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We conclude with an explicit calculation of the values represented by x2
—dy? for x = A +cA,,, and y = B, +cB,,, where 1 <c <a,,,—1. Since
x2—dy* =(y JVd—x)(y \,/E—x)* where (z)* denotes the conjugate of z, we
have that for x = 4, and y = B,, x2—dy? = D, (D)* = (—1)*"' Qx4+, (see
Perron [2]). Thus for x = A,+cA,+, and y = B,+¢B;,,

xz_dyz = D, (Dy*(1 _C/Ck+2)(l —C/(Cuz)*)
= (=D (Qus1 + Qi+ 2P+ 2/Qx+2—0))
=(—D)"*'" Vi1 (0.

Since 2Py 1 2/Qxsz = lis2+(li+2)* we have (oup > 2Py/Qiez > Gir2
—1>c and so V4 ,(c) > Qi+, for 1 <c < ay,—1. The maximum of V.,
occurs when ¢ = ||Py,/Qy.,ll and is approximately Q. +(Py+2)*/Qu+2
=d/Qy+,. Since Q,,, =1 at the end of each period of \/3, Vi+1 can take
values as large as d.

For an integer of the form (2) with m > 2, we see from the recursion
formula B,,, = a;,, By + B,- that it can be rewritten as sB,+1tB,,, where
s > 1 and t > 0 are integers. Then the previous calculations may be repeated
to find the value of x>—dy? in terms of Qy4, Qx+2 and Py, ,.
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A generalization of Atkinson’s formula to L-functions
by
Tom MeurMmAN (Turku)

1. Introduction. Let

T
(1.1) I(g, =Y ([IL&+it, pl*dt
xmodgqg O
and define E(q, T) via the identity
a T 1 ’
12 1@ ="’—“”T(log"—+>:3g—”+2v—1)+E(q, 7,
21'[ Pl'lp_l

where ¢ is Euler’s function and y is his constant.

Consider first the case g = 1. Atkinson [1] has established for E(1, T) a
very precise explicit expression in terms of two sums involving the divisor
function d(n). Recently Jutila [7] found a new interesting application of this
formula by showing that it yields in a simple manner Balasubramanian’s [2]
estimate E(1, T) < T'3*¢, valid for any positive &.

The more general function E(q, T) has been studied by Rane [9] (in
fact, he considers E(q, T)—E(q, 1)) who proved

(1.3 E(q, T) <qT"*logT.

A simpler proof of this is due to Balasubramanian and Ramachandra [3].
Our object is to generalize Atkinson’s formula to E(q, T) (Theorem 1).
Then we deduce by Jutila’s method a new inequality for E(q, T) (Corollary
1). In turn, this implies immediately new mean value estimates for L-
functions (Corollary 2), which can be applied to estimate the density of the
zeros in small rectangles (Corollary 3).
We proceed to state the main results. Let

(1.4) e(T, u) = (1+%‘)_m ((%)

1/2 1/2 ==

. u
arsinh ((2—7:) )) ,
12
(1.5) f(T, u) = 2T arsinh ((%) >+(n2 u2+2m‘7~)uz_g’

T n
1.6 — Tlog—L — L3
(1.6) g(T, u) = Tlog S T+ 21tu+4
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In terms of these functions define

2T\!/4
(.7 2k, T)= ( > 2 (=1)"d(n)(kn)~%* e(T; km)cos (T, kn),

n n<N

(1.8) 2k, )= =2 Y dn)kn)~"*(lo i -lcos )
' e n<N’ ( gznn) (I( ,k)’
where

T kN kN \*> kNT\!?
19 = N e L B[N ENTYEY
(8 W= Gk T M) k(2n+2 ((2)+2n) )

Let u(n) be the Mobius function.
THEOREM 1. If q is a positive integer, T>3 and T< N < T, then

E@, T) =#§ku(q/k)(zl(k, T)4+ 2, (k, T)
q

+0(d(q) 9@ g™ "*log* T)+0(q/T).

Our first corollary improves on (1.3) for all values of ¢ and T.
CoroLLARY 1. For any ¢ > 0,

(q'r)l/3+¢+ql +e lf q < 7';
E(qa T) « {(qT)l/2+¢+qT—l l_f T< q.
CoroLLARY 2. For H> 1 and any ¢ > 0,
T+H
(1.10) Y J ILG+it, p)*dt <(gH+(qT)"?)(q(T+ H)y-
xmodg T

For t >1 and any ¢ >0,

(1.11) Y ILG+it, I* < (g+(q0")(q).
xmod q

In (1.10) gH dominates if T < q? H>. In (1.11) ¢ dominates if t < g°. Note
that (1.11) trivially contains the inequality L(3+dit, x) < ¢°**+(qt)"/¢** with
a = 4. However, Heath-Brown [5] has proved a similar bound with a =3,
which is stronger when g > t'/2,

Gallagher [4] has proved an inequality of the sort (1.11) with ¢ in place
of (g1)'"? (and log gt in place of (qt)%). Hence (1.11) is an improvement if t > g.
Following Gallagher, we may apply Corollary 2 to give a local density
estimate. Let N,(x, T) be the number of zeros of L(s, ) in the rectangle a
<o<l|t|<T

CoroLLARY 3. For H> 1 and any ¢ > 0,
2 (Ny(@, T+H)=N, (e, T)) <(¢H)' ~*(qH +(qT)"P2* ~2*=,

xmodgq
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In particular, for T < q* we have

Z (Nx(a, T+ 1)——N1(a, 'T)) < q3(l—a)+:'

xmodgq

The second estimate was previously known for T < g (Gallagher [4)).
We omit the proof of Corollary 3, since it can easily be proved as indicated
by Gallagher.

Theorem 1 may be regarded as an analogue of the sum formula for a
certain modified divisor function, in the same way as Atkinson’s formula is
an analogue of Voronoi's summation formula for ) 4(—1)"d(n). (See Jutila

[7], where the arithmetic function is given in a different form.) We deal with
this question in the last section.

In the case q = 1 the topics of this paper are extensively discussed by
Ivi¢ [6]. In particular, Atkinson’s formula is proved there.

All the constants implied by “0”, “ <” etc. will depend at most on &. We
always assume T> 3.

Acknowledgement. I am grateful to Professor Matti Jutila for suggesting
this problem.

2. Proof of Theorem 1. Let u and v be complex variables. For Re(u) > 1,
Re(v) > 1, we have

Y Lu,)Lw, =Y Y 'Y xmxmm“n"
xmodq xmodgm=1n=1
The terms of the double series are classified according to whether m = n,

m > n or m < n. Also the orthogonality of the characters is used. Hence, for
Re(u) > 1, Re(v) > 1,

(2.1) Y L, YL@, D = @@ (Lu+0v, o)+ fo(u, )+ fo (v, w),

xmodgq
where y, is the principal character modulo q and

a a

fiu,0)="3Y Y r(r+gs)"

r=1 s=1
r@=1

This double series is convergent for Re(u+v) > 2, Re(v) > 1. We have
Jou,0) =3 pu(k) Y. Y (kr) " (kr+gs)™".
klq s=1r=1

Now let Re(u) < —1 and Re(u+v) >2. Then, by Poisson’s summation
formula,
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Z (kr)"“(kr+gs)~"

= j' (kx)~“(kx+qs) " "dx+2 Z j' (kx)™*(kx +gs)~ " cos (2nmmx) dx

m=10

=k7!(gs)' " (fy_“(1+y) *dy+2 Z jy“'(l +)~* cos (2nm(g/k) sy)dy).
m=10

Summing with respect to s and k and using the identities

1
I (v)“), “Z";u(k)k" =p@q !,

f"'(1+y)""dy Fu+v-1)
(V]

this gives

22 folw, ) =0@q " "{+v—-1)Tu+v-1) (l( )u)+9.(u. v),

where
(23)  g,(u,v)

=2¢"""""Y u(k)k~! Z si-u-v Z j'y""(l+y)‘ cos (2nm(q/k) sy)dy.
klq
Now (22) gives an analytic continuation of f(u, v)— —gou,v) to a
meromorphic function of u and v. Hence,

Jo(u, V) —gg(u, v)+£, (v, ¥)—g,(v, u)

is meromorphic and is given by (2.2). This gives an expression for f,,(u, v)
+f¢(v, w) if this sum is analytically continuable. But, by (2.1), it is. The
expression so obtained is substituted in (2.1) to give

Y L, y)L@ D

xmodq .

= ¢(q)(L(u+v, xo)+¢(q)q"‘"’C(u+v—1)F(u+u-1)(F(1—u)+l“(l—v))

r(v) I'(u)

+gq(u, v)+g,(v, u))-

Write u+v = 1+, || < 1/2. The first two terms on the right-hand side give
us

¢(q) L(1+9, xo)+(p2(q)q"‘¢’“5)r(5)( ra-u +I‘(u-6))_

ri—u+é) '
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We use the functional equation for {(s) and write

(2.4) =r+E 2] l°gp

plaP
Then we obtain

<p(q) 4 \/ 'l—w) T'u-9H)
@@ L(1+0, xo)+———C(1— 5)( ) ESW(T)(ru—H&f I"(u))

_9’@ 1 q\1 r i
7 ((6+y,> (a—y)(l—élogi;.>§(l—6—1—;(1—u)+l—6T(u)))

+0(|o)
_e *(q) r r
p (( (1—u)+ (u))+y-1-y.,+log )+0(|a|).
Hence, making 6 — 0, we have
_e@uyr . r
x'g;qu(u,x)L(l—u,Z) p (2( (1—u)+ (u))+y+y,,+log2)

+0(9)(9,(u, 1—uw)+g,(1—u, u)).
Hence (see (1.1))
1/2+iT

2il(g, )= ) § L(u, ) L(1—u, Ddu
xmod g 1/2-iT
_9*@(, rG+in . ( q
= . (logr(%_in+21T y+y,,+log2n»
1/2+iT

+2‘P(‘1) I gq(“a l—“)du'
1/2-iT

By Stirling’s formula this gives (1.2) with
1/2+iT

@9) E@D=70@ [ g 1-0du+0D).

2-iT
We return to (2.3) and investngate the convergence of its right-hand side.
We have, for Re(u) <1, Re(u+v)>0 and n>1,

2 jy"‘(l +y)~’cos(2rny)dy

1]
O

=pv! Jy"‘(l«b-f) (2™ 4+ e~ 2%) dy

o
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- : s -
=nu—1J y"‘(1+§)_ve2'ﬁ’dy+n““ J y"‘(l+§) ”e_zm',.dy
0
1
< u=1

uniformly for bounded u and v. It follows that the double series (2.3) is
absolutely convergent for Re(u) < 0, Re(v) > 1, Re (u+v) > 0, by comparison
with

i = f =1,

In particular, (2.3) holds when u+v =1 and Re(4) <0, and then (replace k
by q/k)

k ao a0
9o(u, 1—u) = 22;1#(%) gld(n) gy""(l +y)*~ ! cos(2nnky)dy.

klg

In view of (2.5) we need an analytic continuation of 9q(u, 1—u) valid
when Re(u) = 1/2. This is obtained by using the formula

Y d(n) = x(log x+2y—1)+ 1/4+ 4 (x)

n<x

with the classical estimate
(2.6) A(x) < x'3log x.

Following Atkinson with obvious modifications (see [1], Sec. 4, pp. 357-361)
we find

k
@) E@D=p@F (%)u.,, ~Ly+ L =L )+0 (%)

klq
where N
1
% sin (Tlog %)cos(hkny)
ha=4Y dn a2
e Y2 (1+)" log —=
y
.
® sin ( Tlog ~?)cos(znkN y)
dy,

1+y

L= 4A(N)f
0 y"’(l+y)”zlog—y—
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log N+2y 1

nk Liag+— 13,2

lis= -2 ik

1 .
®sin (Tlog %)sxn(anNy)

L= J 1 dy,
3 R4y log—;y
a 1/2+iT
sin(2nkN 1+y\du
Ik 3'2= J‘___udy j (——) —
» y y u
0 1y2-ir

@ ao

4(x) cos(2rkxy)
Ik,4 = 4 j x dx J l+y
N o YIP(1+y)*? log———y

1+ ; I+y\/(1 1+y\!
X (Tcos (TlogTy)—sm (Tlog—y—>(§+ (log 5 dy,

where N > 1. From now on assume T< N < T. To evaluate these integrals
we need the following lemma (see [1], p. 365). Note that our U is twice that
of Atkinson.

LemMa 1. Let a, B, y, a, b, m, T be real numbers such that a, p, y are positive and
bounded, a #1, 0 <a<1/2, a<T/8nm), b>T m>1, T>1. Then

b

=3 1+

jy—a(l +y)-ﬂ (Ioglﬂ> exp {i (Tlog~y—y+21tmy)}dy
y

_pethe1 (%y_l/z(mur‘”(m P2V 7exp {i(TV+mm(U— 1)+ n/4)}

+0@*T H4+0(b * ?m ")+ R(T, m),

uniformly for |lo—1| > ¢ > 0, where

2T . fmm
U= E«%l, V = 2arsinh T
and
y=a=p)/2-1/4 p—(y=a=p)J/2-5/4 1<m<T),
R(T, m)<{T—1/2°ama—l (m;
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A similar result holds for the corresponding integral with —m in place of

m, except that here the explicit term on the right-hand side is to be omitted.

To evaluate 1, ; we apply Lemma 1 with ¢ = B=1/2,y=1,m=kn and
make a0, b— co. Then the integral in I,,; equals

$(knU)~ "2 V=1 sin(TV+ nkn(U — 1)+ 1/4)+0 ((kn)~ ")+ O (T~ (k)™ 112).
Hence (recall (1.7),

(2.8) Ly =Z,(k, T)+O(k™'log? T)+O(kT)""21og T).
Like above, we get
(2.9 Lo <|ANN(KT)" Y2 < k=12 T-Voog T,

where we have used (2.6).

Next consider I, 5 ,. Divide the range of integration at Y = (2kN)~!. The
integral over [0, Y] gives, as in (1],

< (kN)'2T-1,

The integral over [Y, o) is estimated by Lemma 1 with a = 3/2, B=1/2y
=1, m=kN, a=Y, and making b — oo. This gives

< k1/2 N~ l/2+(kN)l/2 T 1!
so that

Ly, <k¥V2T-12,

Consider I, 5 ,. We divide the range of integration with respect to yaty
=1, and proceed like in [1]. The integral over [0, 1] is
1t2i+0((kN)”2 T-Y)
and [1, oo) contributes
<(kN)"'log T.
Hence,
L3z =i+ 0KY2 T~ 13
and so, altogether, '
(2.10 L3 = n/k+O((kT)~"10g T).

It remains to evaluate I, 4. To estimate the inner integrals we use

Lemma 1 with « = 1/2, 8 = 32, y=1,2, m=kx, making a— 0, b — c0. We
have then, for kx > T
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1
© cos ( Tlog —+X>cos (2mkxy)
y dy

1+
bf YR+ logTy

= (kxU)~Y2(U+1)"! V™ cos(TV+nkx (U — 1)+ n/4)+ O (T~ " (kx) " '/?),
and similarly, for y =1, 2,

©sin ( Tlog 1?)COS (2mkxy)

dy < (kx)~ 2.

1+yy
YR+ (log—yz)

Hence, writing

x? T x* T LS
f(x) =5 -x EE+T-—7[-arsmh (x ,2T>'
. - T 11 ( T +_1_ 114)—1
6ax) = (x“ trsinb (x V ﬁ) ( 2nx? +Z+§ 2nx? 4 ’

we have

a0

=1 [ 499 (g Ros(~20 (VR 0(00 i
AY I‘V :

The O-term here gives, by (2.6),

<k~ 12 ? |4(x)| x~¥2dx <k™Y2T "¢log T.
N

Next we shall use Voronoi’s formula for 4(x). We have (see e.g. [6], eq.
(15.24))

14 o 3

Y dmn¥* (cos (dn/nx —n/4) —msinmn Jnx— n/4))

T 2Il=l +O(x—3l4)

except when x is an integer, the series being boundqdly convergent in any
finite x-interval. The error term O(x~ %) here contributes

X
4(x) =

<k-12 T})x""dx <k v2r- 14
N



360 T. Meurman

Hence, changing the variable from x to Vkx,

e o]

T
oo =—k=1 Y d(mn=>*J, +O*™ "2 T~ Y4 log ),
1 .

n=

Jox = [ g32(x)cos(—2nf (x)+ n/4)
kN

n =« 3 k . n n
X(COS(4nx\ﬁ—Z)—3—ZE\/%sm (4nx\/%—z)>dx.

This will be evaluated by the next modification of Atkinson’s Lemma 3 (11,
p. 372).

LEMMA 2. Let
T a T a?

Z = 2—n—+—2——a E+—4~

and recall the definition (1.6). For T> 1, a > ﬁ, v>0 and a > 1, we have
Tga (X) e2m‘(f(x)+2x\/;) dx

- 4_;‘,(«— /2 (log 2_:")_ ! (;’_V)S/z—ae—ig(‘l‘,v)+in/2
n

+0 (a'a min (%, lﬁ—ﬁl‘ 1))+0 (v(a—l)/z (%_v)‘"“ T_slz)’

provided that v<Z. If v> Z or if \/; is replaced by —\/;, then the main
term and the last error term on the right-hand side are to be omitted.

Remark. In the corresponding lemma of Atkinson the lower limit of
integration is assumed to satisfy ﬁ <a< ﬁ . It is easy to see that
weakening this restriction to a>» ﬁ results in that Atkinson’s
O(T~*2min(1, |\/v—/Z|™ ")) is to be replaced by the O-term given above,
which is in fact better, since we have assumed a > 1. This last assumption is

made in order to be able to weaken the condition v > 1to v > 0. Apart from
these modifications, Lemma 2 is the same as the original one.

Now Lemma 2 is applied with a=./kN, v=n/k and o = 32 0or a
= 5/2. Then

kZ = N',
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where N’ is defined by (1.9). The main term comes from the integral with o
= 3/2. Note also that

kT
(2.11) N <AE;’

for some A < 1. Hence, for n < N’,

2n (n\V*4 kT\! ( n
==z - T -
In T (k) (IOg 21m> cosgy b k

+O(k™ " T~ ¥4 min(1, |\/n— /N'| )

n 1/4 _3/2(T n -2
+0((;> T

n\!/4 _I(T n“( kT\!
*0((;) T '2?7) log o) )

but if n > N’, the main term and the last two error terms are to be omitted.

Hence,
4

o= Y L4 +0K™ 2T Yelog T),
i=1

where Iy 4, = —Z,(k, T) (see (1.8)),
Loa2 <k Y d(myn™YV2(kT—2mn)" 1,

n<N'

Lias<k 2T Y dm)n~**min(1, |\/n—/N'|™Y),
n=1

Laa<T Y2 Y dmyn™Y2(kT—-2mn)~ "2,

n<N’'
Since T€ N < T we have N' < T. Using also (2.11) it is easily seen that
Liay <(kT)""2log T

for j =2, 4. In I, 4 3 the sum is split up at 3N, N’—\,/V, N’+\/r1\7 and 2N’
Then easily

Loz <k "2l0g?T,
giving the critical error term. Hence,
La=—-Z,(k, ) +0 (k™ "?10g*T).
Combining this with (2.8)«2.10) yields
L=+ hs—Iye=Z(k, T)+Z;(k, T)+O(k™"*log*T).
Substituting this in (2.7) completes the proof of Theorem 1.

5 — Acta Arithmetica XLVIL4
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3. A smoothed form of E(g, T). For the proof of Corollary 1 we need
the lemma of this section, whose proof is based on the method of [7]. Let L
=log T, G > 0. Consider the function

GL

1 2
E, (g, x) = J‘ E(g, x+u)e 9" dy
' NETE

-GL

defined for x > GL.
LEMMA 3. Let T<x < T and

3.1 I? <G < TV 2
Let My =k 'TG 212 and

r(x, m) = exp(—G2 arsinh? ((ﬂylz».
2x

Then, for any ¢ > 0,

_(2x\'"o(q) q
E,(q, x) = (”n“) —‘q—k'qkﬂ (E)

x Y (=1"d(n)(kn)~*e(x, kn)r(x, kn)cos f (x, kn)

ns<M;

+0(@"2 T)+0(q/T)+0(G¥> T~ 1/2+%),

Proof. We use Theorem 1 with N = T and encounter the expressions
GL

(3.2) S;= [ Zjk, x+we ™ du  (j=1,2).
-GL

Consider first S;. By (1.7),

GL
2 1/4
S, = (E) J (X+U)1/4 Z 4 qe(x+u, kn)cos f(x+u, k”)e—("’c’zdu,

nsT
-GL

-

where we have written g, , = (—1)"d(n)(kn)** for brevity.
Since

(x+u)t* —xV* < |u| x~ 304,
e(x+u, kny—e(x, kn) < |ul x~ 1 (1 +knx~1)1/4

(see (1.4)), we have

2y i "
(3 S = (7) 2 ane(x, kn) j cos f (x+u, knje” ™9 dy

n<T
-GL

+0(G*(kT) V2 L).
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m\!/?
Write, for brevity, w(x, m) = arsinh ((X) ) By (1.5),

f'(t, m) =2w(t, m),

-
" — ¢ 1 _
[, m= —t (1+nm) s

-1/2

2t
" _ 41 =l -1 21~ 1).

e, m=t (1+nm) (' +(mm+20)71)

Hence,
f(x+u, kn) = £ (x, kn)+2w(x, knyu+ A(x, kn)u®+ O (jul* x~?),
where A(x, kn) < x~!. We substitute this in (3.3), omitting the error term.
This effects an error
< k™ 1/2 T—3/2 G4 L.

Hence, the integral in (3.3) may be replaced by

GL
Re (eif(x,kn) I eiZw(x,kn)u—B(x.kn)uz du),
-GL

where
B(x, kn) = G 2—iA(x, kn) =G 2+ 0(x™").

The integral is extended over the real line with a negligible error. Then it is
evaluated by the formula

J epu—buz du = (%)1/2 exp (:—;) (Re(b) > 0).

This gives
r 1/2 w?(x, kn) _ G e
(3.4) (m) exXp (—W) <G exp( — AG* min (kn/x, 1))

for some positive A. Hence the terms with n > M, may be omitted with a
negligible error. For the remaining values of n the left-hand side of (3.4) is, by
(3.1),

JrGr(x, kn)+0(G*x~ 1 I?).
Thus,

2x \ !4
(3.5 S, =G <7> Y ayne(x, kn)r(x, kn)cos f (x, kn)

<My

+0(G*(kT) V2 L)+0 (k™' T~ Y2 G2 L'?).
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Consider now S, as given by (3.2). First we want to replace N’ = N'(k, x
+u, T) by N” = N'(k, x, T). By (1.9), we have T< N’ < Tand N'=N" < |u|.
By (2.11) and (3.1), we have N’, N” < Akx/2n for some A < 1. Moreover,

kix+u)\™! kx \*! -
(log > ) —(log%> < |ujx~t.

By these remarks, we have for any ¢ > 0,

GL
(36)  S;< T d(mkn)~ V2| [ oxrumb-we? gy G212 T2
-GL

n<N'

We substitute

- kx 1, 3.-2
g(x+u, n/k) = g(x, "/k)+(|082~n;)“+5“ +O(|ul” x™%).

The O-term contributes
< k™ 1/2 T 3/2 G4 L.

The integral may now be extended over the real line with a negligible error
and the new integral is evaluated as above, giving, for some positive 4, -

- 24502
< Ge AG“log (kx/Zun),

which is also negligible. Hence the second term on the right of (3.6)
dominates. Using this and (3.5) and the definitions of E(gq, T) and Ei(g, T)
we get Lemma 3.

4. Proof of Corollary 1. We have trivially
I(q,t,)) <1(q, TV < (g, ty)
for 1 <t; < T<t; < 2T Therefore, by (1.2),
E(g, 1)+ 0(q(T—1t,)logqT) < E(q, T) < E(gy 12)+0(q(t,— T)logqT).

(Note that g~ ' ¢(q) Y (log p)/(p—1) < logg.) This yields

ple

GL
1
E,(q, T-GL)+0(qGLlogqT) < E(q, T) fe""/mzdu
JnG
-GL
< E,(q, T+GL)+0(¢GLlogqT),
where G, Land E,(q, x) are as in Section 3. Hence,

E(q, T) <|E, (g, T-GL)|+|E, (g, T+GL)|+qGLlogqT.
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Now Lemma 3 is applied to the right-hand side. Estimating the main term
trivially we arrive at
E(q, T) <(q"*+qT '+G** T2+ G~ 2 T2 4+ ¢G)(qTy
for any positive ¢. The optimal choice of G is
G=q BTV
which satisfies (3.1). This gives
E(g, T) <(@T)'7***+q' ™"
On the other hand, it follows trivially from Theorem 1 that
E(q, T) <(@T)"***+qT"".
This completes the proof.

S. Proof of Corollary 2. By (1.1), the left-hand side of (1.10) is (g, T+ H)
—1(q, T). By (1.2), this is

< qHlogq(T+H)+|E(q, T+ H)|+|E(q, T).

Thus (1.10) follows from Corollary 1.
We now prove (1.11). For g > ¢ this is already known by [4]. Let g < 1.
Generalizing a lemma of Heath-Brown we have

log 2

L*(3+it, y) <log?e(1+ jz ILG+i(+v), x)2e " dv),

—log“t

when y is primitive. For a proof we refer to [8], Lemma 6. The primitivity is
not an essential restriction. Thus the result follows from (1.10).

6. An analogue of Theorem 1. Let

din,g= ¥ 1, c(n,q):Zk;l(%)d(E)’
(k.ﬂix king

Q, (n) = max {a| 2% divides n},

H-1"d(n, g if  24q,
d*(n, q) = <32 (—(=1\)d(n, 9 if 2llg,
d(n, q) il 4|q,

D*(x, q) = Z: d*(n, q).

nsx

Here 2?||qg means that 2°|q but 2°*! yq.
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THEOREM 2. For q < x, 1 < N <€ gx and any ¢ >0, we have

(p(q)X< X x
D*(x, q) = ———(log— - =
(x, 9 2 b ogbq+v.,+y 1)+A (b,q),

q q
where

1 [x\Y4 nx =
4* X =—(— 1) 3 -3/4 (4 i
(x, q) . q) EN( )"c(n, gyn~¥*cos (4n P

of(%)" %)

V¢ is defined by (2.4) and

4 if 244,
b, = {2 i 2llg,
1 if 4q.

Remark. A comparison of Theorem 2 and (1.2) shows that the
analogue (in the sense of Jutila [7]) of I(g, T) is

Zn# D* (b ﬂ, q).

2n
Indeed, the main term of ZnMA* (g—T, q) is
q 4

1/4
M(%) Y (=1)yc(n, gn~**cos(2 \/2nnT —n/d).

q n<N

On the other hand, we get from Lemma 3, interchanging summations, that
the main term of E,(q, T) is

2T\
POELY 5 (—1retn gn > e(T nr(T noos (T, m,

q n n<My
In the last two expressions the terms with n = o(T'/3) are asymptotically
equal, as T— 0.
Remark. We have

c(n, g) = ) ¢, (m),

where c,(m) is Ramanujan’s sum. Moreover, g[[ p~" divides n if c(n, g) # 0.
ple
Before proving Theorem 2 we give two lemmas. Let G(s, q) and F(s, q)

be the generating Dirichlet series of d(n, q) and c(n, g), respectively, and let
x(s) be as in the functional equation

(6.1) () =26){(1-9).
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LemMa 4. The functions G (s, q) and F (s, q) are analytically continuable to
the whole complex plane. They are related by

G(s,q) =q x> F(1-s, q).

Proof. Obviously, we have G(s, q) = {(s)L(s, xo).- This gives the
analytic continuation of G(s, g). Now it suffices to prove the identity for o
< 0. Then, by (6.1),

L) L(s, xo) = x*(92%(1 —s)fll(l —p79).
plq
Here

Ca-9[1a-p™

ple

i dmyn =Y p(k) k' k1
n=1

klq

5 (ﬂ)’_' 5 d('—"q—k>u(k)k“‘

m=1\4 klq
qlmk

2 (my! (mn ) (qn )(q,m)

— d
mgl (q> nEm (q’ m) # (q’ m) qn

= q_sF(l -, q)y

which completes the proof.

Let G*(s, q) and F*(s, q) be the generating functions of d*(n, q) and
(=1)"c(n, q), respectively.

LemMa 5. The functions G* (s, q) and F*(s, q) are analytically continuable
to the whole complex plane. Moreover

(6.2) G*(s, @) = (b9 "L (9 F*(1-s, ),
(6.3 G*(s, q) = H(s)G(s, 9),
where
—34217 527 if 24q,
H(S)={(’}—2"‘+2‘2’)(1—2")'l i 2lg,
1 if 4|q.

Proof. In what follows we assume ¢ > 1. The final results are obtained
by analytic continuation.

If 4/g and 24n, then c(n,g)=0, so that c(n,q) = (=D"c(n, 9.
Therefore Lemma 5 is trivial if 4|q.

Assume now 2/tq. Using the identities

d(2n,q)=2(n,q) if 2jn,

(6.4)
d(4n, 9y —2d(2n, @) +d(n, @) =0,
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we get

G*(S, q) = Zld(n’ Q)”_’—%G(S, q)
2ln

=275 Zx (d(2n, q)—2d(n, g)n~*+2'"* Y d(n, q)n~*—3G(s, q)
n= n=1

— 23 S (d4n, 9= 2(n, QYn~ +2 - —HG(s, )
n=1
= H(S)G(S, q)1

which proves (6.3) for odd values of g. Since c(n, g) also satisfies (6.4), we get
similarly

F*(s, q) =(=14+2>7*=2'"2)F (s, g),
which in combination with Lemma 4 and (6.3) proves (6.2) for odd values
of g.
Finally, consider the remaining case 2||q. We have

a

H(5)G(s, )= Y a(mn~)G(s, g),

n=1

where a(n) is a multiplicative function defined by a(l)=1,a(2) = -1, a(2™
=1if m>2 and a(n) = 0 otherwise. The right-hand side is

3 4 ek, o)

which equals G*(s, g), since d(27™n, q) = d(n, q) for 2™|n. This proves (6.3)
in the case 2||q. Since

c(2’m, @) =(1—a)c(m,q) if 24m, a>0,
we have

F*s,9=3% Y (=) c(n,g)n"*

a=0n=1
29)|n
=Y (-1*27= f c(2*m, qym™*
o
= Zo(—l)z"(l—a)Z"" f: c(m, gym™*
a= m=1

2)m

—(1+2=1)"2)4(F (s, 9= F* (s, q)).
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Hence,
F*(s, @) = (2! =2' "+ )2 *=1)"' F (s, 9),

which in combination with Lemma 4 and (6.3) proves (6.2) for 2||q.

We proceed to prove Theorem 2. Using (6.2) the method in Titchmarsh
[10], Ch. 12, yields

(65  D*(x.q)=Res(G*(s, 9)x's™")

—e+iT
BRI 2 —x(i ' ds
+35 L (= Dreln g f e b,q>s
-e—iT

qle-n qTZ £
ro (£ o () Jrown

The residue may be evaluated using (6.3) and the identity G(s, q)
= {(s) L(s, xo)-- This gives the main term of Theorem 2. Let No= N+m,
where m (and N) is an intéger, 1 < m < g, and choose T to satisfy

b,qT? 1

anx N°+§'

Then the O-terms above give

qx 1/2 qx 1/2
— xt — x5,
< (No) < (N)

Following Titchmarsh, we see that the series on the right of (6.5) is (note that
q<x) ‘

1 fx\u ) 34 ( nx w
UE(EE) nzo(-—l) c(n, ggn~3*cos (4n b,_q—z)

<N,
-1/4 a
+o((§) )+o(1vz,”§l le(n, @) n~1*)

n -1
+O(N‘ le(n, q)ln“’lo \ )
onszz:)vo gNo‘*'f
In the first term N, may be replaced by N, since

1/4 N+gq 1/4 ‘ 1/2
(" e () e

q n=N+1 q klq
The first O-term is < 1. The second O-term is

<N,Y k i d(n)(kn)™17° < {gN,o) < x*.

klg n=1
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The third O-term is averaged with respect to m. We have

q -1
q ! c(n, g)ln" ! log—-—
mgl n$2§+2ml ( q)l ogN+m+%
q
<q 'Yk Y Y d(n)(kn)“—NL<<x‘.
klg m=1n<(2/k)(N+m) lk"_N‘m—%l
The proof is complete.
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ACTA ARITHMETICA
XLVII (1986)

G-fonctions et théoréme d’irreductibilite de Hilbert

par

Pierre DeBes (Paris)

Jusqu'a l'article de Bombieri sur les G-fonctions [1], on ne disposait pas
de résultats généraux sur la nature arithmétique des valeurs en des points
algébriques de G-fonctions satisfaisant des équations différentielles linéaires,
de tels résultats ayant pourtant été énoncés dans le célébre article de C. L.
Siegel de 1929 [20]. La méthode de Siegel, fructueuse dans le cadre des E-
fonctions, présente en effet de nombreuses difficultés quand on cherche a
l'appliquer aux G-fonctions. Bombieri est parvenu a y faire face, au moyen
d’arguments sophistiqués comme le thésréme de Dwork—Robba. Nous
proposons ici une approche différente du probléme, basée sur la méthode de
Gel'fond, qui évite les complications de la méthode de Siegel, et conduit a un
nouvel énoncé sur lirrationalité et lindépendance linéaire des valeurs de
G-fonctions (théoréme principal).

Les fonctions algébriques constituent un exemple typique de G-fonctions
vérifiant des équations différentielles linéaires; on obtient dans ce cas
particulier un énoncé (théoréme 2) qui généralise simultanément des résultats
de P. Bundschuh [3], T. Schneider [17], [18] et de V. G. SprindZuk [21]-
[24] sur le théoréme d'irréductibilité de Hilbert.

Présenté ici comme le fruit d’'une méthode analytique, le théoréme 2
posséde en fait une origine purement algébrique: le paragraphe 2.4, qui
sappuie sur un article de Bombieri sur le théoréme de décomposition de
Weil ([2], voir aussi [7]), explique qu’il provient essentiellement de la
quadraticité de la hauteur sur les variétés abéliennes. Le théoréme 3, version
géométrique du théoréme 2, permet d’autre part de donner corps au lien mis
en évidence par M. Fried [12] entre les travaux de V. G. SprindZuk et ceux
de R. Weissauer.

La derniére partie est consacrée au théoréme d’irréductibilité de Hilbert;
le théoréme 2 conduit & une nouvelle version qui montre en gros que toute
partie hilbertienne d’un corps de nombres contient “beaucoup” de
progressions géomeétriques.

Notations.
Valeurs absolues. Nous adopterons les normalisations suivantes des
valeurs absolues | |, associées aux places v d’'un corps de nombres F:
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