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An asymptotic formula for B-twins
by
G. BantLE (Ulm)

1. Introduction and statement of the results. Let r(n) be the number of
representations of n as a sum of two squares and r, (n) be 1 or 0 according as
to whether n be a sum of two squares or not.

The pairs (n, n+ 1) are said to be B-twins if ry(n) =r,;(n+1) = 1. An old
result of T. Estermann [4] states that
(1.1) Y r(mr(n+1) =8x+0(x3*%).

A similar result for ry(n)r;(n+1) is not known.

In 1965 Rieger [8] proved with the one-dimensional sieve the upper
bound

(1.2 Y ri(mry(n+1) < x/log x,

whereas the analoguous lower bound was independently proved in 1974 by
C. Hooley [5] with the aid of formula (1.1) and by Indlekofer [6] with the
sieve method.

P. J. Kelly [7] transformed in 1978 the method of Hooley to short
intervals and showed that

Y ri(mri(n+1)>yllogx for y>x36*e
xX—y<n<x
In this paper we improve upon (1.1) and (1.2) by
THeOREM L. Let A be composed entirely of prime factors p = 1(4) and let
w(A) be the number of distinct prime factors of 4; then, for ¢ >0,

. Yw(d) =
Z r(n)r(n+1)=§__2_'%Mx+0(15/4xz/3+¢)

n<x
n(n+1) =0(4)
where

-1
J)().)=[[<l+%) and y(@A) =[] <I+1—Il’).

pli phila
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and

THeoreM 1.

Y rimri(n+1)>y/logx  for y>=xre
x—y<n<x

Theorem II is with the method of Hooley a direct consequence of
Theorem 1. The proof of Theorem I is, apart from technical complications,
closely related to the method of J. M. Deshouillers and H. Iwaniec [1] to
proving the analoguous asymptotic formula for the divisor function z(n):

Y t(n)t(n+1) = x P(log x)+ 0 (x***9).

The dependence on A of the error term in Theorem I may be improved,

but this is not important for the application to Theorem II.

Proof of Theorem I
2. Basic decomposition. The left-hand side of the proposed formula may
be written as

(2.1) Y Y  r(mr(n+1).
Agiz=4  nsx
(11.13)=1 nEO(Al)

n+1=0(43)
Thus, the proof of Theorem I reduces to showing that
(2.2) B(x):= Y r(mr(n+1)
"E,-'(?(;l)
n+1=0(43)
_S OSB3 e v
Ay 4
If y(n) is the non-principal character mod 4, then
r(n) =4 x(d).
Hence I
(23 Bx)=16 3 3 x(my) Y x(my)
n<x m3|n my|n+1
n=0(i1)
n+1=0(13)
= Z x(myomso)

0 <m10,...,M40$4
m10m20~m30ma0 =1(4)

x ¥ X X

J1seewdg  m3mgSx  mymy=m3mg+1
m3my 50(13) mimy Eo(ll)
m; =m;(4)

bj,(my) ... b;, (my),
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Where b;(t) are functions of C®-class such that (cf. [1])

Yb)=1 for >0,
J

(24) suppb;(t) = [M;-,M;,,], where M;=2],
bP() < Mje, q=0,1,2,...
Let (j) stand for ji, ..., j, and (mo) for myy, ..., myo and define

(2.5) Da':)(mo) (I‘llv U3, Z) = Z Z bjl (ml) uEs bj4(m4),
m3ymg Sz mymy=m3mg 1
m3mg =0(u3) mymy =0(uy)
. m; =m;(4)
.Wher.e Ky and py are of the same type as 4, and 43, i.e. (y;, u3) =1 and p|y
miphes Pp=1(4). Then the inner sum in (23) may be written as
DU)(mo) (41, 43, X).
For the estimation of the main term, we note that M j; €+/x and M,
< \/;. Because of symmetry we write therefore

B(x) =16 Y (mpomso) Y +x(myomyo) Y,
miQs...smgomod4 Jj1sJ+1 J1 <J+1
m10m20~M30M40 =1(4) j3<I+1 jg>J+1
j2ia J2.J3
+x(mapomso) ) +x(mypemyg) Y ) D(ymey (A1 A3, X),
j2>J+1 ja>J+1
Jj3sJ+1 ja>J+1
J1via J1)J3

Where J is the integer such that 2/ < /x < 2/*1,

In order to obtain in all sums the condition (my0, 2) = 1, we rewrite this
sum as

(2.6) B(x) =16 Z {X(mxomso) Z +x(myomy,) Z
my0s..mg(4) jl$l+l jl <J+1
myoma0—m3omyo =1(4) Jj3sJ+1 ja>J+1

my0=1(2) J2.ia J2.J3

+ x (m3o myo) Z }DJ)(MO) (41, 43, %)

Jj2>J+1
Jjq>J+1
J1.d3
+16 ) {x(miomye) Y
mlo.....»l4o(4) leJ‘Fl
miom20-m3om40 =—1(4) ja>J+1
myo=1(2) J2.3

+x(myomyo) Y } Diyimy (A3 A1, x+1).
Jj2>J+1
j4>.’+1
J1.d3
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Next we have to transform D(},(,,,o, (14, U3, z) with Poisson’s summation

formula in a manner similar to [1].
First we omit the summation on m,; by (2.5) it follows that

(2'7) D(.:;:)(Mo) (“l » M3, Z)

' mym,
= > bj, (my) bj, (m3) > bj, (T) by, (ma)
my,mj3 mg Sz/m3y 1
((mq,p1)[m3.u3D=1 mg =mg0(4),mg =0(u3/(m3,u3))
m; =m;o(4) mymg =3 1([myg,uq)
+0(log? x).

t ( ks ), 4, [my, u,], [ms, p3] be solutions of the congruences
(mS» ﬂ3)

(m: =19
ax=1([my, p)),
[my, p]1x=1(4),
[ms, us1x = 1([my, p,]),  respectively,

then the congruence conditions for m, in (2.7) are equivalent to the congruence

(2.8)

= qud( (m3, #3)[ v #1])
where
_ U3 U3 P 1 A
q= m4°(m3, 1) <(m3’ ﬂ3)>[ml, p10my, pyl Fa4 ( W 3) [ms, usl.

We are now in a position to apply Poisson’s summation formula (cf. [1],

Lemma 1) to the innermost sum in (2.7), obtaining:

LeEmMma 1.
D(ﬁ(mo)(#l’ H3, Z) = Z bjl (ml)bjs (M3)
my,m3
(my.pydim3u3d=1
m; =m;(4)

1 # t t
X b, {— |b (—)dt
[4 [my, p10ms, psl ({ 32 (’"1) A mgy
1 4 [ms, ual my '"40)
+ +h —h
hgo 2nih ¢ ( [m,, _#1] 4

{"’2( )"’4<z ) T m])
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= o o o ) < o

. ‘ . +0(log? x).
For the insertion of this formula in (2.6) we need the following:
_ l..fEMMA 2. Let (my, 2) =1 and let G(1, x) be the Gaussian sum to the non-
principal character ymod4, then

@ Z x(mgo)

m30.mgq omod4
mimyog—m3myo = t1(4)

Z X (myo my)

m20-mgq omod4
mim20-m3mgp = £1(4)

I
|
>
3
&3
'y
(=]
N——
I
L

mzo.ﬂl4omod4
mymag—m3mgqo=t1(4)

(i) ¥

m3q.,mgqomod4
mimap-m3mgo = 11(4)

x(m; m4o)e(—h'"‘;”‘°)= X(=WG(1, ),

(iii) y
m20,m4 gmod4
mymag—m3amyo = 11(4)

tmsamaoe ("1

Fa=hG{1, 0 if my=204),

0 otherwise.

{ix(—h)G(l, N if my=0(4),

(2.6) together with Lemmas 1 and 2 now gives the following basic
decomposition:
Lemma 3.
B
(x) = MT+0(X¢1112?’+(““})31X URG (41, 43, x, r)|+”ru)('11, A3, 1, 'Y)dfl

j3<J+3
Jj2sia

x+1
+|R(})(2'3’ A'l’ x+l’ '}’)|+| _[ ra)(j'3’ Al’ t; )’)dll})+0(1032x)
]

Where
MT=16 5 5 ymmy a0ty
j1s$J+1 my,m3 [ml’ 'll] [mS’ j'3]
Jj3sJ+1 (Imyalimz.a3)=1
J2a

p t
x (b b de,
gjz(ml) 14('"3) !
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RG (uy, 13, 2, mz)a(m
) His H3 ‘y) , = z ku(’) Z X( Br)n( 3)
N}
= ) b;,(my)b;, ( )bja (m3) b;, ( ) ""i‘:i vkl ’
my,my my m3 = 0((113 u))
(my,uq)Im3,u3D=1
e L , ; ) _ 10U, 0) o p) e xm) (0 okl
x(=h ( —[ms, p3 z ) h v l (A3, v) )
X —e| +h4 + s . ktja3 m 3>
ugo 2mih [my,p]  4[my, py1ms, psl Since
oy (Hys M35 85 7) t vy ZX(m)a(m vkl )—E+O( vkl 1 )
=T bumbyomy (b, (m_)bj4 (;1_)) cm \") T\ &
([ml-ﬂll-;"";u;l)'—‘ 1 ! 3 and
m3 =2y(4),my =1(2) .
—[m3, ps] ht ) ul (2 1 )
+hd + A W8 ) = ( — - =uv@
,,;o 2mh ( [my, uy]  40my, py10ms, 43l ,g; l r( l) t,a;l"],13 (7 pr(p" )) v (4s)
y = @ means that the congruence condition my = 2y(4) is omitted. we finally obtain
The main term MT will be evaluated in the next section. From the
remainder terms we consider in detail R(j,(4,, 43, x, 1), denoted for simplicity Y = T x(v)(43, v) V(i) +0 ('13 )
by R (4, 43, x). The other terms behave similarly and can be treated in my 3 \/;
much the same way.
We write henceforth by, ..., b, and M,,..., M, for b ,...,b;, and Hence
M;,, ..., M;,, respectively. W(ll)l//(la) (v)(lx v)(ia v)
By the choice of J, we know that M, < /x and M; < /. MT = ) Z % +O0(Ay Az x12* 2.
3. The main term. Let a(?) = Z b;(1); then, because of (2.4), (A0 (s, 1) |
0<j<u+1 Since p( )—1’ >~ is multiplicative, we have
16x Z ( ) z x(my)a(m,)(my, 4,) x(m3)a(ms3)(ms, 43) . . i
l1 2’3 v my,m ml m3 x (v)(lhv)()ﬁ’ U) _ (}'h P)('l:h p)
s F w0 _ 11 (1-%a: Pl p)
[my,411=0(v) v=1 v? p’
[m3,43]=0(v) p>2
_16x x(my)x(my) (my, ) . (1_1)(1_%)"@1-[(14)
Ayl Zv:p(v) ,,.Zl m, Pligas p p s NG
8 _ -
(m, A,) -0((11 ) = ?w(}u)w(ls)
x(m3)a(ms)(mj, 43)
A 2 s ‘ and therefore
m3
m3 v
mio(m) (3_1) ) MT = '/’(1 )w(ix)lll(la)wus) +O(A A x”2+2‘)
For the summation over m; we obtain with squarefree v: Ay 43 1 '
5 x(m3)x(m3)(m3, 43) - Yk y x (m3) o (m3) 4. Transformation of R, (1,, 43, x). Like Deshouillers and Iwaniec, we
=~ ms 0T =k m, Split up the sum in question into two parts
"l3 v

w13 =(azm) ™3 =(ay.m) @1  Ry(Ay, 43, X) = 2Re Ry, (A4, A3, x, H)+RE(Ay, 43, x, H),
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where R (4;, 43, x, H) is the partial sum with 0<h<H and
R& (44, A3, x, h) is the sum with |h| > H.

For the last sum we obtain immediately

R (44, 43, x, H)

< )
ml,m3
0.5M;<m; <2M;
([mlvlllnl’"}vl:ﬂ): 1

x(—h)e(hzm hx >|

- +
|hl>H 2mih [my, 4,1 4[my, 4,]1[ms, 45]

1 [mj, 43] X
—ell
1 §1/4 2Tf”e ( (["11, 4] * [my, 4,1[ms, 13]))‘

<

ml,rn3
0.5M; <m; < 2M;
((my.41),[m3,43D=1

M, M,
+o(——H—>.
Defining m; = [m;, A, ; = (m;, &), M; = M;-(&/l)) and H = H/4, gives
1 M, M,
RG (2, x, < ¥ ) R H
1114, .y 1+ =+
13143 O.5M;<m;<2M; Ay, My iy
(Ay.M3)=1
Now we are in the situation of [1], hence
M, M
4.2 R (A1, A3, x, H) < (1+/1, A3 ‘H 3)x‘.

This allows us to assume henceforth

4.3) M, M, > x*P,

because in the opposite case, Theorem I is a direct consequence of Lemma 3,
(3.1) and (4.2) with H =1/2.

5. Transformation of R (4,, A3, x, H). First we treat the summation
over ms, denoted by Y, in order to apply Poisson’s summation formula.

60 Ti= T balmib(o-)
m3 =2(4) 3

(Imy,4q)Im3,A3D=1

_[M3, 13] hx )
e (8 z,])"(ﬁm,, 71T, 4]
|
= * ha
dmot%nl.).l]e( [m1a11]>

x hx |
b b4 D il
X L 2 (ms)e(‘t[ml,al][m,,zs])

[m3,431=d([my,4,)

where dd = 1([m,, 4,)).
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The inner sum may be written as

Z w(ks) Z

x hx
bs(my k3 13)b ( )e( )
k3l3liz m3 =2(4) 3{mska )by my ks 13 dmy ks Az [my, 4,]

m3k3ijy Ed([ml.;\lli

Since the congruence conditions in the last sum are equivalent to

my = 2[my, A ][my, A,]+dks A3 44 (4[my, 4,]),
where

kyAskyiy =1([my, 4,)),

(cf. (2.8)), the application of Poisson’s summation formula to the sum over m,
finally gives

) Y1 v #k) & e(_f)

Bl 4[ml’ }'l]k3l3|l3 k3 13 K=-o® 2

x Y e(ha —KZET,L>1(E,K, [my, 4,0)

dmod[my,4] [my, 4,] [my, 4]
where
M3 ~ -
(5.3) I(h,K,u)= | bs(t)bs (f>e ('—'ﬂ+£:>d1
0 t ut u
with
hi K
(54 h=—2 d K=
a2, akyly

Thus, by the definition of ¥ in (5.1) and by (5.2) with the usual notation for
Kloosterman sums, we have

(5.5 |Ry (4, 43, x, H)|

1y =k 8 e(_g) by (my) b, (x/m,)
k3l3|i3k3 I3 |\ <ren 2mih 422, 2 (mq,243)=1 [my, 4,1
xs(hmk3 13’ _K’ [ml1 Al]).I(E, K.’ [mlt ll])
l 1

B

x(=h & ( K
1<§h:sn 2nih xz ¢ 2)

k,llullx k3l3|413k3 Iy - =i

by(myky 1) by (x/myky ;)

(my.2i3=1 mykyly

S(h16ks A3, — K, i) 1(h, K, iy)

td
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where
(5.6) 16k3 A3 16k3 Ay =1 (m;) with i, =m k, A,.

Now we are in a position to proceed as in [1].
For the integral we obtain by partial integration g times, g = 0

i a KM? [1
5.7 1 ) <My (s i —2d] = 4]
( ) (Ea K, ml) < 43 (|K|+hX/M§), lf xh ¢[4’4]

The terms with K =0 and |K| > x'*¢ Lk ly contribute therefore to

h 4,
M2 l
R, (4, 43, x, H) at most O(x'/?*%), since M; < \/;, i=1,3.

In the remaining part, we split up the range of the variables h and K
into < log®x subintervals of the type $H, <h <3H,, 3K, < +K < 2K,
with

A
(5.8) 12<H, <H, 1/2<K,;<2x ”c[’k I3M32%H,,
obtaining
(59 R (44, 43, x, H) <€ max( Y RG(Ay, 43, x, Hy, K1)>+ xl2+e
g Hy,Ky

where for H,, K, satisfying (5.8)
(5.10)  RG (A, 43, x, Hy, Ky)

X
by (my k1) b ( )
=__1_. ﬁ_——-—l ahsz Z : T mlklll
Hl kylylay j'l k3 13 h

K (mqy,2i3=1 myky

k3l3l43
xS(h16ky Ay, FK, miy)-1(h, +K, ),
with
(511 a = x; :)Hxxusmmlu/-:m,] and by = e(—=K/2) xysjark, (710K,

(cf. (5.5), x5 is the characteristic function of the interval [a, b]).
The proof of Theorem I now reduces to showing that

(512) RJ)(}'I’ '13’ X, Hl’ Kl) < (A'l 13)5/4 X2/3+'_
M
If H >x"'M, M,JEI /}3 and KxH 3k/1312 ¢[ } (5.12) follows directly
17 1 K3
from (5.7).
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In the next two sections we prove (5.12) in the remaining cases, i.e.,

A A
(&) H <x 'M,M;-L 2
11 13
and
A K M3 ,1, 1
8 '
(&) Hy 3™ My My I I’ xH, kal3°

6. The case (£;). In this case, we have to replace Lemma 3 of [1] by
Theorem 9 of [2]. For the application of Theorem 9 we choose

g(h, K, m,)
1 M,
T My xS mk
where f, (h) is a function of C®<lass with
supp f; (h) = [H,, 2H,],

fith=1 for he[3H,,H,],
f@Mh <H{Yy q=0,1,2,...

and f;(K) is of the same type as f; (h).
Since in the case (&,) I(h, K, fi,) is of C®<class with derivatives

by (my k, 11)b2< ’,Z , )J(h) £2(K)-1(R, R, #iy),
141

+q2+q3 _
gt 1(h, R, ;) < My H{ 91 K 42 (:’11 ) a3 Xe@1+a2+a3)
1h

oh1 AK920m93

the assumptions of [2], Theorem 9, are fulfilled and if we replace there 6, , by
1/2, we deduce easily from (5.10) and (5.11)

R(ji:)()'la 13’ X, Hh Kl) < (Al '13)5/4 x5/8+8£
and therefore (5.12).
7. The case (&,). If (§;) holds, then

2 JhKx\ (M M3\V? (4, A3 \!/? 2
I(E,IZ,rﬁ,)=e( — ( L2 (—‘—’ g(k, K, ),
i, xH, L 1L

where g is a function of C*-class with derivatives

(~ql+qz+q3

(7.1)

4 q
Ch'' CK*2cm93

= = M, \ 93
g(h, K, i) < H{ 9 K,“"Z( ! .
kil

This is a direct consequence of [1], Lemma 4.
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Hence by (5.10)

}'l 1/2 A’S 1 (Ml M3)1/2
+ = =] = a) b
(7.2) RU)(AI’ )-3, X, Hl’ Kl) le <ll ) 13 \/E;Ts‘ xH:; zh: h% K

1
my i )4m1k1}~1 ks s

(my,16k3i3)=1

S(h16ky Ay, —K, ;)

x Y ohR, rﬁ,)e(zV L

with some ®(h, K, ri,) satisfying (7.1).
Like Iwaniec and Deshouillers, we now represent ®(h, K, iii,) as the
Fourier integral

~

ok R, m,) = jjé(a,, d,, 4"mV iR >e(&, F+6,R)dé, ds,
1

with
K,

f,
(—t—¢(51a521t)<H%6§+1E'2 2+1t ’

(7.3) g Iy P
q=0, l,..., 1=H11—3, _m

The Kloosterman sum in (7.2) may be represented as (cf. [2], (1.6)):
S(hr, — K, mys) = e(K—:_*)Swll,,(h, -K, ),

where

s=kydy, r=16ksAs, y=5./rm =8k A Jksdym, and s5=1(n).

Thus by (7.2) (for the notation of the innermost sum cf. [2], Th. I)
(7'4) R(f)()'la}Gs X, Hl’Kl)

<« ¥ (11)”213 1 (MlMg)l/Z
kqlldy L Iy Jkyly xH?}
k3l3lda

o bge +K
"--zh:“""( ‘ )Z g (4A I 16k313)

hK

i
XZ§Sw,l/(klll)(ha ; )f( )d&ldézl.
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where
4 -
(75) f< n hK)=e(2,/th)¢(6h6z’41t,/hK)’
Y Y Y
with
(7.6) suppf (1) =[7,87]), 1= LIVEL S U

2 My 4 Uk

We are now in a position to apply Kuznietsov’s formula (cf. [2], (1.20)). The
double integral in (7.4) may therefore be estimated by

00 ({5 ave (5157 Joeh)

K Ik
b 1K ’
o2 ""(4/(313 T 13)"’“11“0
1
+Z T 1701 [Sane (852 )1 0can (57

K 1k \. 1
b 171 ir (
x[2 "e(4k313+K16k3l3)K Pk 2+")

where x;, @,.(s) and f(r) are defined in [2], (1.16) and (1.23) respectively.

Next we have to estimate f(r) and f(ir) for real r. Since »} = 4;—4,
Where 4, is an eigenvalue of the Laplacian, x; is real or purely imaginary, i..,
¥;=ir with 0 <r <3.

LemMA 4. Let t bedefined asin(7.6),Q = t \/;/2 and let r be real. Then, for f (t)
given by (7.5), we have

A,k 1
(A262+1)(R262+1)r*+Q?

cosh mx;

dr }45 ds,

0] f(ir) <

if 0<r<l/2,

1
- if Q<Ir<8Q,
(i) 70 <55 AR, r’+1 .
A28+ 1)(K262+1) 1 ,
W otherw:se,
1R, Q\/; .
AN F T T A

Proof. (ii) is a direct consequence of [1], Lemma 6, if we modify the
definition of f(r) in a suitable manner (cf. [1], (22) and 21, (1.23)).
(ili) is a direct consequence of [2], (7.4).
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For the proof of (i) we recall the definition of f(ir):

8t
fr) = %cosnr _[K_z,(t)f(t)?

4 AR, 5 xt
=E(ﬂf&f+1)(l{’f& +l)cosnr [K_ 2,(t)e( ) ()_
where
B AR, NEL
ot = ((Hfafﬂ)uzfé%n)) "( ) 10
with
78) suppc(t) = [z, 87],

2]

<t™%, ¢q20

(cf. (7.3), (7.5) and (7.6)).
We now appeal to the formula (cf. [3], p. 82):

K_, (t)= :[’ e~ cosh(—2rE)dE.

Since by partial integration g-times (cf. (7.8))

8t
-" e —t(cosh§ — lJ.x)

T

q e~ tcoshé

s

1
‘t\/;)
(i) follows, by choosing q large enough.

If we replace Lemma 7 and Lemma 8 of [1] by [2], Theorem 2, we
deduce from (7.4), (7.7) and Lemma 4 that

+ A \2 ) 1 M., M3 \1/2
Ry, d, x, Hy Ky € Y (—‘) 2 )

kylyliy Il 13 ,/k313 XH;

k3l3laz
(Q*+H,))(Q*+K)) L
(g )

H \1/2
<x‘(AIA3M1+x(M1M3)

A, M 2 ()
3

This implies (5.12) by choosing
H = M, M,/x*
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(cf. (4.3)). Theorem I now follows from (2.1), (2.2), Lemma 3, (3.1), (4.1), (4.2),
(5.9) and (5.12).

Proof of Theorem II. For this proof we need as a direct consequence
of Theorem I the following

LeMMA 5. Let A be as in Theorem 1 and squarefree and let Y indicate a
summation over values of n for which n(n+ 1) is not divisible by the squares of
primes that are congruent to 1mod4. Then for A < x* and y > x?3* 11

; 8B, 2°W
1 =
e, T =T

n(n+1) =0(4)

1“1/ 2 4
Y(3) = 2-o (1__) (1 ___)
@ ,l,;! P s

B= I (5 () 0) )

The proof is similar to that of Lemma 7 in [5].
Replacing in [5], (16) the exponent 1/16 by a, gives
8B 2w().)
2= -
AY(A)

y+0(yx™ 1),

where

and

y+ O(yx—a+e/1000)+ 0(x2/3+9z/4+7a/2)

and
22 = O(yx—¢/2+a/1000)+0(x1/2+¢).

Lemma S now follows with the choice a = 4e.
The next lemma is a summary of results of Hooley (cf. [5], [7])"

LEMMA 6. Let w,(n) be the number of distinct prime factors p of n such
that p = 1(4) and p <v. The parameter v will be chosen later. Further, let &
always indicate a squarefree integer (possibly 1) composed entirely of prime
Jactors p=1(4), p<v. Then

) ry(n) > (1/4)-27'o8W'o8" p () 2794 if 1 be not divisible by the square of
a prime p =1(4).

(i) there is a constant a, <1, such that if v=£"2, then there exists a
Junction ¢(8) = g,,:(6) with the properties:
000)=0 for 6>¢ and 9(0) <1,
0(8)2°?® 1
2 5 logv’

é
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27 > 3 0(9) Y(9).

dln

Theorem II is now a direct consequence of Lemma 5 and Lemma 6, if
we choose herein & = x°. '
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ACTA ARITHMETICA
XLVII (1986)

Geometrische Reihen in algebraischen Zahlkéorpern

von

ULricH RauscH (Marburg)

Einleitung. Unter geometrischen Reihen in einem algebraischen
Zahlkorper K verstehen wir Reihen der Form

r+1

G@2)=Yexp{— Y |uPz,},
u p=1

wo u die total positiven ganzen Zahlen von K oder, allgemeiner, die total
positiven Zahlen einer gewissen Restklasse durchliuft. Die z, sind komplexe
Variable mit positivem Realteil. (Zu den Bezeichnungen vergleiche man die
Zusammenstellung am SchluB dieser Einleitung.)

Diese Reihen wurden zuerst von Hecke [S] fiir reell-quadratische
Zahlkorper eingefiihrt. Rademacher [9] verallgemeinerte Heckes Ergebnisse
weitgehend bei seiner Ubertragung des Goldbach-Problems auf beliebige
algebraische Zahlkdrper. Ausgehend von Rademachers Arbeit, verwandte
Friedrich [2] dann geometrische Reihen zur asymptotischen Auswertung
gewisser Partitionenfunktionen in Zahlkorpern. Weitere Anwendungen
geometrischer Reihen auf die additive Theorie reell-quadratischer Zahlkorper
findet man bei Schaal [13], [14].

Immer spielt das Verhalten der geometrischen Reihen in der Umgebung
des Nullpunktes eine zentrale Rolle, und es ist das Ziel der vorliegenden
Arbeit('), die hierfiir bekannten asymptotischen Entwicklungen zu
verschirfen. Ein wenig erweitert wird die Problemstellung noch durch die
Einfihrung von Koeffizienten in der Form verallgemeinerter Groflen-
charaktere.

_ Aullerdem untersuche ich unter demselben Gesichtspunkt die
”E{nheitenreihen” E(z; U), die sich als natiirliche Vorstufe zur geometrischen
Reihe préisentieren und wie diese definiert sind mit dem Unterschied, daf
der  Summationsbereich fiir i eine torsionsfreie Untergruppe U der
\

(') Diese Arbeit ist eine gekiirzte Fassung meiner Dissertation. Herrn Prof. Dr. W. Schaal,

der das Thema anregte, bin ich fiir seine vielfdltige Unterstiitzung aufrichtig dankbar.

2 o .
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