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In this paper our objective is to investigate the distribution of & such
that g {f(®)) = 1, where f is a fixed polynomial belonging to Z[2] and y is
a Dirichlet character of order g mod p.

" 1. Let q be a fixed integer, and let f be a fixed non-linear polynomial
that is a produet of rational linear factors and is not a perfect gth power.
It was proved by D. A. Burgess [1] that if £ is any fixed positive number,
if p =1 {(mod g¢) is a sufficiently large prime number and y is a gth order
character (mod p), we have for all positive integers H and I satisfying

B Pll‘i-:-! < H gplf?,
that
. M+ H

H—| Y xlfa)

L= 41

> Hp~?

the constant implied in the notation depending on ¢, g, and f.
It follows that x(f(z)) # 1 for some x satisfying

0 < @< pite.,
Ve extend this result as faﬂows:
2. TrEOREM. Let ¢(x) belong to Z [2] and ¢ be invariant under the map
' ' o Zr—%—a,
where & is a fived integer. Let Gy, ..., Gy by, ..y by be integers satisfying
0=by<by <. < b’,=_b,'
Uy <Oy < e <ty (k1)
and either al-{-ak.{a, or ay-+a,—2b > a.

* The resnlte in this paper formed a part of the author’s Ph. D, thesis, Not-
tingham 1980. : ) :
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TLet q be a fized integer and let & be any fived positive number. Let where each y, satisfies 0 <<y, < ¢, 7, =0 and b = b,. To define TG (x)
) ¢ we choose b so that
= -+ a;) g(x+b,)°
3-];!( ]J REy+ yu._e(modg{), < h<g,
where and write
(ars ) = (o, @) = (f1, @) = (B @) = 1. G(a)F(a)* =g(o¥e... gla+b—1)s-1g(w-b)’>
Then if p =1 (mod ) 48 a sufficiently large prime number and x is a ¢-1h where

order characler {mod p), for all integers H satisfying
Pl[-ﬂ-{-s ~<.._ ng”z

8y = hfy+y, =0 (mod ¢) =~ and - & = hf; =0 (mod ¢).

Next we write

- e have
H 7% ]
T gl
i Z (f(m)) > HZ'F 11"7_ ‘ n
T - . and choose K (z) so that
the constant implied in the notation depending on &, g, and f. Co
R (1) G(x) Flz)* = K (z)H ()"
2.1. ExaAwPIE. f(o)= z{z—-1)(z*+ k), flz) = #(z+1)(2* + 2z —1), and
fl@) = @{z+1) (@2 -+ 22 —1) (22 —2) satisfy the hypothesis of the above Thus, we have
theorem. i
. K{r) = H glo—+
It is implieit in [1] that the conclugion of Theolem holds for any : it
pelynomial with integral coefficients and having the following property. where each s satisfies 0 < & < ¢, & = 0, & 7 0. Let ¢, e the first non-zero
3. PrOPERTY. There exist a constant A and positive constants B, ¢ and £;. We define o - ' ‘ l
a prime number ¢y, dependmg onf and g, and & §.-th or der character y, (mod p) 2) TG () = K(x —¢) = glz)eg(z+1)ert. gla+b—e)?el.
such that if : ' .
%(f(£e4+9) =8,  wl<aB+0,. ’ 4.1, Lrania. T is o bijective operalor on 8.
: L 4 . S _ _ Prooi. Sinee § iz a finite set it suffices to show T'is injective. Suppose
where { is a g-th oot of unily, then ‘ that & (m) and G’-”( x) are elements of § for which
nie+A) e+ A+rB) =1 (1<r<n). TG’(m) = TG (x) = G().
Now, for the proof of Theorem 2 it is sufficient to show that the Then we Iay write . :
polynomial f described there has Property 3. The rest of the proof can i h',, , by
then be completed as in [1]. ' (3) G (@) F (@) = H' (2K (=),
4. For the moment let ¢ be a prime number and ‘ ‘ (4) S @@F@T = B E @),
P = g@)igled by glab bR where _
. ) S o _ {B) Ez—c¢) = EK'(9—¢") = Q@) =glay .. ge+d-1y>1.
We define an operafor T' on the finite set § of polynomials of the form ' ‘
' Ga) = e v v We must deduce that 6'(2) = ¢ (x).
(#) = g(eyeglx "1) ‘H"b'"l) Y : Let y, be the last non-zero y;. Since
1y A G h & & I 5 Lo .’ . 5 . LB ’ .
fa.ctorfz)am ;:ly of(;) . ;:1- aC most one such representation as is seen by considering the K w) — H glo—+1) -;-! e #£ 0

k.
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and by (5) we have
K'(z) = Gzt = g(p+eW... glz+d+c')e,
it follows that  + ¢’ = b. Similarly, we have d+¢"" = b. It follows immedia-
tely that ¢’ = ¢”’. Moreover, we have
6y E'(z) = Ga-+c) = Gzt = K" {z).
XNext, by considering the exponents of g(z+b) on both sides of (3),
we gee that | Co :
(7} L' gy =y, {(mod g),
By {4) 2'' also satisfies these uniquely soluble conditions. Thus we have
B’ = A", :
Kow, using (3), (4}, (6) and {7), we obtain
Gr) (H'(n)\
G”(fﬂ) - H”(.’ﬁ) .

But from their definitions

AL, [—[ gla+if i

0<<h' < q.

G_ll(m)
where —¢ < 9;—9; < g. Henee we must have G'(z) = G (a).

4.2. CororraxY. There ewists a positive integer m such thai

T"g(z) = g(w).
Proof. T' is a permutation on the finite set 8. Hence T hag finite
order.

For every F as in Section 4, where ¢ and the b; satisfy the hypotheses
of Theorem 2, we have

5. Lmnma. There ewist positive inlegers ¢y, ey ..., €, and by by, .. vy By
such that 0 << by << ¢ for each ¢ and

H Flotot ... +6, JF(—g—a—e,—... —c,)}*»

=1

is a perfect g-th power, where m is as in the above corollary.
Proof. By (2) we have

_ (I (w ey = K(z).
We choose G(z) = (T" *g)(x). It_follows from (1} that
(I" 7 9) (@) {F (m)}*» = (T g} (@ + ;) {H,, ()}
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holds identieaﬂy. Next, we replace ¥ by #-+e+ ... +¢,_; 50 that
(I 'Petet o Fe ) {FEte+ ... to, )
= (Tng)(m—ll'cl"‘?‘ T 11){Hn(’1"+61+ e ':;'anl)}g'

Choose . as in Corollary 4.2. We have

m m
n (Tn_lg)('n'%‘cl_!‘ e +cnw1) H {F(‘r;ﬁl"f_ e '{“’f’n—l)}hn
n=1 n=I

= ﬁ (TPg) e+ vvn +0,) {ﬁHﬁ(m+cl+ o o)
"=l

=1

(TN lxFe,+ L. +6,)

n
= T ley@ ey ... 6, K’ {x)
[T gate 1) T {5 (@)1
m
where K'(2) = [] H,{(s+ e+ ... +¢,_4). Since T"g = g, we get
=1
& gleret .. Ton)
3 T4yt oo Fo, )} = E'{z))°.
(3) g{( L e F o) )

Xext, we replace & by —o—a—{c;+ ... +¢,). It follows that

(9 H {F{—z—a—e — ... —0n)}*

n=l
gl—z—a)
gl——a—ey— oo — Cy)
On multiplying (8) and (9), and considering g{z) = g( & —a) identically,
we obtain the result.
Proofof Theorem 2. It is enongh.to show that f satisfies Property 3.
We do this in several steps.
Step 1. t = 0. This was proved by D. A. Burgess in [1]. .-
- Ftep 2t 1 and a > a, & Let g, be a prime divisor of ¢ and

K& —a—0~ ev. —Cy)}".

[ .
a-+a) 5 [ [ g(a+p)0dnl.

F=1 ' =l

We write f() = {f,(@)}%fu(s), Where

X ¢
fulz) = H(m'rraj)yjny(‘v”}‘bi)ﬁi: 0< 755 6;< 1y ayedsdy # 04
j=1 i,
Let

)
H= 3
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So that z, is a g-th order character (mod p). Then, if in Lemma &5, F(2) is
chosen to be

al
F(a) = mf“(—)— = g{@ ... g (@4 b))%,
H (24 a;)"
it follows that there Clet positive mtegers G1q Ogy oany Oy a1 Ry, il By
sueh that
2
b +G1L—l)f:1(”_m“‘g_0ﬂ._ s _C‘m) *a

T Fe, @Y~ —a—0,— o — )

+ Cp— “j}}yjhn .

hzy = H [(wt+eF ... Fepatadatate,+ ...

Sinee a > &, +a,, we have
Oy < e+ . e, (n>1),
o< a—a <ot .. o, —a;.

Therefore the factor (:r—}—aﬂ occurs to the power yh, = 0 (mod¢). Thus

Ji(x) i3 not a perfect ¢-th power mod p.
By the case t =0, we have congtants 4,B >0, 0> 0 such Lhat

nh(tety) =0 (Wl<aB+0),

then e S . L
ale+4 e+ 4+9B) =1 A<r<a).
z(flEaty) = (Y€ nBHCOHal+o+ .. Foa),
then, since LT

71(f.(j:$+'y) (fl(iw-I-yf (n(iw-l-y))

_ = xx(f(+w+y)) = x(f(im+y))q’“1 = ol
“we have o i

A ihc-;'—:y)) = (1 ( —1))22?3% ><
xJ] {m fldatot oo T nlful o —a—0,~ ... ——y])}tn

= (m(~1 )22?3"“4‘2‘1"’2""” (ly] < nB+0)

“whence the result follows immediately.
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Step 3. £t 2 1, and a,+a,—2b > a. We write
fula) = f(—o—a—b)(—1)*s
T

ki
=” —r—a—b+a){—1))7 [] g(

f==]1

—z—a--b-1-b)%,

Then if

k t
o = [] iy [ ato 2,

i=1
where o; = a+b—a,_ .y, b =b—b_y;_, and
oo = a—{a;+a,—2b—a) < a,
0 =b <by<...<< b,
o <ty < uuu < Gy

then by step 2, f1{#) satisties Property 3. That is, fhere exist constants A4,
and B, € > 0 such that if

_ 2tz ty) =2 (y<aB+0),
then : .
s{E A e+ A+7B)} =1 (I<r<an).

Now, if '
iflxe+) =0 (yl <nB+0+lal+b),

then

7(fula)) = e (1Y (gl <HB+C).

Hence the result follows.
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