J
M,
S
B
J

T.

L
R.
12,

.

Conspectus materiac tomi XLIV, fasciculi 4

R. Burke, A notion of density and essential components tn GF {p, x]

Car, Sommes de currés de polyndmes irréductibles dans F,[X] .

Ensembles de polyndmes itréduoctibles et iheoremw de clcnsm. . .o
Agou, Sur Firréductibilité des trindmes X7t gX ~b sur les corps [mla F, .
Brindza, On a diophantine equation connected with the Fermat equation’,
Kaczorowski, On sign-changes in the remainder-term of the prime-number
{formula, T . ’
P. Vaughan,
quadratic field . -
K ores, Irreducible digjoint wvu.rml, systtms . . .

R. Hall and G. Tenenbauvm, On consecutive Farey ares . .

Kaplan, K. 8. Williams and Y, Yamamoto, An application of L|111(.L511L1
fields to representations ol primes by binary quadratic forms .

The construction of umramificd abefian cubic extensions of a

La revue esl consacrée a la Théorie des Nombres

The journal publishes papers on the Theory of Numbers
Die Zeitschrift verdffentlicht Arbeiten aus der Zahlentheoric
Hypuad noCesNeH TEOPHE qucen

Die Adresse der
Schriltleitung und
des Austausches

Address of Lhe
Editorial Board
and of the exchange

Ladresse de
ln Rédaction
ot de léchange
ACTA ARITHMETICA
ol Sniadeckich 8, 00-950 Warszawa

Les auteurs sont prics d'envoyer leurs manuscrits en deux exemplaires
The authors are requested to submil papers in two copies

Die Autoren sind gebelen um Zusendung von 2 Exemplaren jeder Arbeit
Pyxonwck cratedl pefaxuda MPOCHT NPEJATaTh B ABYX JXICMINEPAX

© Copyright by Pafstwowe Wydawnictwo Naukowe, Warszawa 1984
ISBN 83-01-05691-6 ISSN 0065-1036

PRINTED IN POLAND

Pagina

299

307-
3123

343
157

365

EYCS
389.-
405

397

407

Anpee peIAKIHKH
W KHUrooGMena

306
321
342
356
363

377

387
395

W R O C L

AW 3 K A D R U K A R N I A N A U K

0 W A

icm

ez,

Theo !

=

ACTA ARITHMETICA
XL1V (1984)

A notion of density and essential components in GF [p, x]*
by
Joun R. Burke (Pullman, Wash.)

Introduction. In the early 1930%s, L. G. Schnirelmann [2], [4] introduced
a notion of density for subsets of Ly=1{0,1,2,...]. If A c Ly, let A(n)
= |4 [1, n]]. The Schnirelmann density of 4 is then defined to be o(A4)
= inf A(n)/n. He was able to establish the following results:

n=1
THreoREM 1 {Schnirelmann). If 0eAn B and o({A)+c(B) =
= LD'
TrEorREM 2 (Schoirelmann). If 1€ A4 and 0= B then

a{4+B) 2 o(A)+0(B)~a(A4)a(B).

It was Theorem 2 which led to the o-ff conjecture, established by H. B.
Mann [3] in 1944 and rightfully goes by Mann's Theorem today. In
particular, if 0 <o (A4), ¢(B) <1 (the only situation for which Theorem 2
yields nontrivial results) and 0e B then ¢(4 + B) > ¢(4). A set B having the
property that o(d+ B) > g(A4) for every set A satisfying 0 <o(A) <1,
called an essential component. Thus Theorem 2 states that 1f OEB and 0
< a{B), then B is an essential component.

Let p be a prime and let GF(p) be the Galois field of order p. Denote
the polynomial ring over GF(pl by GF[p, x]. It is the intention in what
follows to establish a density for GF [p, x] similar to that of Schnirelmann’s
density for Ly. It will be shown that no analogue of Theorem 2 can exist yet
there are some interesting essential components. We begin by establishing a
density.

If .o =«GF[p, x], let n) =

1 then A4 B

s 1 where it is understood that

0 Sdeglalx) €n
a{x)e#

deg(o) =, M
" DerinimioN 1, The density of a ser . < GF [p, x] i8 glvcn by
o/ (n)

=

* This is part of the author's Doctoral Dissertation and he would like to express his
appreciation to his advisor, Prof, William Webb, for the guidance he has received. '
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It may be noted that the t-density is somewhat weaker than that ol
Schnirelmann’s, that is, the “intervals™ over which the infimum is taken are

coarser since they do not take into account the effect of adjoining or deleting

cach element, one at a time. One may, however, establish the following:

TueoreM 3. If Os&/ N A and t(/)+1(#) = 1, then &+ .4 = GF [p, x].

Proof. [t shall be shown, equivalently, that if Oc./n# and
o+ 4 # GF [p, x], then t(.ah+7(4) < 1. Assume o/ -+ 4 %= GF [p, x]. Let
f{x) be a polynomial of least degree which is not in /4.4, and lot
deg(f(x)) =n. Now, since Oe.«/ and f(x)¢.7/, there must be at least
7(&)(p"" ! —1)+1 nonzero polynomials, of degree less than or equal to n, of
the form f(x)—a(x), a(x}e.»/. There are also at least t(.4)(p"*' —1) nonzero
polynomials of degree n or less in 4. Since there are only prri—-1 nonzero
polynomials of degree n or less, we have

(" =) 2 [ (A +T ()P = D+ 1

Thus t(a/)+1(#) <1 as claimed.

Thus it appears that the z-density is a reasonable analogue of
Schnirelmann’s density, Before proceeding, we make precise the notion of
essential component.

DeriiTioN 2. A set A < GF[p, x] s an  essential component if
T(o/ + #4) > 7(.</) for any set .o/ satisfying 0 < (/) < 1.

If the t-density is an exact analogue to Schoirelmann’s density, we
should be able to obtain a result similar to Theorem 2. In particular, a set
with positive density should be an essential component.

Let p = 2 and consider ./ < GF [p, x] such that f(x)e.o/ if and only if
f(x) has no linear term. Then O¢.«/ and 0 < t(.o/) = 1/3 < 1. But &/ is also a
subgroup of GF [p, x] under addition hence .o/ + «# = .o/ and consequently
(o +.4) = 7(.o/). Reflecting on this it is clear that any density allowing a
subgroup to have positive density will not allow a theorem of the type of
Theorem 2. Thus il we are to establish the existence of essential components,
we must put some restrictions on our sets. In particular our restriction must
gliminate subgroups.

Dermrrion 3. A set 4 < GF[p, x] is a basis of order h il for any
f(x)eGF [p, x],

k .
F6 =3 b0, k<hh(nes, deg(b(x)<deg(f(0), 1<i<k.
i=1

Using the concept of a basis we can establish the following result. It is

analogous to a result of Erdds [1] 1n 1936. It is interesting to note that in
the integers, the theorem of Erdés yields only half as much growth as obtained
in Theorem 4 although the Schnirelmann density appears to be much
stronger than the t-density, yielding results such as Theorem 2.

icm
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THEOREM 4. Ler o/, # = GF[p, x] and assume 4 is a basis of order h.
Then

(A +H) =1l o/)~+~ {1 ~7 ().

Proof, Let D,(f) denote the number of polynomials a{x)e.c/ such that
a(x)+f(x)¢ .o/, deg(a(x)) <n, and deg(f(x)) < n. Thus for any b(x)e.# it
follows that

D, () < (o + A) (m)— < (n).
Next let

- B,(f).
7 P —1 O<cie;.§(xn~<.n

It is casily seen for f(x}, f'(x) satisfying deg(f(x)), deg(f"(x)} < n, that
D, (f+1) < Du(f)+D.(/).

As a consequence we have for any f(x), deg(f(x)) < n

& .
Df) = D,( Z )<Y D,(b) < h{(A +B)(n)— o (m)
50 |
_ 1 - 1 '
DY =g > D)€ 537 S k(B (- ()
pri—1 O Sdeg(f(x}) Sn Pl O<Sdeg(S=)Sn

= h{{. + B) (n) — ,,OJ(J‘.!)).

Next, denote by D, (f) those elements a{x) .« such that a(x)+f({x)e.o/.
deg(a(x)) < n, and deg(f( x)) < n. Then for any f(x}eGF [p, x], deg(/f (x))
< n, we have D, (/)+D,(f) = «/(n) 2 t{/)(p" 1) so that

ptt-ndr= Y DNz Y e -1)- Y D

O Edep(S(X)En Ogdep(f(x)€n O<dep{f(x)En

=t()(p"" ~1*— Y  D,(f)

Odeg(f(xPDEn

To bound Y

O <dep(S () sn
number solutions to g (x)+f (x) = aj(xj, which is the number of differences
a;(xy—a;(x), i #j. This in tarn is not as large as ./(n)*. Thus we have

D,(f) from above, note that it is equal to the

( n+1 I)D* T(t‘/}(p"+1 1}2m.c‘/(n)2,
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Putting the upper and lower bounds for D# together yields

(.of + H)(n) o (n) 1 ca/(n)"
> Z(e)— A
pn+l___1 /pn+1_1 -I-h‘f(fi/) h(pn-ﬂ 1)2
</ (1) :
It remains to show that W may be replaced by (/). This follows

immediately upon noting that f(x) = x—x*/h, h = 2 is increasing on [0, 1].
Now taking the infimum over all n > 0 gives the desired result.
Theorem 4 states that any basis is an essential component. Upon

reviewing the prool, it appears that the condition of bounding the degrees of

the summands in a basis may be needed because of the proof technique
rather than having anything to do with an intrinsic fact of the problem. With
this in mind we have

DeFINTION 4. A set 4 < GF [p, x] is a weak busis of order h i for any
f(xeGF[p, x] :

K
f(x)= Zbi(t) k%h, b,(l’)E%’
i=1

Let p =5 and consider the following sets in GF[5, x].

o = {f(x): deg(f(x)) =
= {f(x): deg(f{x) >

It is easily verified that Q0 <z (%) = 1/4 < 1, # is a weak basis of order
3, and that (o +.4) = t(s). There are, therefore, weak bases which are not
essential components.

It should be observed that although every basis is an essential compo-
nent, it gives the impression that the higher the order of the basis the less
effect it has on the growth of the density of the sum set. In other words, the
higher the order of the basis, the less it is an essential component, The
remainder of this investigation will be devoted to the construction of a basis
4 of order h, for any h = 2, that will yield the best poss1blc growth indicated
by Theorem 4. That is

(ol +4) 2 (A (1 —1 (.c/)‘).
The construction will parallel that given by StShr [5].

THEOREM 5. Let h and k be positive imtegers with hz 2, There exists
bases Ay, ..., By, each of order h such rhar
k=1

(@) &= 3 4 is a basis of order h,
=0

1, leading coef. is 1 or 3} U 1)

i

1; leading coef. is 1 or 3} w |0].

' he1
0 where (h—1)% = Y ¥,.

i=1

(i) = (h—1)2) =

icm
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Before beginning the proof, some . notation is required. Let g(x)
1 and let J < L,. Define the operator %, by

(x)g*(x); deg(a,(x) < deg(g(x))}

r(' — Z

veS

where » ' ranges over all finite sums with veJ. The two properties of %, to
be utilized are

(i) %, (L) =GF[p, x],
(i} 4,(JuH)=%,(J)+%,(H) if JonH=0Q.

LemMmA 1. If L, is partitioned into h murually tl’lSjomr sets J°,

o J'L then
n—1 )
£ =) %9,(J) is a basis of order h.
i=0
h—1 he 1 i
Proof First note that GF[p, x]=%,(Lo)=%,(U J)= ) %,U)
i=0 i=0

— h4. Clearly any element f(x)ch# can be written as a sum in which the
summands have degree less than or equal to deg{f{x)). Thus .# is a basis of
order at most h.

k=1
Let 4, be the least clement in J and consider f(x)= ) g"(x). Then
. i=0
f(x)¢{h—1)4# so the order of # is at least h.
h=1 .
For a basis as constructed in Lemma 1, let #™ = |} %.(J)).
i=0
i#m

F™ contains no polynomials whose g (x)-adic expansions have a power
of g(x) in J™ (there are more polynomials deleted, but for our purpose, these

are the ones of interest).
h—1

LemMa 2. If # is a basis constructed by Lemma 1 and gon ‘(__JO 4, (J
ism
then
(h—1)# U — 1),
B2 s
Proof. Let f(x)e(h—1)4, then f(x Z b (x) where b;(x}& ( " for

each i. Since there are at most h—1 distinct sets J7 involved, all of the b,(x)
lie in some _#™. Therefore f(x)e(h—1)#" for some m so that

h—1

=1 < | (h=1) 9™,
T om=0)
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Conversely, #" c 4 for each m so that (h—1) 4" < (h—1).# for each
m. Thus

-1

U (h=1)" < (h—1)#

m=0

For fixed integers k = 1 and h = 2, consider k different partitions of L,
each partition containing h equivalence classes. Denote them by (JHIL 4,

0<i<k—1. By Lemma 1 we can construct &k bases,
=1

A= G 0<ighk-1.
ie= ()

k-1

Let & = % #,. Then

f=

Lt k-1 kolp-1
(=1L =th-1)(Y 4)= S (h=1)4 =Y {J h=1gm,
i=0 is=0 f=m=0
— 1 he-1

If f(x)elh—1).2, then f(x Z bi(x) where b(x)e |J (h—1)#" so

=0

that b, (x}e(h—1)#™ for some m. Thus

h=1 k-1 h~1 k=1
(h.""llff)"-—‘ U U " U }: ”,f("“'
mg=0nry =0 My g =0 e )
km\
Fix a k-tuple (mq, ..., m,,) and define % = ¥ (h—1)#"".

k-1 i=0

If there is a sequence A < () J;', then for ae A, (g(x)) does not appear
i=0

in the g(x)-adic expansion of any element of (h—1) #™ s0 no term in %
would have (g(x))* in its g(x)-adic expansion. :

.LEMMA 3. Let h, k be positive integers with h = 2, then there exist k
subdivisions of the set {0, 1,..., =1} into h murually disjoint sets [J{h: ¢
such that for any k- tuple (mn, v Myy), 0SS my € h—1

1
ﬂOJ?" # 0. '
' t k-1
Proof. Let Ji={m: Osm< ¥ —1, m= Y jh and j, =1).

=0
In applying Lemma 3, let J{ be the corresponding nonnegative residues

=1

mod (#*}. Thus the asymptotic density of ﬂ JiTis 1kt > 0.

Returning to the set %, there are no polynomlals in % whose g{x)-adic

Density and essential components in GF[p, x) U0

expansion contains any power of g(x) which lic in some residue class
mod (k). Thus

Pn(hk— 1) 1
(%)) € lim ———— = 0.

Pt

n—+r

Each of the i* k-tuples gives rise to a set of the form of % above. Thus

nihk=1) _{
t((h—1)%) < lim h* = = 0.

e
e "1

This concludes the proof of Theorem 5. We are now ready for the main

theorem.
THEOREM 6. Given h = 2, there exists a basis & of order h such that

i) r((h—l).‘?"):
(i} T(F+&F) = r(A)+-fr( (1 —t()).
Proof Let ¢(x) =oz+7(1—ac)o¢. If « is a sequence satisfying (/)
1

>a >0 and # is a basis of order h then Theorem 4 implies (s + #)
k-1

> ¢ (x). Define ¢'%(x) = 2 and ¢“* o) = (W) for i = 1. If ¥ = Z A
is the basis in Theorem 5, then
T of + L) =t{f + Ho+ Byt ..+ B_) = oW ().

To prove the theorem it suffices to show there exists k = k{h) such that
”“ (cx) > a+32(1—a). We shall show k = h is a sufficient choice for k.

@™ () = o'(2) + Z( 41 () — w(ii(a))

(0) m)_l_h 2 (p“)(oc)( (1)( ))

i=0

If " (2)(1— “’(cz))}—oc(l @) for any i, 0 <i<h we are done since

(' ()} is an increasing sequence bounded above by 1. Assume there is

n i, 0 < i <h such that ¢%'(2) < 3$a(l—a). Then
a(l—2) € 2(1—2)— " (@)1~ ") |
= (" (@) —at) | o) + 2= 1]
< 0™ ()= < oM (o) —

Thus «+4x(1—2a) < " (x) as claimed.
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Sommes de carrés de polynémes irréductibles dans F,[X]
par

MireiLLE Car (Marseille)

L. Introduction. Soit F, le corps fini & ¢ éléments, g étant un entier
impair, et F,[X] l'anneau des polyndmes & une variable sur le corps F,.
Certaines anal()gles entre les propriétés ar1thmet1ques de l'anneau F,[X] et
Panneau Z des entiers relatifs ont && mises en évidence. En partlcuher en ce
qui concerne larithmétique additive les problémes de Waring ([13]) et de
Goldbach ([10]) ont été étudiés, et plus particuliérement, le probléme de
Waring pour les carrés ([3]-[91). Il est démontré dans {7] que tout
polyndmes de F,[X] est somme de trois carrés sans que on ait une
limitation des dcgres des polyndmes intervenant dans cette somme. Cem
conduit 4 introduire la définition suivante:

Si M est un polynéme de F,[X] de degré 2n ou 2n—1, toute solution
(M, ..., M) de-I'équation

(E) M=M 4 ... +M;

en polynémes M,,..., M, de degré au plus égal a n, est appelée
représentation restreinte de M en sommes de k carrés, On a une estimation
asymptotique du nombre R, (M) de ces représentations restreintes (cf. [17),
qui momntre que, pour k = 4, tout polyndme de F,[X] de degré assez élevé
admet une représentation restreinte en somme de k carrés, et que, pour
g =53, tout polynéme de F,[X] de degré assez ¢levé admet une
représentation restreinte en somme de trois carrés. On: peut aussi démontrer
que pour g # 3, tout polynéme de F,[X] admet une représentation restreinte
en somme de trois carrés, et que tout polyndéme de F;[X] de degré différent
de 3, admet une représentation resireinte en somme de trois carrés, [12].

On <'intéresse ici aux sclutions (Py, ..., P,) de Téquation (E) en
polyndémes irréductibles P,, ..., P, satisfaisant aux mémes conditions. de
degré, et au nombre I, (M) de représentations restreintes du polynéme M en
somme de k carrés de polynémes irréductibles. On obtient, pour k = 5, une
estimation asymptotique des nombres I,(M) qui montre que, pour g = 3,
tout polynéme de F,[X] de degré assez élevé admet une représentation
restreinte en somme de k carré de polynémes irréductibles, et que, pour



