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On the asymptotic behaviour of the solutions
of an n-th order difference equation

by J. Poprenpa (Poznan)

Abstract. In this paper asymptotic formulas for the solution of certain classes of difference
equations of n-th order are presented.

In this note we consider the non-linear difference equation of the form

(l) Amyn+F(n’ Vns Yn+tse-s Vnem- 1) = bm

where F: N x R™ — R is continuous on R™ for each fixed neN, b: N>R N
= {ng, ng+1,...}, where no > 0 is a given integer. The results presented here
are generalizations of those contained in [4]. Similar problem for differential
equations was investigated by Hallam [2] and Marusiak [3].
Here y,=y(n), b,=b(n; by Ay, we denote the difference A4y,
=Ynr1—Yn and we write Ay, =A4(4*"1y,) =41y, -4y, k
=1, 2,...,m, 4%, = y,. Throughout we assume that the function F satisfies
the mequality

(2) IF(ns zla 221-"5Zm)| SB(", ,le, |ZZ|"'-a|zm|)a

where B(n, z,, z,,...,2,) 1s continuous on R™ for each fixed ne N and such
that for neN and z, >0 (k=1,...,m) we have

(l) OSB(H, 21, Zz,...,:,,,)SB(n, 2_1, Ez,...,fm) fOl‘ :kgfk, k=1,.

(i)  B(n, a,zy, 4225 Qpzy) < Ala,)B(n, z(, z5,...,2,) for a,=2¢ >0,
. . | ds
where A: {¢, ) = R, 1s non-decreasing and m = L.
0<t

We first recall some useful lemmas.
Lemma 1. Let {F,}, !Q,} are non-negative sequences, !Q,} is non-

x

F,
decreasing, Q, > 0, neN, hm Q,= o and Z— < x. If there exists a se-
no
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quence {B,}, 0 < B, < n such that llm B, = oo and lun Q[M(Q,,) t=0, then

1
JLI&E’&ZHOF" =0

Here the symbol [f,] denotes the greatest integer not exceeding f,. For
the proof see [4].

LEMMA 2. Let v,= 0 be a sequence such that, for some n = ny, 4v, >0
and lim v, = . =L, then ljm—=L.

n—+@ n—® Un n—+o U"

For the proof see [1].

The following lemma is the discrete version of Gronwall’s lemma.

LEMMA 3. Let the function B satisfy (i), (i1) for m = k and suppose that the
non-negative sequences {u,,}, {v,} satisfy the following conditions:

(a) un+k n+k[c+ Z B(]’ jo - j+k 1)] 0 < ¢ = const,
j=ng

(b) Z B(j, vj,...,0j4x-1) < 00, where k is a given natural number.
j=ng

Then there exists a constant M > 0 such that u, < Mv, for n > ny+k.
Proof. Denote

d,=c+ Z B(, uj,...,ujsx-1), neN.

J=ng
Then (a) can be restated as follows:
Upix S Upiid,, neN.

From the conditions imposed on B we obtain

Adn=B(n+1aun+1"“ n+k)<B(n+1 vn+1dn+1 ks - n+kdn)
S B(n+15 vn+1dm n+kdn) A(dn)B(n+l Upyts-- n+k)a
nz= n0+k—l.

Dividing the last inequality by A(d,) and using the monotonicity property of
the integral operator we have

dn+ 1

ds ad,
J‘ A(S) ( ) B(n+l Unt1se- ’vn+k)'

Summing the last inequality from n=ny+k—1 to n=n—1 we obtain
d, '

ds n-1 .
J ms Z BG+L tjsisntyrid = Z B(, vj,-- s Vj4k-1)-

Jj=ng+k-1 j=ng+k
dng+k-1
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Define G(z) = f— (0 <& < dpy4s-1, € 1s any constant). Hence

A(s)
dll
ds
j A(s) = G(dp) = Gdpys-1)-
dng+k—1

Therefore

dy < G ' (G(dngsx-1)+ X B, vjpsVjii-1))s n=not+k.

j=ng+k
Since G~ !, as well as G, is strictly increasing, the above inequality together
with condition (b) and

ngtk—1

dn0+k 1 =c+ Z B(j, Upy ooy Ujp g ) S

_ j=ng
give for n =2 ng+k—1

VAN

L<GHGKI+ Y B, tjrestjes ) < M.

ji=ng+k
Applying this estimate for 4, in (a), we see that the inequality
Upik & Mvn+k

is satisfied for n > ny+k.

Since u,, v, are finite for ne N, we can find a constant M such that the last
inequality is also valid for n = ny—k,...,ng,...,ng+k—1 and the proof of the
lemma is complete.

THEOREM 1. Let

3) Q: N-(0,©), 4Q: N—<0,00), Ilm@,=00
and
le Qg”l =0 for some function p: N —(0, 0)
such that B, < n and 11m B, = .
If
b,
4) lim =L#0, L=const,

n=® AQ»

m-1
(5) Z _B(J, I-[ U+k—m— "o)Qj- kn U+k—1—"o)Qj+m-x)<00s
=1

j=ng+m Qj k=

7 — Annales Polonici Mathematici XLIV.1
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then every solution y of (1) has the property

m—1

. Vn
(6) lim——=1L.
e Q)
Proof. Summing(1)m timesfrom n, to n, we obtain the following equality:
" e ng+j " om—j4m—-1
(7) Yntm = Z ( ( )Ajyn0+m ji- 1+ Z ( )hj_
j=0 j j= o m—1
" —j—1
-y ('H'm y )F(j, Yis-esVj+m—1) for neN.
i=ng
m— 1
Dividing (7) by [] (n+k—ng)Q,+, We get
k=1
yn+m

m—1
l_[ (n+k_nO)Qu+m
k=1

m—1m-1
(n+j—ng)! .
=Q ; %Zﬂ kl_ll (n+k—ngy)~! tn _n_o" Ajyno+m--j--1}*+
n+m i
" (n+m—j—1! }
1
- ——————— b,
Qn+m{JZnoknl (nt+k=no)” (m— )v(,_,). j
$ Tl rkmng O
Qn*m F=ng k=1 Ro (m—1!(n—j) U'yj""’yj+m—1 )

Hence, for ne N,

’yn+m|

m—1

[T (n+m—ne)Qpsm
k=1

m-tm-} o+ j—ng)!
Q {Z [T (n+k—=ne) L |A’_\',,,+,,0.-j._l|%+

i=0 k=1 ’(”_”n"

n m-—1 . 1
{Z [T tn+k=ng~! ntm=jz )t |h|%+

nrm "“k 1 ('”_' ]) (” I).

noom- 1 + _ —l 1
+a*% Z I—[ (ﬂ+l\ ”0) !(“ '”‘ ’—',—" “—'—I (} -‘rj""‘.".j+m—l,‘}'

e (m—Dn—)!

We now show that the first term of the above sum is bounded. Indeed, since Q is
non-decreasing and positive, we have

(Q,)"'<A — const, neN.
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One can readily see that for neN,0<j < m-1,

y (n+j—ng)!
j!(n—no)!

m-—1
l—l (n+k—n0)_
k=1

m—1

|
sj—' [l (n+k=ng)t(n=no+1)...-(n=ng+j) ... -(n—no+m—1) =5
c k=1 .

Therefore, it follows by the finiteness of Afy,,0+,,,_j_l,j =0,...,m—1 that

Q‘m{i TT (n+k—no)- (" ';°*’)1Afy..o+,,._,~-ll}

j=0 k=1

rn—ll

< A% Z ﬁIAjyn0+m—j—l|} = Cl

i=oJ:

Now, we estimate the second term. Observe that for no <j<n

m-—1
(n+m—j—1)!
nt+k—ng) ' —m—m—--—-x1.
kl:[l( (n—j!
Hence
_(n+m—j—1)! 1
(n+k—ngy)~? - b,
Q..+m,z,.o kl_[l o (n—p! (m—l'|J|

1
(m_'l) Qn+m_}Z ' Jl 1)'Qn+l JZ | Jl

From Lemma 2 it follows that

S Iby

j= Ihn+1|
lim =% — = lim —"—
n=u Qn+1 n= AQn+l’

and by (4) we obtain the boundedness of the second term. Applying condition (2)
we have

lyn+m|

m—1
[T (n+k=n0)Qnsm
k=1

n m-—1 ’7+I( ]) l }
sC FUo Voo Viom-
QH+M%J nur\[—ll (”+k no)( ])'l (‘] Vi Vi+ l)l

1 “ 1 ,
<C+ % B(]v ij|v"'9|yj+m—1|)$

Qn+m j=n0("l— 1)'
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\C+ B(]’ Iyls)lyj+m—ll)
j—zuo(m_l)!Qj+m !
\C+ Z ( _1 Q (]s |y1|a 'yj+m—1|)'
i

From Lemma 3 it follows that for ne N

m-—1

(8) |yn+ml < M I—[ (n+k—n0)Qn+M'
: k=1

Summing (1) from ny to n and dividing by Q,,, we obtain

Am—l n 1 ~ n n .
o =5 Yns 1 =5 " et T b= T F Gy v Yiem- 0},
n+1 n+1 j=ng Jj=ng
neN.
Am—l n
It is obvious that lim ) © = 0. By Lemma 2 we have
n—xr a+1
Y b
10) im0 = ..
( = Qn+1

We show that the third term on the right-hand side of (9) approaches zero as
n — oo. Using estimations (8) we obtain for ne N

Z IF .’ y_p 1yj+m—l)|

Qn+m1
n0+m—1 1 n
S = z lF(J’ yj""ayj+m—l)|+_— Z B(], ij|’°'°’|yj+m—l|)
Qn Jj=np nj=ng+m
n0+m—1
Z |F(.’s ij--‘-ayj+m—1)|+
Qn j no
1 m=1 )
+— Z B(j, M H(; m+k—ng) Q... M [] G+k—1=n6) Qs pm-1)
Q'l_l ngtm k=1
ng+m- 1
< — Z ‘F(.’a yjs~°"yj+m—l)|+
Q” Jj= L0
A(M) ‘
Q z B(’ l—[(]+k m-—ng Q_;s 1—[(]+k 1 nO)Q1+m l)
n j=ngtm

The first term approaches zero, since the sum is finite and lim Q, = co.
So does the second one, by (5) and Lemma 1. e
This together with (10) completes the proof.
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Remark. Observe that
m-1

[[ G+k—m—no) <(j—1—ngy" 1 <1,
k=1

and so we can use the following stronger form of assumption (5):
a 1 . m— i ~— .
Z é_B(]’j le""s(J+m_1) 1Qj+m—l)<w'
Jj=ng ¥j
Let us specify certain types of sequences for which assumption (3) holds.

CoROLLARY. If, under the assumptions of Theorem 1, Q, = n®v,, where
a >0,

Av,_
lim nv—:i=c —const, c# —a—k, k=1,2,....m,
n~— o n
then
Amk L
(11) lim — Y k=1,2,...,m.

Un-k+1 L= ’
" [l @+i+c)
i=1

Proof. For k=1 we obtain the thesis of the theorem. Let (11) be
fulfilled for k=1, 1 </<m-—1. We prove that it is also true for /+1.
Observe that by the assumption on v we have

4
lim == = 0.
R Uy
Hence
Ao, _ Adv, . 4v,_
(12) lim n-—2r=" — Jim {(n—l) Onzt 4 l}=c.
‘ e Upogey  AT® Un-1+1  Un-i1+1

We now show that the sequence a, = n**'v,_; fulfils the conditions of
Lemma 2.

By (3), v,_; >0, and since n is a natural number, a, > 0. By the
assumption of Stolz” Theorem there exists a number N, > n, such that for
every n > Ny, 40, > 0. To prove the monotonicity of a,, let us rewrite a, in
the following form:

n¢+l na+!

(n*[)avn—l = -—_Qn—t'

~ (=D (n—1F

a,

The function f(x)=x**!/(x—1* is strictly increasing for x> !> 1, and
lim f(x) = co. The sequence a,, n > max [Ny, [], i§ strictly increasing and
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tends to infinity, hence it can be used in Lemma 2. Assume that (11) holds
for k=1, ie.

l' Am—ly’l L
im = .
n— na+l-lv _ -1
! LT e+j+o)
j=1
a+!
Furthermore lim — 7= =a+1.

n~: N
According to the above and (12), we obtain
Am—(l+l)y

Am—ly
lim ———— = lim "
nes s na+lv”" n— x v,,_,+,An”'+n”'Av,,-,
L
Am—ly -1 )
a+i—1 . l—[ (a+]+c) L
- lim n vn—l+1 =]=‘. =
n— x Ana+‘ AU"_; ot+l+C ! . ’
et [T@+i+o)
n Up—1+1 i=1

ie, (11) holds for k =/+1, which completes the proof.
Let now Q, = ¢*"v,, where

limAv;+'=c—const, c#eé*—1;
then

Amk L
(13) lim Yo _

’ ’\=l, 2,... m.
=1 &",_ sy (€—14c)f! ’

Proof. Analogously to the preceding example, we see that is (13) valid
for k = 1, and assuming its validity for k =1 < m—1, we prove that it is true
for k =1+1. Using the same argument as before, we have
Am—(l+ l)y

. ) Am—l
lim ——— = lim Y
n=y e,y n=x Uy e+ e,
Am—ly'l L
- fm Up141€™" =(e"—1+c)"1 L

nex Aeé*"  Av,_,
ean

F—1+c  (@—1+o"
Up— 141

since lim prr =¢"—1 and the sequence
n—z:s

vll = eanvﬂ—l = ealea(n_“vn_l = ecl Q’l_l
fulfils conditions of Lemma 2.
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THEOREM 2. Suppose that the conditions

(14) Y bl < x,

Jj=ng
(15) Y B(. " . (+m—1)" ) < %
J=ng

are satisfied. Then every solution y of (1) has the property

A™ 'y L
(16) lim —— = , m>=121, L=const.
n— s H( k) (=1
k=0

Proof. By the same calculations as in the preceding theorem we obtain

et m m-lm=1 _(n+j—ng)! .
=1 Vs o < Z [T (n+k=—ny) IWT(;{MJ}’"O’W‘J‘A*-
[ (n+k=ny) 70+ ' o
k=1
-1
o _y(n+m—j—1)!
+ (n4+k—ng) 1———|b|+
B T T
-1
o _ (n+m—]—l)! .
+ n+k—n)l .IF s'vam'—n
,--Z,.Okr-ll( ) m=)in—pt Y o
<C+ Z _1)'3(] yils-- s e m=1)s
Jj= "0
or, equivalently,
m-—1 n 1 .
Iyn+m| < I_I (n+k—n0){c+ Z —B(l, |yj|v'-a|yj+m—1|)}v
e i 5o (m=1)!
neN.
We may now apply Lemma 3, from which by (15) we get
m— 1
(17) Iyl € Cy [] (n+j—m—ng) < Cyn™™ ' for n = m+n,.
i=1

Summing from n, to n we obtain

(18) A"y =A™y Vng T Z b_i‘ z F(, ¥js--s Vit m-1)-

Jj=ng j=ng

By (14) we have

(19) lim Y b =L,.

Il-'l’. ng
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We show that there exists a finite limit

n
’}En Z F(/, yj,-.--ayj+m—l)'

© j=ng

Observe that by (17) and by the preliminary conditions on the functions F
and B we have

n n0+m—1
(20) Z IF(,s yj"'-ayj+m—l)| < Z IF(” yja--"yj+m—l)|+
j=no j=ng
+ Z B(]a |yj|"“,lyj+m-1|)
j=ngtm
ngt+tm-1
< Z IF(I’ yja-'-’yj+m—1)|+
. j="0
n m-—1 m-1
+A4(Cy) Y B(, [l +k=m—ng),..., [] (+k—1=no))
Jj=ngtm k=1 k=1
<L,.

Therefore, combining (18),(19) and (20), we obtain lim 4™~ 'y, = L, i..,(16) valid

n—2®
for I=1.
An inductive argument will be used to show that (16) is valid for 1 <! < m.
We assume that the statement is true for / < m—1 and consider the statement
with the integer I+ 1.
First observe that

-1 -1 -1
AT (n=ky=[] n+1-k) =[] (n—k)
k=0 k=0 k=0
-1 -2
— 4 1) [] (4 1=K —(n—1+1) [] (=)
k=1 k=0

1-2 1-2 -2
=m+) ] (n—k)—(n—1+1) ] (n—k) =1]] (n—k),
k=0 k=0 k=0

-1
‘and that the sequence [](n—k) is strictly increasing for n>[/—1 and

k=0
-1

lim [] (n—k) = co. Hence, applying Lemma 2,

7O k=0
m—(+1) m—1
lim 22 = lim =%(1—L1)v =z£:
[1(n-k) [1(n-k) -

k=0 k=0

and the proof of the theorem is complete.
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THEOREM 3. Let

O

(21) Z j"'_llbj| < 00,
J=ng
(22) Y " B(, L+ m—1)"1) < oo
i=ng

Then every solution y of equation (1) has the property

(23) Z (): a*Lynt "'+ L, +0(1),

i=1 j=1

Li=const,i=1,..,k—-1, k=1,...,m,

where al* is given by the recurrence formula:

p—1
ab* = i—p+1!'Y a'biZi,,, 1<q<p<k,
q (k p)|z( p ng p+1 q p
1
ko
ag _(k_p)!a p<k9
(p—r-1t4p_,
b:_r= (p+1)! , —l<r<p,
where
AP, =1,
(21—1)(”+1 0 0 (”)
1 )
1 P P
o) enf) o ()
Ab_, = ( ) 2 ( )1 1 )
el @) @) - ()
r+1 r r+1
0<r<p,
pt1

b§ = bg(ne, k, p) —(no+k—1 Z bP(ny+k)".

Proof. Observe that (21) and (22) yield (14) and (15), respectively.
Hence Theorem 2 implies that every solution of (1) has a finite limit of
sequence of the (n—1)-th differences, ie, lim 4™ 'y, =L,. By a similar

n— o
argument as in the proof of Theorem 2 we see that there exists a number C
such that for ne N we have |y,| < Cn" L.
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Summing equation (1) from s to n we obtain

n n
Am—lyn+1 = Am-lys+ Z bj_ Z F(.Ia yj*-"’yj-*m—l)’

j=s Ji=s

and hence
A"ty = A"y - Zb +ZFJ ViseoesVism—1).
Passing with m to infinity we have
(24) A" 'y, =L, — i b;+ i F(j, ¥j»-- s Vj+m—1), HEN.
=s  j=s

The convergence of series (14) and (15) implies

im 3 by =0 B S FG Sy tyeme) =0

j=s

since

IZ F(.” yj"'~:yj+m—l)| g |F(]a yp syj+m—1)|
i=s

Il aok

.
1l
P

MR

B(.’ I.VJL ’lyj+m—l')

.
1]
w

Mq

B(], G L., Clj+m=1)" 1)

-
Il
»

<A Y B, /"t (j+m=1)""1) < oo,
j=s

and hence

4™ 'y, =L, +o(1).

We see that the solution has property (23) for k = 1.
Now we prove the following formula:

k—1 i X rin _
25) A"y = S (Y @A L) i+ Lo+ (=1 Y (’ + l’)b,.+

i=1 j=1 j=n k=1

- (j—n+k—1
R

P
where n 2 no+k—1, k= 1.

)F(jo Yjv"’yj+m—1)v

For k = 1 formula (25) reduces to (24). Assume that (25) holds for kK < m; we
prove that it is also true for k+1. Summing (25) from no+k—1 to n we
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obtain
n k-1 &

(26) Am_(k+1)yn+1—Am-(k+l)yn0+k—l = Z (Z Z a_i,"ij) <t

l‘n0+k 1 i=1j=1

T R N

I=ng+k—1 I=ng+k—1j=1

+(_1)k+1 Z Z(J k= ) (.’a ,Vja'“’yj+m—1),

[=ng+k-1j=I

n2nyg+k—1.

To begin with, we examine the first term of the above sum:

n

n k-1 i
(27 Yo YY)k Y L, nznetk—1, k=2

I=ng+k~-1i=1 j=1 I=ng+k—1

At first we observe that

n pt1
Z [P = Z b?(n+1Yy.
l=u0+k—1 r=0
Let us write
j=1 ..
di =L, for I <k<n.

Then we can rewrite (27) in the form

n k-1
(28) Z Z d,!‘l""'+dﬁ(n+1)—Lk(no+k—1)
l=n0+k—1 i=1
k-1 n .
=Yd Y Fipdin+)—L(ng+k—1)
i=1  I=ng+k—1
k-1 k—i+1 i
=Y di( ), b i(n+1))+di(n+1)— L (no+k—1)
i=1 r=0
k-1 k—i+1 k—1

=Y di( )Y bi(n+1))+di(n+ 1)+ Y dibly =L (ng+k—1)
i=1 r=1 i=1

k i k-1
=Y (Y BB )+ Y dib T = L (np+k—1).

i=1 j=1 i=1

Now we show that the following formula holds:

(29) Z dibrioi=dY for i=1,..,k, k=1,..,n-2.

107
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For k=1, i =1 we obtain
1
Z aj?L;=aj?L, =L, =dibY = ) d}b;Z].
j= j=1
Now we prove (29) for i = k. By definition we have

& .
k+1 __ k,k+1
dl( = 2 aj Lj

k—1 1 k—1

=L S -

I T R M

k-1
S at —————+ Lal**!
o st

1 1 1 . lk 1
IR R AL, &AL+ L

k!jglaj J+( 1)| Zaj +. 2|jzl i L

k—1 1

=Y df———+dibY = ) dib\.
jgl T(k—j+1)! Z
Let now i < k—1. Observe that (29) is equivalent to the following equality:

i-1
(30) k+1=iNd* ' —(k—=i)1d* = (k+1-i)! Z b, izl

j=
Assume that (30) holds for some k =s—1 and k < s—1. We prove that this
equality is true for k =s. By definitions we have

za,mL, (S—_HI——)-L+Zas“L
=(S+11_i)!L,-+(S+l _r z(p+1—z)'lzl(r21a”l~r>bp+x '

o P T R Z(p+1—:)'zdpb,,+. iy
(ﬂ;—)mzwbﬁ, T Z(p+1—z)' Z drbrsi
S )'d‘+2 b4 .+(1—l), Y ap—itdr

=(G+—1IT)|‘1'+ Z G- ((+1l)i‘§r‘(s+‘1i:—i)!

1

(S+1 d+]zdbs+1 i Zdbs+l —i
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We shall prove that the series occurring in formula (26) as the third term on
the right-hand side converges. It easy to see that

j— no+ l k + 1 k -k
< — -
( k )\ k! iﬂ)ﬁih(;‘)J ’
consequently,

= j—ng+1
Z (J no )bj <
j=ng+k-1 k

Analogously, for j > n,

()< et A (e

k

k+j

from which, applying (21), we see that the sum Z ( i )bj tends to zero,
ji=n

as the remainder of a convergent series. To conclude this part of the proof it

suffices to observe that

j=n§u_l.-§j(k_lji_j)b"
R R ey A A I

ad k+i—ny—k+1 = (k+i—(n+1)
SN G Lol G

Similarly, we get

Z Z( e p) Us Ypseeos Vyam—1)

p=ngt+tk—1j=p

@

j—ng+1 ) X (k+j—(n+1) )
= Z ( ° )F(]s yj,"'syj+m—l)_ Z ( )F(h yj"'°’yj+m-l);
j=mo+k-1 k j=n+1 k

and by (2), according to the previous remark,

i j—ng+1 .
Z ( ° )F(]3 yja"'ayj+m—l)
1

j=ng+k= k
k+1 k d s

<7 max () Y *BG. yeees Ve mar)
k! i=o,.., klj=u0+k-l

k = &}
< A(C)E.maxk(_) Y B, (+m—1)" ) < c0.

1V j=ng+k-1
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e (k+j-
We remark that the sum of the series ) ( i n)F(i, Vjs-->Yj+m—1) tends to

zero with n — oo. I=n
We can write (26) in the form

k i
A”"(k+"y,+1 — Z (Z a}"‘“Lj)(n+1)"““+A"""‘“’y,.o+k-1+

i=1 j=1

. ik k—i X - j—no+1
+ T (Y LB L +k—D+(=1F ¥ )b+

i=1 j=1 j=ngtk—1 k

e f—no +1 )
H-D Y (’ "o )F(J,Yp---,)’j+m-1)+

j=n0+k—l k
T k i l
GVl W (R T
j=n+1 k

s k+j—(n+1) .
+(—=10}*2 Z ( . )F(},}'j,...,y'j+m_1), n2ng+k—1.

j=n+1>

Il we put

k-1 i
Loy = Z (Z “;‘ij)hg-i—Lk(”o‘Fk"1)+Am—“+”}’no+k—|+

i=1 j=1

+(— 1)k Z (j—":+l)bj+

j=ngtk-1

. d j—ng+ 1 )
(=1 Y (j "o )F(J,y,-,-..,y,~+...-1),

j=ngtk-1 k

and replace n+1 by n, we obtain

k b4

Am-(k+l)y" — Z (Z aj"k+]Lj)nk+l—i+Lk+l+(_l)k+l Z (k+j—n)bj+

i=1 j=1 j=n\ Kk

- L (k+j—n )
+(_I)R+ZZ( . )F(], yj,...,yj+m_]), n>n0+k.
j=n

Hence, formula (25) is valid for £+ 1, and the inductive proofl of this formula
is finished. Since the second and the third term of (25) tend to zero, we
obtain (23).

As an example illustrating the presented theorems we consider the
difference equation of the form

A%y +ayn =b,, neN.

The theorems cannot be applied in the cases of p < 0 (there is no function B
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for which (i) holds), and p> 1. In the second case we have f ds/ A (s)

= [ ds’s" < % and therefore condition (ii) does not hold.
) m-— 1
The same remark concerns the equation 4™y, + Y. alyy’ = b,, under the
same condition on at least one of the p;. j=0
Let now p;e(0, 1), j=0,1,...,m—1, and let there exist non-negative
constants a* and a sequence {c,} such that |d¥ < d*c, for ne N. Take Q, =n
for all neN. If '!1_12 b,=L#0 (condition (4)), ¢, are such that

Y, m-—|

Y l,cj Y a*(j+ k™" < oo (condition (5) in the form given in remark),
j=ng+ml k:lg Y A"‘"‘y
then lim——=— =1L (from (6) in Theorem 1) and lim ——

n—x n n= R

= Lk!,

k=1,...,m (from (11) in the corollary). Let now h, be such that Z bl <o

i=n
m-—1 0

(condition (14) in Theorem 2) and ¢, such that ¥ ¢; ¥ a*(j+k™ ™ " <«

j=ng k=0
m—1
(condition (15)); then Im = In =”_”', m>=121, L=const
n—k |

(Theorem 2). l—[( =k

Let h, be such that ) " '|h| < v (condition (21)) and ¢, such

Jj=n
m—1 0

that zj'”“cjza"’(j+k)"“'"_”<~f. (condition (22)); then 4™y,
j=ng k=0

-1 i

= > (Y d*Lyn* i+ L,+o(l), Ly =const, i =1,...,k=1; k=1,..,m; a}*
i=1 j=1

are defined in Theorem 3 (this follows from Theorem 3).
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