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A construction of convolution operators on free groups
by
TADEUSZ PYTLIK (Wroclaw)

Abstract. For a non-commutative free group G and for any p, 1 < p < oo, we construct a
no?negative function f on G which by convolution defines a bounded operator on [?(G) but
unbounded on [#(G), g # p.

Let G be a discrete group. A complex function f on G is called a
convolution operator on IP(G), 1< p < o0, if f*g belongs to I7(G) whenever
gel?(G). The set C?(G) of all convolution operators on [?(G) equipped with
the operator norm

M, = sup [If+gll,

lfgllp<1

is a Banach algebra, We note that C!(G) and C"‘(G) both coincide with the
algebra /' (G) and that feC”(G) if and only if' f*eC¥ (G), where 1/p+1/p’
=1, and f* is the function on G defined by f*(x) =f(x"1).

The aim of this note is to prove the following

THEOREM. Let G .be a non-commutative free group and let 1 <p < .
There exists a non-negative function f on G such that fe C*(G) but f¢ C*(G) for
1<g<oo, q#p.

Remarks. 1. The theorem is motivated by a result of Lohoué [3]. For
any p, 1 <p<oo, and any connected semi-simple Lie group G he has
constructed a positive measure y on G which by convolution defines a
bounded operator on IP and unbounded on I for g # p.

2. It is known that for an amenable group G one always has
CP(G) = Ci(G) for 1< p<qg<2or 2€g<p< o ([2], Theorem C) and
that a non-negative function f belongs to C*(G) if and only if fe I G) ([1],
Theorem 3.2.2), which is in sharp contrast to the theorem above.

We start the proof of the theorem with the following two lemmas:

LeMMA 1. Suppose f and g are two functions on.G such that for x,, x3 in
the support of f and yi, y, in the support of g the equality x, y; = Xz ¥2
implies x; = x, and y; = y,. Then

L/ *gllp =11l llgll,, 1 <p<o0.
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The proof is obtained by a simple verification.

LemMa 2. Let G be a non-commutative free group and let a and b denote
two of the free generators in G. For a pair (m, n) of natural numbers let f,, .
denote the characteristic function of the set

{@b* i=1,2,..,mk=12..,n}
Then '
mPp4mnt P,

m' 1 | fonlllp <

Proof. For r = n define the function

1<p<ax.

— 1
gr=r ”’Xu;k: k=1,2,...r}

(we use the notation y, for the characteristic function of a set 4 = G and &,
for y,). Then g, =1 and

fm.n *g, =nr” 1 Xiaivk: i=1,2,...m; k=0,1,2,...r—nj*

Therefore
“.fm.n *gr”p = ml/Pn(l —(n_.l)/r)l/l,
and so ‘
M fmallly = /P

To show the second estimation we let g to be any function in 17(G)
with ||gll,.= 1. For a given integer j define g;(x) = g(b~1x) if the first letter
of the word b~/ x is neither b nor ™! and put g;(x) = 0 elsewhere. The func-
tions Jy*g; have pairwise disjoint supports and g = Y 8pi%g;. Thus

y J
leg,“g=|lg”§=1. Let also ¢ be the characteristic function of the set

J
ld:i=1,2 ..., mJ We have

Junxg = .Z 2 p*d-1xg;

i=1 j

=Y oxgi+ Y 0x3y% Y giuy,
i=1 Jj#0 i=1
thus
. " "
”fm.n*g”psnz V’*g,”,,-i—”Z ‘P*‘SIJ* Z gl+J”p'
i=1 J#0 i=1
But

13, o+oll <ol [ ol < m(5 o)

<t~ (3 gl < mnt =1,
i=1
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Also the functions ¢ %5, * Z gi+j» J #0, have pairwise disjoint supports,

thus .
n ‘ n
|2 ex0i* Y gisiflo=2 lo*(i* X gisillr
%0 i=1 j#o i=1

n
and since ¢ and 8, * }: Gi+j» J # 0, satisfy the assumption of Lemma 1, we
i=1

have

n . n
|| PIEZTEDY ymllﬁ =Y “‘P“ﬁ“‘sbf ) 9i+1“£
/%0 =1 j#0 i=1

=m Z “Z gj+,”p mn?~ 1 Z Z llgi+illy <

All these together give

I fonn %4l < MM 0 mnt = 1P,

Therefore

M Sl = e, | fonn % gll, < Pt =P
9llp=
and the lemma follows.
Proof of the theorem. We start the proof with a simple observation

that for non-negative functions f; and f, on G

lI17; +£3lllp = max {1 filllp, L2lla}

Thus f; +f, belongs to C?(G) if and only if f; and f; both are in C*(G).

Fix an exponent p and choose two sequences my,n, of integers and a
sequence o of positive numbers such that the sequence o, mi/4n, is unbound-
ed for every g <p but the series

1<p<o.

«w
Y o (M ny+my ny ~1%)
k=1

is convergent (put for example my, =2 n, > 2% and a, = k™ 2m *Pn;t).
Also define a function f; by

0

fl = Z akfmk.nk’
k=1

) @
where f,, , are the functions from Lemma 2. Since the series Y il fmemllly is
k=1
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convergent, f; is in C?(G). On the other hand, since all functions o, f,, n 8T
non-negative,

i fillly = sup %l fommllly =

for all ¢ < p and so f; ¢ C(G).

For the exponent p/, where 1/p+1/p'=1, let f, be a function con-
structed' in the same way as f; with p’ in place of p. Then f%e C?(G) but
f3¢C?(G) for g > p. Consequently the function f=f; + /% has the property
claimed in the theorem.

CoroLLARY. Let G be a non-commutative free group and let 1 <p
< o0, p# 2. There exists a non-negative function f on G such that the
operator g —f*g is bounded on [P(G) but the operator g — g*f is unbounded.

Proof. The operator g —g=*f is bounded on I7(G) if and only if
f*eC?(G) which is equivalent to feC”(G), where 1/p+1/p = 1.
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Analytic vectors and generation of one-parameter groups
by
JAN RUSINEK (Warszawa)

Abstract. We give a Hille-Yosida type condition for an operator to generale a one-
parameter strongly continuous group on a Banach space, in terms of analytic vectors of the

- operator.

Introduction. Let E be a Banach space, and A a linear- operator on E
with domain D(A). An element x in () D(A" is called an analytic vector for

n=1
A if for some t >0
o tn
¥ = |lA"x| < +o00.
n

n=1

By a standard spectral projection argument one easily proves that the
self-adjoint operator on a Hilbert space has a dense set of analytic vectors.
Conversely, a result of Nelson [4], Lemma 5.1, states that the symmetric
operator on a Hilbert space, with a dense set of analytic vectors, is essentially
self-adjoint.

The main objective of the present paper is to establish Banach space
counterparts to the above assertions. Our starting point is the observation
that the skew-adjoint operators coincide with the generators of one-
parameter strongly continuous unitary groups (Stone’s theorem). We ac-
cordingly shift - attention from self-adjoint operators to generators of one-
parameter strongly continuous groups.

The generalization of the first assertion is routine. Indeed, given a
Banach space E, if A generates a one-parameter strongly continuous group G
on E, then for every xeE

Jkim [ exp(—kt?)G(t)xdt - (k> 0)
R

is an analytic vector for A which tends to x as k — +co; accordingly, A has
a dense set of analytic vectors.
The generalization of Nelson’s result is much more involved. It takes

the form of the following
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