Conspectus materiae tomi XLII, fascieuli 3

Paglva
E. G Ramanrathan, On Ramanujan’s continued fraction . . . . 209-226
R. J. Cooak, Pairs of additive equations IV. Sextic equations . . . . . . . 227-243
A. M. Naranjani, On Dirichlet characters of polynomials . 245--25%
J. A. Antoniadis, T'ber die Berechnung wvon Multlphk‘ltorglelchungen 253-272
J.-P. Borel, Sur le prolongement des fonetions { assocides a un systime
de nombres premiers généralisés de Beurling . . . . . . . . . . .. 273-282
R. Balasubramanian and C. J, Mozzochi, An improved npper bound
for G (k) in Waring's problem for relatively smallk . . . . . . . . 283-285
J. Beek and J. Bpencer, Well-distributed 2-colorings of integers rel‘m}lve
tolong arithmetie progressions. . . . . . . . . . L. 00 00 287-294
K. Iimura, On the genus group of algebraie number fields. . . . . . . . 205-303
J.-M. Deshouillers and H. Twaniee, Power mean-values for Dlnchlet’
polynomials and the Riemann zeta-funetion, IT., . . . . . . . . 305-312
A. Schinzel, Reducibility of lacunary polynomials, IV . . . . . . . . . 313-815

La revue et consacrée 2 la Théorie des Nombres

The journal publishes papers on the Theory of Numbers
Die Zeitgchrift vertffentlicht Arbeiten aus der Zahlentheorie
Hypran MOCBANEH TEOPHI WHCEI '

Die Adresse der
Schriftleitung und
des Austansches

L’adresse de
la Rédaction
et de Péchange

Address of fhe
Editorial Board
and of the exchange

Anxpec peparnum
H wEATOO(MEH:

ACTA ARITHMETICA
ul. Sniadeckich 8, 00-950 Warszawa

Les auteurs sont priés d’envoyer leurs manuscrits en deux exemplaires
The authors are reguested to submit papers in two copies

Die Autoren sind gebeten um Zusendung von 2 Exemplaren jeder Arbeif
Pyrwommen crarefl peflakumsa MpOCHT MpeAdaraTs B FBYX DRICMIIEPAX

© Copyright by Padstwowe Wydawnictwo Naukowe, Warszawa 1984
ISBN 83-01-05054-3 T88N 0065-1036

PRINTED IN POLAND

W R 0 CL A WS EKEA DRUEARDINTIA N AURKOWA

icm

\OTA ARITHMETICA
XLITI (1984)

On Ramanujan’s continued fraction
by
K. G. RAMANATHAN (Bombay)

1. In his first letter to Hardy written in 1913, Ramanunjan stated
a number of results concerning the gontinued fraction

15

9" 9 ¢
1E 14 1+ T

In particular he evaluated R(g) for & number of values of ¢. These were
subsequently proved by Watson ([15], [161). Tn his Notebooks and more
particularly in the so-called “Lost” notebook, Ramanujan gave & large
number of results abont R(g) some of which have been discussed recently
by G. E. Andrews ([1], [2]). There are also a number of results stated
in the unpublished papers to be found in the Trinity Collega [7].

Our object in this note is to show that essentially there arve two funda-
mental regulte, given ag Thecrems 1 and 3 below, from which many of
the results stated by Ramanujan on the values of R(g) follow. The for-
mulae required for proving these are also to be found in the manuseripts.

Ramsanujan gives other continued fractions which have been encoun-
tered, independently, by Atle Selberg {12]. These are special sages of
& general eontinued fraction of Ramanujan’s, namely:

1 ag-tig bg+2g° ag+A¢g® be*+ gt
14+ 1= 1+ 1+ 1+

1) B(g) = gl < 1.

(2)

e

which has been discussed by Andrews [1]. Special cases of (2) are to be
found also in the Notebooks. In the Trinity papers Ramanujan states:

™ P — JR— —— —
¢ TV -1 o g2 D g2y 10 +e-4nﬁm

{3)

i+ 1+ 1+
Vo436 —V113V6
Q4R VYA Ve
and prove (3). We shall deal with

We make some remarks on (2)

other regults of Ramanujan on continued fractions in a subsequent note.
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2, Tet v = &+, n >0, be a parameter in the apper half z-plane
and let

g = er:’iz
so that |¢} < 1. The continned fraction
. ¢ g
(+) E@Q) =151

converges. This continued fraction was encountered for the first time
by L. J. Rogers in his beautifol work [10]. Ramanujan, who rediscovered
it before 1013 ([8], page 204), seems to be the first mathematician to
recognize and appreciate its importance; he further applied the methods
of eomplex multiplication fo it and stated many interesting results relating
to it. Tt is known thatb

oo

1} (1 . gﬁ(;'m-l)) (1 o QE(EH—«L))

(5) R(gh) = 4(2) =% : -

. | II‘I (-1 . gz(:rn—-i)) {1 . gﬂ(au—é))
and thabt further '

1  n{z/B)

© Tem P e
= : 1 5 _ n(z) ¢
W ey e "*(n(5z>)’

where #(7) it Dedekind’s modnlar form

o0

er.‘itflﬂ H (l _ 62111-:1'-{) .

1

(8) ool =

The result {5) was stated by Ramanujan in the Notebooks [8] and (6}
and (7) were proved by him in a manuscript which is unpublished. Rama-
nujan’s proofs of (6) and (7) were pnblished by Watson 1157 {see alzo [5]).
The modular form 5(r) satisties the functional equation

(9) 7(—1fr) = (—ir)=n{v)

where (—i7)'® is that branch which is. positive for purely imaginary
7 = in, 7> 0. It is interesting to note that formula (9) is to be found in

Ramanujan’s Notebooks {[8], p. 199, 27(iii)), in his own notation.
Let us put
7y = (34 1).
Then
e ’ 1/5 2 5
(10) A(Szg) = R(ena(a+r}) — _( q q q )'

1— 1+ 1— 1+ "7
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It we put

1/5 o
Air) = —A(2) =L & ¢
} {274) 1 1- 1- 1+ veey

then we have from (6) and (7)

1 . - n(zfd)  flz/s)

11 — +i— A7) = RPN
=  F3em Y TN e

_ 1 n(z) \* [ Flz) \°
12 -
He) Ty o Eer (HMJ(ﬂ%J
where f(7) is Sehlifli's medular funetion

7+1
5]

(13) _, flz) =g 2L

n(z}

For a> 0, fliz) iz substantially the same as Ramanujan’s G{a) ({8],
. 294). The function f{r) qa,tlsﬁes

(14) H=1j7) = fx).

(See [18], p. 115.) The formulae (6), (7), (11) and (12) are important in the
sequel.

3. Let us take 7 = {a, a > 0 go that A(.‘Z@a) and. n{ia/b)/m(iba) ar
both real and positive. I we put

4 = 4(%iad),
then ' '
5—1 5 7,
(15) . (1/'10 _A)(l/v‘—i-l —1—A)= a;(zua_,5) A
2 3 1H(Bie)
Koftice that (15} is same as (6). Farthermore we have from (15)
(16) 0 < A(2ia) < (V5 —1)/2
Let nis now choose two positive real numbers o and § such that
(17) : aff =1.

" If we put B = A(ziﬁ),‘ we geb from {15)

(1/5—1 _A)(V.‘S_ml _B)(}/S;—H

V5 41
2 _ +A)( +3)

_[

_ nta/8)-y(34/5)
7 (15a) 5 (i64)
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Using the funetional equation (9) and (17) we geb

= s et

(18) (

I we set

V541 1/_ +1

a=A+1
‘ 2

, b=DB+

then (18) reduces to

1/59+1 V541 )2);

ab {a—V5) (b ~V5) = 5(a,b~ (a+b)+( 3

and this leads fo the oquation
S VEHLE o =~ V541 541
{19) (ab—l/g-iﬁ—;;l—) =]/5(ab—1/5-]/ :_ )(a;-I—b——Z]/;_ )

We assert that
V5 +1
2

(20) ab—V5: =0,

For, it not from (19) we get

ab—V5- ]/52' L V5(a+b—Va—1)
which gives
(21) ' ( 5;1 -A)(]/g;l —B) =1/“5_-_’/52"":_L .

By (16) the left side iz < (lf— ~1/2)2 < lf- 1)/2 whereas the right side

of (21} is > (V5 —1)/2. This contradiction proves (20).
We have thus the firgt of Ramanunjan’s results:

TEEoREM 1. If o and f§ are positive and of =1, then

[ T T

— 1/5+1

= d

{]{/g"}'l , G—Zﬁuf:'i &—Eﬁa 6—4-.-:1: }[l/§+1

3—21;3[5 e—?.r:ﬁ 6—41:}3
2 " 1+ 14 177

A similar result can be obtained with 1 — A (27,). Letb us put}.
- A=A4d{e), a>0; F=A@p, B>0
with of = 1. -
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Then A is positive and from (11)

{i+ 1/5—1)(;/5+1 _ﬁ) _ Jtiaj5)
B 2

f(iba)

qléafB) -
piBa)

=

Sinee the right side is positive, we have
(22) 0 < A <(/5+1)2.

Using (9) and (14) we fhen have

(ﬁ+ 1/521--1)(3+ ;/5;-1)(1_ 1/3::1)(1_}_ 1/3;1) e

As before if we put -

N
9 ! b=B+ ) ’

"h‘i

g = A4

then

(aE—'l/E- ‘/5:1) ~_}/5( —V5- 1/5 )(a+17—1/5_+1).
Arguing ag before and wusing (22) we have

TEEOREM 2. If ¢ and B are real and positive and of = 1, then

{1/5_—1

6—7:!1,'5 P g 11/5____1
T |

gl e—ﬁﬂ 6—-11.3
TR UL § i g }

ey
~VE. 1/5—1

This result is stabed by Ramanuvjan in his Notebooks ([8], p. 204).

4. We can now operate with the relations (7) and (12) in exactly
a similar way.
Ag before take 7 = fa, a> 0. If we put, as before 4 = A (2iq), then

(7} gives
(5 a5 ) -

Let us now choose § > 0 such that

(23) _ | af =1/5.
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We then have

(24) ( 5+(1/5:1

If we put

o (e P 52)

== B3 ATRS,

5 5 B 5
a:A5+(]/5+1) , b= 5—{-(}/52—|_1) y

A

then (24) reduces to

(a-b—5 t-”E-_(vlg;l )) = 5ﬂg(ab—51/5(}/i;§_1)5) (a,—f-'b-—‘? (‘/5;1) )

As hbefore assuming ab— 5]/5 V5 +
We therefore have

1/2)° == 0 leads to a contradiction.
THECREM 3. If o and § are positive real numbers and off == 1[5, then
{( 1/3+1 )5 (B-Znafs 6-—21:0. e—4fca 5
~+ eaa] ¢ X
2 1+ 1+ 1+ ) }

1/5_+1 5 o 2his —2mf —inf
X +
{( 2 ) ( 14 14 1+

o)

1t is now clear that we can obtain & similar theorem for 4 = A (%7,)
using (12}, Thus

. THEOREM 4, If a and § are real and positive and aff == 1/5; then
{(]/:5“—1 )5 , (8--3—..0[5 gwa g—ima sl

2 i— 1+ 1- "/}

Theorem 1 was stated by Ramanujan in his first leﬁter' to Hardy

{January 16, 1913) and proved by Watson [15] in a somewhat different

way than ours.- Theorems 1 and 2 are to be found stated by him in the
unpublished Trinity papers. Theorems 2 and 3 do not seem to have been

icm
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proved before. Theorem 3 is not given in his Notebooks. Theorem 4 which
Ramanujan must certainly have known, is not stated anywhere. -

- 5. We can now obtain many corollaries by specializing ¢ and f.
If we put ¢ = § = 1 in Theorems I imd 2 we have at once

6—2::]5 8—2:‘:' eu»iﬂ:_ f,—ﬁr'

14 1+ 1+ 1+ 7 a !
(249 _
' o™ gmT et 6“3“ ]/1/5 5 —1} l/-5ﬂ—1
I 1+ 1— ' o2

These two results are stated in the Notehooks and were communicated to
Hardy in Ramanujan’e first letter. ' - ,
We could put a = § = 1;1/5 in Theorems 2 and 4 and obtain two
more Tesults. Instead we shall proceed in the following way.
Let a, # and i be three positive real numbers such thab

(25) | af =1, fy=1/5.
We then have '

,(A(Qia)Jr > > ra

& = -~

s (2 s 2] -5 5

An interesting property of (26) is that if one knows the value of one of

'/5+1)(A(2m)+ V5+1) _ygYett
(26) '

A{2ia), A{2ip) and A(2iy), the values of the other two, since they are
real and positive, are determined uniquely.

Let us take
27 «=V5, B=1/5, ,;--1n/d

Sinee § = v, the second relatmn in (76) which i3 Theorem 3, gwes _

-

Inserting this in the first equation we get

_ VE+1L
V{ ' ‘/_ 5 ‘ B V541
A {2iVe) = V5+1 5 5 2

- +i/ (5 ‘/g.(l/l%;l')s)”z __(»/5:-1)5

-
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Canecelling (}’a +1}/2 from numerator and denominator of first term on

the right above, and using the fact that ((V5-+1)/2) (V5—1)/2) =1,
we geb

-
~2:2/i'5

8—2:1}/5 6—41':]/3 V’g
i+ 1+

Vi1

i+r T = 3
]/53]4( ]/5 —1 )5 -1
)

This ig one of the results communicated to Hardy. It is not given in the
Notehooks. _

Under the conditions (25) we have results similar to (26) with 4 instead
of A go that if one of 4 (ia); A (i), A (iy) is known, then the other two are
uniguely determined. In particular if o, £, y are given by (27) then we
bave, analogous to (29)

(29)

e-m’?}s e—mf? 6"2’“!-5 : }/g ' ‘ ¥V 5_.__1
(30) 1— 1—1— 1— - 5 l/g 1\ T g
. 1+ V53]4 + _1 .
2
Ramanujan considers a few other cases in the ‘Liost’ notebook.
Lot us take ¢ = ¥2. Then
—
. . (¥ —2/5)
—— —1 — A (2i0) = et
A {26a) (¥ ~ 50)
In order to evaluate the right side, we use (9) and so
i n(V=2/5) V5 (Y =502)

al/—s0) 2"

Now (V' —b50/2)/n(V ~50) == £, (Y —50} where f, is the function due to
Weber (also equivalent to g, of Ramanujan). Its value according to Weber
is given by

(¥~ 50)

fiY ~50) = 21> 0
where '

—R)j(+1) = (V5 +1))2

Thus

B—mfs_js k] 8—2:1&"5

_ VBU+1)+2aV5— (VBat1)
1+ 1+ 1+ 7 o 9 : .

icm
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In a similar way we obtain the value of

-3 —em e

& G
1+ 1+ 1+

in terms of A, Notice that 2 is a cubie irrationality. These resnlts are staed
by Ramanujan.

e—m/i[s

6. We remark that in the previous section we have heen able to
evaluate 5 (it/b) [ (15t) or n(it)/n(i5t) for t=1 )/u, V5. We assert tha.t we
can evaluate
(31) : n(i5”‘t)/n(i51f)

for any two rational integers m and I. Let us notice that once we can eva-
Iuate #(it/6}/n{ibt) or #(it)/n(i6t) the other is easily evaluated. For if
#{it/5) [ (i5¢) I8 known, let us take

a =1, ﬁ=1i'ta y =15
in (26). Then using (26) we can find A4 (24y). Buf from (7) we have
1 n{4t/5)
&2 () bl = (55 )

Since #(it/B)/n (it} is positive, (82) determines #(4t/5)/n(#) uniquely and
hence

(33) 7 (it) =( n(it) ) (’T(‘it[t”))
n{(ib%) n(#t/5) ] \ n(idt)
By induction we ean find #(¢5%t)/y (5%} for an integer k. Let k> 0 and

suppose n{i5*1%)/n(i5%t) is known. Take

a =5, Bf=1/, »=2>5"TL
Then
. 1 § s 1](’551"_11))5
(A (2@)) —i- {4 @if = ( 7 (5°2)

shows that 4 (2¢y) is determined uniquely. From (26) therefore 4 (2ie)
is known. But from (7) we see that 5(d5%'1)/n(ib"1) iz evaluated. We
therefore obtain the value of 5 (i8%t)/n(d5" ).

‘A similar method gives the regult for k negative. Now if m < I (without
loss in generality) and @ >0

W~ [ e

" m-1

it fpa0) [ | [ nstomast=0).
fo==(?
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In order to find the value of # (5™ for all e, it is thus necessary o
-evaluate 5 (7t). This is done by the Kronecker hmlt formula.

For example if ¢ = 1, we get the value of A({24) from (24'). Tsing (6) .

and (7) we get the values of #(¢/3)/n(5%) y and #{i)/%(52). From Kroneeker
Lmit formula we have | -

(34) n(i) = T(LM) 2

and hence we get the following: From (24')

A(Ei):]/}/_ﬁ(fﬂ) _En

2
‘Therefore _ ‘ N
1 1/ Vs(/5+) +V§+1
A(24) 2 2
Henee from (6) 7 .
. c 3 >" 'r i 1 . . B _
(35) B L5 4y = VB,

In a similar way

1 | i) 6-_- 1 v . 5_;_. Y54+1\°
o (n(ﬁi)) _(_.A(zi)) _11l—(—4(2@))‘ W53( - )
g0 that -

' n@) =/ Y541
(37) e _1/5]/ i
Thus

n(5i) = PL/4) /znﬂfﬂ/ﬂ'/_iﬂ)—

and

B) = I'(1/4) /27:3’4]/‘_'/-5-:"—1 .

7. Another result which belongs to the order of idcas in the previous
gections is the following. _
Let a and § be two positive real numbers and

(38) § =g T,y =g

(41)
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Let :
I A
fra
14+ 14 1+
z o gl
{(39) __ P =

SRR N praly
‘yl,'zs ,Ul,ls yzjs
Tl 14 14T

thoose now a, § 80 fhat
(40) - of =1.

Then f = A (2ic), p = 4(2i-5a), g = A(2i-(,6’[5)), Becasuse of (40), ¢ and
g satisfy Theorem 1. Therefore .

IEESTLER A

— 1y

2

which is the same as

V541

1— 2 @

o+ (VB41)j2
In a similar way because of (40), f and g satisfy Theorem 3 which gives

VBV

o g

r _}_(Vﬁ'ﬂ)s

2

(42) ff=

If we subskitute for ¢ in (42) using (41), we geb

. (qpT 1/?;1) (1/524:1)'5(1_ 1/’5"{1 99)5
(:u V541 q»)s-g (1/5 +1)5(¢+ 1/5+1)5

2 2

which gives
? 1—2¢+4¢* — 3¢ +¢*
14-3p+4g* +2¢7+ 9"

This result was stated by Ramanujan in his first letter to Hardy. It was
proved first by . N. Watson [16].

(43) =
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In exactly a gimilar way using Theorems 2 and 4 we have the relation
- 1-{—990 4g*4-37 -+

(44 ' I = aprip—aptp’
where
Y I oz g aW
fea—r—— .., §=—
1— 1+ 1- 1— 1+ 1-
8. Let # =&, 7 =£+4i9, 9> 0. Then
= oz ozt T h(z)
1+ I+ 14 g{@)
where
0o -]
b= hz) = 2 (_1)Iaw(5k2+k)f2’ g = gle) = 2 (_1)km(51f2+3k)/2'
I t ==4a, a> 0, then (18} can be written as
1 V5—1 ,=\{1 V541 B
(45) (—.. + I/R) (-%_- - I/R) atie/5)
_ VE 2 VE 2 n{i%a)
taking positive square roots. We can now write
1 Vs V5—1
46 — }/__é = ! w”sh)/ LS op L2
e . V541 5
1 L 2
(47) L By 2
VE 9 (@' *gh)!

Since g and % are theta functions, they have expressions as infinite
products; namely

{48) . ml]sgh _ mllsn a —-56“') (1— wsn) .
1

The numerators on the right side of (46) and (47) can also be expressed
a8 infinite produacts; for if

16:(z, o) = 2" cose+ 5% cosBz+ 2> cosbr 4 ..

then

_3;_ 0, (1 , ml!lﬂ) — M aoe T = (g+ Vo—1 m”%)'}

0

—

1 3.|. , 3 T =1 : ’
o> 92( = ) m”m) = ’1’"”003——7;(g—— Va+1 w””k).

(49)

10 2
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Using the infinite product for the theta function on the left of (49) ([18],
p. 85) we have

g+ 1/59—~1 2B e H {(lumms) (1 . 1/{);1 $n15+mzn/s)}’
1
(50) — . o
g— V541 PR = H{(l—mnfs) (l~— }/59 - sy m"”’s))

1
et us now observe from (45) that

1 V=1 ,— qliefs) {1  VB+1 ,=\~!
- ]/R = * (—_ - ]/_R) A
VE o ) \VE 2

Using the infinite product for the »-function and (47), (48) and (50) we
obtain Ramanujan’s result stated in the “Lost” notehook:

1 VE—1 —
—— YR
(B1) e -+ p
’ ey 118 /“_ oy =t
= (Gt
Similarly
1 VB4l =
©2 E 2 / p . 1
o A 5 1 s ms—
e R I e

Tet us write the two identities in (50) slightly differently:
]/g——l 1/5 = A5y (1 - g8 g%y (1, —fﬂmn,’S)
g+ aBh = [ [ Q=o)L (Lt :

1

m!fsh — H (1 _$n,'5) (] _ 6iwwnls) (1 _ e—iwwnIS)!

1

V541

2
where _ _ _ -
e ? o= (VoH1)j2, &P+e ™ =(VB-1)/2.

Replacing 2 by go' where o runs through all fifth roots of unity and multi-
plying for all p —a familiar technique of Ramanujan’s — we have

sinee g and & are power series in @,
V5—1\° o o A= I](
2 H T -7

(e T

Vs +1

g+ (
(63)
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We now write (7). .In the form

1\ (V5-1 A\ 1\ (VBN e\t
)+ 5 -G (G5) - (57 o)
YR 2 (iBa) ] \VR 2
Using (53) and the product formula for the n-function, we get two of
Ramanujan’s results in the “Losgt” notebook:
(54)

RN LCEC A -V ) [ R v V511 Rt
) - (5 v =i =) T+ 5 ),

=4

145 _1 . Y 3R =
(___) (1/9 ) (I/R)s — -1]2( [[(1—a") ) H e VE—1 P ’
VR 3 [1a—a" s T
?. Ramanujan seems to have had a great fascination for his continued
fraction (1). It turns up at many places in the “Lost” notebook, in the

Trinity papers and in the Notebooks (on page 374 of the Notebooks [81).
Ramanujan writes

“If
ap : a*p?
pla)y =1+ +
A—2}y(1+b2)  (A—my(1— ﬂf“)(l-I-bﬂf)(lermz)
then .
qa(a)__ ar by ax® ba® ax® br®
¢ (ax) 1+ 14+ 1+ 1+ 314+ 1477

K we write ¢(a, b, ) instead of ¢(a) then

pla, b, @) = 1+ 12 A—a)(L—a2) ..

a™ $n(n+1)f2

CA=2") (T Hbay (A 0a?) ... (L4 ba")
Farthermore
: 4
(53 a-1,1, at) =1 — il .
). . 99( 3 7T) Tl—--’.l’tA + (1—56'4)(1'—558) romee
and
4 9
(56) eple, 1,08 =04~y b

1—-2 " -2 (12 +
go that the ratio

(57) . (q}(m—l’l,mﬁ))“‘l.m;pii me 8 -
zp(x,1, 2%) 1+ 1+ 1477

1

icm
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Indeed on page 373 of the Notebooks Ramanujan stafes

pl—e)f(=a) _ fee) o, o, @ .
fl—a, —o)  fl—at, —a") Ti—at T l—aha—af) T

sp(—a)f(—a’) _ ety ot 2’ ,
fl—a2, —z%)  f(—a, —o'®) TETT T TaA S Ay

Phe ratio of these two, as Ramanujan mentions, is
af(—z, —z") = @ X
f(—w2, —2%) 14+ 14+ 14+ 77

which is the eontinued fraetion of Ramanujan. Note that

o3

o0
fla, b) =1+ (aby" =V (g %) and  xl@) =] [ (1+&"7)
2 I
are the functions introduced by Ramanujan ([8], p. 197).
The two series gz, 1, 5% and p(x, 1, #*) had been first encotintered
by L. J. Rogers in his paper ({107, p. 339), and he gave the expressions

1
ot a2y == =
q:'('r' H i RS ) H(l-}—:]:'3")(1—m”"_1)(1~—$5"—4) ’
. 1
plo, 1,2%) =

[TE+e)L—a% 12"

which are the same as those given by Ramanujan. These two statements.
have recently been proved by K. Venkatachaliengar.

Tn the “Liost” notebeok Ramanujan gave a continued fraetion which
contains (1) as a particular case. If with Ramanujan we put

L (a2l . ¥ (e + A)a+ e !
Glay ) =14 L) (1+bz) | (1—a)(L—a?) (L4 by (L +0a?)
then
53 Glaz, ) 1 ar-+ iz brp4 izt ext-ilod bu®4 Awt
B9 wEH iy i+ 1+ 1y 1+

as stated by Ramanujan. I we put @* for # and then ¢ =277, b =1and
7 =0, we get precigely the results given above,

If 1 = 1 and we put 2® for x and az-? for a, we get a continued fraetion
which was independently discovered and discussed by Atle Selberg [12].
Tn fa.ch most of the examples given by Ramanujan in the “Lost” notebook.
(somé of which are also to be found in the Notebooks) are foumd stated
and proved by Selberg.
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We shall consider some statements made by Ramanujan in the Trinity

papers.
Ramanujan states:

i3

5 10
o= L5 F . then
14+ 14 14+ 1+
I\ (=P (L —a)3(1—2")° ... ST 25nz™"
afe+ — =1+ E e e
T 1—a)(L—2)(1—z% ... IT—a®  1—a™

1

5y gt R
If o = ..., then
R TR P Wi PR

{1 —&°)*(1 — a0 (1 —a®)p ...
) T—o) I —2)(1 —a?) ...

m(u" +

,nmlb 5%:1}5;1
=1+6 E — 7
N (1 a 1—a:5“)

These two results are simple conssquences of the equations (6) and
{7), For, let ug put » = " then by (6)

1 [la—a)
7(237) @  [J(1—a™)

w

(59) %«—1—-@ e 1

‘We can take » purely imé.ﬂin&ry o that all quantities are real and positive.
If -we take derivatives of hoth sides of (59) with regard to 2, we get on the
Tight side

o0

1, H i— wn) %mzsn_
(60) T +Z( i m))
On the left side we get .
1 1\ dv
(61) -2 ('v+ -;) o

Ramanujan has stated in his Notebooks ([8], p. 234), and W. N, Bailey
has given a very simple and elegant proof of,

{62 ek
(62) v dz o H (1— m‘s")
Usmg (89)- 61) we obtam Ramanujan’s first formula.
The second formula can be obtained by differentisting both sides of
{7), ie,,

1 1 (T{—an\s
=)
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Ramanujan had stated both in the Notebooks ([8], p. 373} and also
in the “Lost” notebook the result

2B gt @ Lot o540 _oap =" '
(63) ee B T BT *
1+ 1+ 1+ 1+ [J{1—T)p

This is also to be found in the work of SBelberg. If we pub @ = ¢~='9
then one can evaluate

(64) pmrmigy_JT(1—e0r0=T)
H(l odan-x fw)g :

Indeed if we use the function g, of Ramanujan ([8], p. 299), we get

VB3V (VE—1 |
=) -
V2 (V5-+2) (V6 +v5)"
We expand the numerator and group the terms suitably. Thus
(V68" — (V& —1)¥2) = (V6 +3) (V634243 (V6 + 326 1) —
—3 (V6 —1)2 (V6 +3) - (Ve—1)"2 (V6 —1).

Which gives
' (V6+3)24V6 ~ (V6 —1)2(4V6 +8).
Thus the numerator is
H{{o+38 V31— (7 +3V6)).

As for the denominator observe that (V5 +1)3 = 8(]/5-{-2). These prove
the result stated in (3). '
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ACTA ARITHMETICA
XLIIT (1084)

Pairs of additive equations IV. Sextic equations
by

E. J. Coox (Sheffield)

1. Introduction. H. Davenport and D. J. Lewis [10] remarked that
it should be possible in principle to show that the eguations, with integer
coefficients,

(1}

have & non-trivial solution in integers provided that
(i) ¥ =2k 41,
{ii}) they have a non-singnlar real solution,
{iii) for each prime p they have a non-singular p-adic solution,
{iv) if the degree % iz even then each form AF +af, (4, u) = {0, 0),
containg a reasonable number of variables explicitly.
The condition & = 2k2--1 is similar to Artin’s conjecture for two addi-

" tive forms. Results of this strength have been established when & = 2 ([2]),

=3 (4], 9 and [131), h=4 ([41), £ =5 ({6 and k> 18 ({5] and [11])

gince the analytic methods of [5] will also work for even values % > 13.

The snalytic methods used for quintic equations were based on a method

of Davenport [7] for iterating admissible exponents and unfortunately

the method just fails to work when & = 6. However H. Davenport and

P. Brdés {[8], Theorem 2) ebtained admissible exponents for 3 rixth powers -
that improved on the. estimates ohtainable by Davenport’s methods.

The basis of the present paper is to establish an analogue for two additive

equations of this resuls of Davenport and Erdés and then o use iferative

methods to obtain a sequence of 14 exponents for sixth powers.

THEOREM 1. Let the equations
F(x) = a05+ ... +ayay =0,

2y !
Gy =bal+ ... +bhyaly =0



