206 F.F. Zeludevic
festgestellt, wie im Lemma 5 (siche auch [17]). Wir handeln weiter wie beim
Beweis Lemmas 7. Und ndmlich haben wir

a,=T+{M—-wn—g, =T+(M—
Wenn die panze Zahl r, 1 <r <

u}naau"‘l+kM_u< kM—u'
M —u—1, existiert, daB
(33) Qyyr—q < kM“*u -.“; Dyt

50 neh-rnen wir an, dall k., = @y, —ky—utkyu-,. Und weiter arbeilen
wir mit dem System (28) und den Gebieten

M~u M
TP= H TP(ru—év) H '(/P(ru—(su)a
p=1 v=M-y+1
wo G,=k,, v=12,..., M—u—r—1, Sy_uc, =Kyuner Osr—y =ka-
4, = 0 fiir iibrige veV ‘ ’ "o e

Wenn (33) nicht gilt, so sind dann
k, Zky_y> oy = T+n> 8, =(T+n){M—u}" !,
6,=0, v=M-u+l,.., M

Das Theorem ist ganz bewiesen.
Zum SchluB} des Artikels bemerken wir, da man das Theorem auf den

Ring S-adele beliebiger endlicher Korpererweiterung der rationalen Zahlen @
verallgemeinern kann.
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ACTA ARITHMETICA
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Ideal class groups of cubic cyclic fields

by

Suin Naxawo (Tokyo)

In this note, we apply the basic lemmas in [2] to the proof of a result
on the ideal class groups of cubic cyclic fields, which gives a better
estimation than Uchida [3]. We shall prove the following

TheorEM. For any given natural number n, there exist infinitely many
cubic cyclic fields whose ideal class group contains a subgroup isomorphic to
(Z/nZ)*. '
' We fix, throughout this note, a natural number n (> 1). Let % be the

set of all prime factors of n and put y = []1% For a number field k, denote
les”
by k* and W, its multiplicative group and the group of the roots of unity

contained in k respectively. For a natural number v and a prime p satisying

.= 1.(mod v), denote by the vth power residue symbol modulo p.

The basic lemmas in [2] are the following
LEMMA t. Let K be a number field of finite degree, r be the free-rank of
w,e K* (s> r) satisfying
the following conditions:

(i) (x) = & for some ideal q of K (1< S s),

{ii) oty,..., o are independent in K” /W KX for any le &.

Then the ideal class group of K contains a subgroup isomorphic lo
(Z/nZy""

Lemma 2. Let £(X) be a monic irreducible polynomial in Z [X] ¢ bhe a
root of f(X), K=0Q(0) and suppose there exist rational integers A;,
C (1i<s) such that

(W) f{4)=4+C (I<€igs),

(i) (f"(4), C)=1(1<i<s).

Then the s elements oy =0—4; (1 <
Lemma 1. Moreover, if there exist te Z and primes py,..

1 Lo (W
where M = []1 “AIWKD o that
te

i < 5) satisfy the condition (1) of
o b= 1 (mod M),
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{it) f()=10, /() #£ 0 (mod py (1 <igs),
(iv) (HAj)=l,(£—:ﬁ)#l (Igj<igs, le®),
! !

i i

then oy, ..., o satisfy (i) of Lemma 1.

Remark., If K is not totally imaginary, we have Wi =141,
consequently M =5, or 2n, according to » is odd or not.

Proof of the theorem. Put I =0, —1, I, =2} and n, =n or 2,
according to n# 2 or n=2(mod 4). We starl with the following

Lemma 3. For each i I there exist infinitely many primes p; congruent to
U modulo n, such that

(n (E:i) # 1, (r—ﬂ) =1 (j#i jel, le ),
P )i Nl
e+ Dt -1t +2)
) ( tt+1) ) -1
Pi W ’
and
(3) [P e )

Jor some rational integer t.

o Proof. Let F be the cyclotomic field of the ny-th root of unity. We take
distinct five prime ideals o, ¢ (iel) of F prime to 6. Let Asq—q® and
Are g—of (ie]) and choose a solution TeF* of system

IT= —1+4 (mod g3,
T=i+d;,{mod o) (ich)
of congruences. As each of q, g is prime to 6, we see that for i, jef
ord,(21+ 1} =1,  ord(T-j) =0,
ordw(.?T—i—l) = (), ord, (T—j) = §;;.

So the tive numbers 2741, Ti (ie I} are independent in F*/F>! for any
le #. Il we put

T+ 1IT-D(T+2)\" T )

then E; is a cyclic extension of F of degree ny and E; n (E ITE)) = F for each
) _ i#l

fel. Thus, by the density theorem, we can choose infinitely ‘many prime
ideals p; of F of degres 1 which do not divide 2(T*+ T+ 1) and are inert for
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E; while decomposed completely in E[]E;. Put p,=p,nZ and take a
f#i
rational integer ¢ congruent to T rr{odulo p; for all iel. Hence p
= 1 {mod n,) and the pair (p;, 1) satisfies (1}-(3). This completes the proof. @
We now prove the theorem. By the above lemma, we can take distinct
four primes p; >3 (iel) and a rational integer ¢ satisfying (1+(3}). Thus,
from (2}, there exist a rational integer a such that

o @ DE=1(+2)

4 PP (mod p) for all iel
Moreover o can be chosen so that
5 (@ 6) = 1.
Now we‘ consider the polynomial
f(X).= X>—cX?*—(c+NHX—1, where c¢=(a"—3)/2.

it 15 easy to see that f(X) is irreducible and the discriminant is equal
to (c*+3c+9)* Thus the field defined by any root of £(X) is cubic cyclic. By
Lemmas 1 and 2, the existence of a ficld as in our theorem follows from (1)
and the following properties:

WSO ==-1Lf(-1)=1 f(1)=f(-2)= —a"

i) (1), a) = (f(= 2, a) = 1.

(i) (=0, (1) £ 0(mod p) for all iel.

It is clear that (i) and (i) are satisfied, by {5) and the definition of F(X).
Further we can prove the equivalence between the two congruences f(t)
= 0 (mod p) and (4). If ¢ (mod p;) is a multiple root of f(X}{mod p,), the
discriminant {c¢*+3¢+9)* is divisible by p;. The relation a’ = 2c+3 yields

a?—4(c*+3c+9) = —27,
thus
a@*"+27 = 0 (mod p,).
So, by (4), we have
{2+ D —DE+2) 2+ 27 {tt+ 1)} = 0 (mod py).

This congruence contradicts (3), since the -lefi-hand side is equal to
4(t* 14 1)°, Hence we have p, tf'(t).

Finally, the infiniteness follows immediately from the existence as in [17.
This completes the proof of the theorem. =
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Correction to the paper “On a kind of uniform distribution
of values of multiplicative functions in residue classes”,
Acta Arithmetica 31 (1976), pp. 291-294

by

W. Narkiewicz {(Wroclaw)

1. Professor R. Warlimont kindly pointed out to me that the definition
of Dirichlet-WUD (mod N) given in Section 2 of the above paper does not
ensure that the Dirichlet series occurring in it have the asserted abscissas of
absolute convergence. This can be repaired, without affecting the results and
later applications, by restricting the definition of Dirichlet-WUD (med N) to
those maultiplicative functions f which satisfy the following condition:

If m=m{f, N) is the smallest integer (if it exisis) such that the series
3 p~" (with p running over all primes for which (f(p™), N)= 1) diverges, and
mz 2, then for all j < m~1 the series 3 p~"/™*? (with p running over all
primes for which (f(pY), N)=1) converges for all positive ¢.

2. The same error found its way also to [1], pp. 62-63, where the same
amendment should be made, and the argument foﬂowmg the definition of
Dirichlet-WUD should be disregarded.

The applications of this notion given in [1] are unaffected, since
for functions considered there the additional condition stated above is
anyway true, however one has to amend the definition of decent functions
given on pp. 71-72 by adding to it that in the case when air, j) = 0 holds for
r=1,2,...,nand all j prime to N, then the series ) p~* (where p runs over
all primes with f(p) = j (mod N)) should represent a function regular in
Res > 1/(n+1).
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