to show the
-exigtence of :

(3.15) 'y 5 g [T | EREH]

#uch that the inequalities

(3.16) : M (@) e
' e 48 1g,fs
81 - ' (@)
. "' 7'1“ rr o
: M@ < = g ap
hold.

4. Since the proofs for (3.16) and (3:17) are nearly the same, we shall
-only prove {3.17). Let us suppose contrary to (3.17) that

a 2’
(4.1) 5 E M@+ —— >0
I E M o)+ s
in the whole interval (3.15). In this case Lemma 1 gives for
. exp{A+I)
(4.2) v #g_dm
. o 0 .
exp{A—L}
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the upper estima.te
' exp (A+L) f( )
x
(4.3) U<ARVI 5 oA —loga) da
exp (A—L)
exp (A+R(L+4))
— i
< 4V6L % Fy, . n(A—logz)ds
exp (A—R{L+4))

— 4V6L f %— Fpmld—logr)ds+
1

exp(A-R(LH4)) Loz .
+O(L exp(—wi.( Rg —L—l))d;n)+
i i :
~ ' logz— 2
+0|L f exp(—i(—-—u —~l§~—1) dw).(l)
R
exp (A+R(L+4))

Introducing the definition

det’ r Jlo)y 1 o™ — g BT (Re)a &
(4.4) v =) o Eﬁ?()f ( 5Rs ) © o osdm

{£.3) gives by easy calculation

(4.5) ' U<4V6LV+0(e).
Considering :

co ) o0
fla) M (@) 1 i
{4.6) J de = lf ws-'rﬁn-]-l dwl— 48 190|3 ]f Fd.’ﬂ

1
T GG EA) | IBlads

and interchanging the order of integrations we get

(o >1), "

1 Fo NG F iy
(£.7) Vo= f (—-———) (RIS | dandls
27 & 2Rs _ g @
1
= V{ i
NPT

(Y} ‘Writing the last equality sigﬁ we used [f(z) < 2z and (3.4) which imply
the convergence of the infinite integral.

2 — Acta Arithmetica XTI, 2
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where ‘ a 4718 T2 3
| , RY4— i R
o] oF8 __ ,—Ra\L 1 Val < BXP(Q.RL'}' ( “) O)) [Y? <€ eXP("‘ 3 )i
(4.8) Vot (f;:m‘g_u) R N S N - p P
2mi g\ 2R (s Bo)E (34 Bo) -' a PO
) Vi< 2o’ \" B dE € KB °y
1 e g~ BNL 1 1V, \f oR ) ) “ '
ro__ {Ra)“fA+2s 2R .R
(4.9) V= ] (__A_m ) el g, (4.15) 4
2) Rlai\L 20 5 \D
, (2e™7)"e ¢
It is easy to evaluate ¥ ; by shifting the path of mtegratlon ontos = —2 . Vil < _m@gm( (20RY < 1wel’
we have by (3.8)~(3.10) R AL
1 f eRs_g—Rs L ® asrs 1 . ”;";i < (-ZRG(__W) — 4 Ze 2.#5’
(410 FY =14 — ( ) g —ds =14+0{e™.
2wl 2Rs &
=2 thab is,
To give an upper bound for |V’ we transform the path of integration : o \E e \b
onto the hroken line 1" defined for £ 0 by (4.16) Vg (f) < (mﬁ) < L7,
Vé
IIZO'=2 for t=1, : : o
I,: 5LjA<og2 = for t=4, and so by (4.5), (4.7), (4.10) and lgo] < A-+2 <&
(4.11) I: 0 = *)L/}, , tor 1012, - 10L
. = (4.17) < -
I —14<o<BL{A for +¢=10, 48 ool
Igo g2 —1/4 for 0<LiLI10 .
o 7 f ' STy 5. Now, we shall give a lower estimate for the integral U (defined

and for § << 0 by reflection on the real axis. Taking into account the defi- in (4.2)) with the aid of (1.1). Let
nition of g, in (3.11) and (3.12), there are no zeros of (s f,) (s + B,) right - '

of I'and on I, so we have .
e . (5:1) Ay = [ 1M@)de.
(4.12) V' = Py T) G(Rs) IA_'AS‘—(‘_Lﬁ—C'—""‘m S . =L
2ri 2Rs 8- . .
P o) € (5 +F0) For 4> ¢t ({1.1) implies
Further in view of (3.11) and (8.12) the conditions of Lemma 2 are ) ‘ gt+bo
satistied for _ 6.2) ") > Blog®
(413 0y = f,--4T[2 ’
). : o = b 2, Thus we geb
50 considering (3.8)—(3.10), Lemma 2 gives
(4 14) . 1 lﬂla log A1 C13 45— : (5 3) U'. & esz Iﬂf(m)]
14) |—— floei-1 o 3033y for I,V I,. : - P
(5 + Pl E(s + Bo) FE T s T
Since ({s+ o) (s By)) " is bounded by an absolute constant for s eI, H (5 el H{z)
UI,UI; we have the following estimates for the integrals V. om I, w‘r(l fo) f —53,
(v B): ] {e"™) 2oL @
, R4~ 2 ~ 1 2 +L .
17 <@Xp(2RL+———(—A—~l+2A)ITdt <exp(— al }”), >(1+ﬁ)’j 1 @t 1t
S o T G T T Glel®
&
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8o in view of (4.1) and (4.2)

. 1 gt L mﬂn
5.4 T 0 — f : "
&4 20U B
{ 2
3/2 1 5
} / 3 - 3 '2L :_)—D““'—L’
6|0, 48]g,1 24 [gy[®

which eontradicts {4.17) and thus proves the theorem.

Appendix

~ Inorder to prove (3.3) first we réma,rk that since the function #p , »{u)
is decreasing for 4 = 0 (this is proved in Lemma 2.1 of {5]), it is sufficient

to prove (3.3} for # = RVI/6. Transforming the path of inbegration
for ¢ = 0, we geb

—— 1 [{smRt\E —
F 11,2 (BVL]6) = o f(sxzt ) cos(RVI[6t)e Er gy

Vo 1 S ismuNITENE .
ﬂ.—ﬂ:' ;f (S_]'n;g;!v{—ff—éu) COsSY " g_ﬁﬂ"/(JTL) dy .
}/ 1 ,-/q ] f_ﬁ -

[ T e e )

2 -1 YIi§
def ]’/g ,
= T"RI/E {FITI‘?Z"{“‘?:;'}'%,;JF?S)A'

In view of ﬁhe inequality

sin® 2,
<Le *5  for

0.99¢~1

- Emlélﬁ.

we have

5o om [ o ST )

2 2 2 2el’
VL6 .
. a2 1 3
EAES f eV dy < g~

2(r—-1) . ’
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Since for 0 <o < =/2

( Sin((nff%—a:)]]/L—fB) )L E’E(n_%ﬂﬁ - ( in (/2 --2)/ Vﬂ) )L e—ﬁin;z:m)z
(=/2—2)[VL]6 (=] ,ﬁm) VI ¥

we have
Fo> —Fy > 0.
Further estimating &, trivially, we geb

~1 g\ L6
(5| < (___) Ay =
? }é VI
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