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Uniform quotients of metrizable spaces
by

J. Vilimovsky (Praha)

Abstract. The easiest possible example of a metrizable uniform space having a nonmetrizable
uniform quotient is given. Using this example all metrizable spaces - having metrizable uniform
quotients only are fully described,

In the literature several sufficient conditions for a uniform quotient of a metric
space to be metrizable are treated e.g. [1], [2], [4]. The first attempt to bring a con-
crete example of a nonmetrizable uniform quotient of a metric space appeared in [41,
and two much simpler examples appeared later in [3].

In the sequel f: X— Y is a uniformly continuous onto mapping between uniform
spaces. f is called a uniform quotient mapping if Y is endowed with the finest uni-
formity making f uniformly continuous. Himmelberg [2] strengthens the latter
concept defining so called uniformly psendoopen mappings (i.e. the images of uni-
form vicinities of the diagonal are uniform vicinities) and proves that a uniformly
pseudoopen image of a metrizable space is metrizable. We start with another streng-
thening of uniform quotient mappings which scems to be more convenient (see
Remark 1) for our problem.

DeriniTion 1. Let /2 X— ¥ be a uniformly contintous mapping from X onto Y.
Jf will be called uniformly conservative if for every uniform cover % of X the cover

J@ = {£184(/7*(), W)]; ye ¥}

is uniform on Y.

It might be easily verified that every uniformly pseudoopen mapping is uniformly
conservative and every uniformly conservative mapping is a uniform quotient.

ProrosITION 1. If f3 XY is uniformly conservative (onto), X metrizable,
then Y is metrizable as well,

Proof. Take an arbitrary uniform cover ¥* of ¥, choose a uniform star-refine-
ment #" of ¥ and set % = f~*(#’). Then for every y& ¥ we have

FIStS™0), W < St(y, #)
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Therefore every uniform cover of ¥ may be refined by a cover of the form T ()
for some uniform cover % of X. f is uniformly conservative, X has a countable basis
for uniform covers, so ¥ has a countable basis for covers as well. ]

Now we present two results which will show that under some conditions quo-
tients are uniformly conservative.

PROPOSITION 2. Suppose f+ X— Y is continuous and onto, X compact, (hence f is
a uniform quotient), then f is uniformly conservative. :

Proof (standaft). Take ye Y and an opén neighborhood U of £~ !(»). For
every z distinct from y take ¥(z), W(z) disjoint open in Ysuch thatz e V(z), y € W(2).
The cover

(UyO{f V@] ze N}

is an open cover of X, we may choose a finite subcover
(UyO{f 2V @)} i= 1, K} -

RO x . . .
The set W = () W(z;) is an open neighborhood of y.

Ifxe W‘th;n FUE f "V (z)] = @ for all i; hence f~1(x) = U, and hence
W f[U], therefore f [U] is a neighborhood of y. Take any open cover % of X,
the set £ [St(F ~1(»), %)] is a neighborhood of y for all y & ¥, so F(@) is a uniform
cover of Y. .

COROLLARY 1. Every uniform quotient of a compact metrizable space is metrizable.

Remark 1. Proposition 2 remains no more true if we write uniformly pseudo-
open instead of uniformly conservative as shows the following easy example:

Put X =[0,3], Y =1[0,2] compact. intervals, f(x)=x for xe[0, 11,
f(x) =x—-1forxe[2,3], f(x) =1 otherwise, f is obviously uniformly conserva-
tive but not uniformly pseudoopen.

PROPOSITION 3. Let f: X— Y be a uniform quotient,

Yi={yeY; I/ 0Mi=2}.

If the family {f~2(y); y € Yy} is uniformly discrete in X then f is uniformly conser-
vative.

Proof, Take a uniform cover % of X. We may suppose that for every y,z€ Y,
the sets St(f1(y), %) and St(f~'(z), %) are disjoint. Suppose ¥" is a uniform
star-refinement. of %, ze Y.

a) If ze ¥,, then easily St(z, f(#)) =f [St(f ™ (2), %)].

b) If z¢ ¥; and St(f~*(z), ¥) does not intessect any f~'(y) for y & ¥y, then
evidently St(z, (7)) =f [St(f~1(2), %)]. T ,

¢) If z¢ Y, and St(f (), ¥) intersects some f ~*(y) with y € Y}, then this y is
unique and we may find Ue % containing St(f~*(z), ¥) and intersecting S ~*(),
hence St(z, f () cf [St(f (), %)]. ‘ ' '

So f(#) is star-refined by f(¥), hence f is uniformly conservative.
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COROLL.A.RY 2. If X is mctrizable, f is a quotient mapping such that the family
of all nontrivial fibres is uniformly discrete, then-the qiotieiit spase “is- metrizable.

PROPOSITION 4. Suppose, X is metrizable and every- quatientiof.it.is.also metri-
zable, Y is a subspace of X. Then every quotient of Y is metrizuble. .+ "

Proof. Suppose f: ¥— @ is uniform quoticnt, let us embed (" as a tiniform
subspace into some injective space Z and extend fto a uniformly continuous f: X —Z.
If we take the quotient uniformity on f[Z], then this uniform space has to be metri-
zable and contains Q@ as a uniform subspace. So @ is metrizable as well.

COROLLARY 3. Lvery precompact metrizable space has metrizable quotients only.

Let us turn our attention to nonmetrizable quotients now. Let us denote by D,
the adjacent sequence (see [6], where also the strange notation is justified), that is'
the set N x 2 with the uniformity metrized by the metric d(x, x) = 5.0,;d.((n, 0>, {n, 1))
= 1/n, d(x,y) = 1 otherwise. It is proved in [5] that every metrizable space. which
is not uniformly discrete contains as a uniform subspace either a ééuchy séquence
or a copy of D,. Every quotient of a cauchy sequence mugt.be nﬁetriiable due to
its precompactness, so if we prove (and we shall prove it} that l).z‘:hai‘s_a nonmetri-
zable quotient, it will be the easiest possible example. o

ExAMPLE 1. Take fi Dy— o defined as f(1, 1) = 0, f(n, Oy = f (11, 1) = n.
Then the corresponding quotient uniformity Q on o is not metrizable." :

Proof. We start with the following notation: if f: X—Y is a uniform quotien'f
and if X is metrized by a metric d, we shall denote by d, the following pseudometric
on Y: ‘ '

-1
Ay, 3) = inf S () T oxies))

where x, = X, X, = y and the infimum is taken over all such’ éhains. Obviously f is
uniformly continuous into the pseudometric space (Y, d;).
The following observation is due to Marxen:

LemMa ([4)). Suppose Y is metrized by o, then there is a metric d' unifarmlj;
equivalent to d such that dy is uniformly equivalent to o. ]

Using this idea we come back to our example. Suppése @ is metrizable, we have
some ¢ metrizing D, such that o, metrizes Q. ¢ may be characterized by some
sequence {#,} of real numbers such that 13,0, o((n, 0, (n, 1)) = a,. We
may and shall suppose (Q has a quotient uniformity) that Y a, é co. Now define
a new metric o?(¢n, 0), (n, 1)) = b, on D, (equivalent to o) as follows: '

For every ke N denote n(l) = 1, otherwise n(k) is the first natural number
such that ‘ A '

1

() augy+ ot aygy -1 < Z ,

(D dny> Gy~ 1)+ 1.«
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1
For n(k)<n<n(k+1) we define b"=E'

For all natural'n we have b, >a,; hence o' > ¢, hence d}> a,.
On the other hand, for any & > 2 there are points v = n(k)—1, w = n(k)+k—1
in' Q such that
k-1 1
v, W) = Ayieyti <5
le( ) ig,l (CLL A

o +i~1
go,w= Y b =1
n=n(k)

Therefore ¢} is not uniformly equivalent to o, and hence o does not metrize Q,
which contradicts the assumption.

Remark 2. Recall that the uniform weight of a space is the smallest cardinality
of a base of uniform covers. Husek and Pelant [3] proved that if ¥ is a uniform
quotient of a metrizable space, then its uniform weight is less or equal to cof (“w).
(The latter symbol stands for the smallest cardinality of a cofinal set in the set of
all mappings on w into @ with the pointwise order.) If one looks carefully how the
uniform covers in the space Q from Example 1 look like, one can easily see that the
uniform weight of Q is just cof (“w), so our example is as “far from being metrizable”
as possible.

Now we are prepared to prove the main result:

THEOREM. The following properties -of a metrizable uniform space X are equi-
valent:

(1) Every uniform quotient of X is metrizable,

(2) X does not contain D, as a uniform subspace,

(3) Every uniform subspace of X is uniformly discrete or contains a Cauchy
sequence as a uniform subspace.

(4) The completion X of X is of the form LuU(X\L), where L is compact and
Jfor every &> 0 the subspace Z\0,(L) is uniformly discrete (0,(L) stands for the &-neigh-
borhood of L).

Proof. (1)=>(2) follows from Proposition 4 and Example 1.

(2)=(3) is contained in the remark foregoing Example 1.

(3)=-(4). It might be easily observed that the condition (2) is closed under com-
pletions, so if X fulfils (3), so does £. Take all copies of a cauchy sequence in X and
denote by L the set of all their limit points. (3) implies that L is compact. If £\0,(L)
is not uniformly discrete for some &> 0, it must contain a cauchy sequence not con-
verging to a point in L, which contradicts the definition of L.

(4)=>(1). Using Proposition 4 we may suppose that X is complete. Let g, be
any metric metrizing the uniformity of X. If f* X— Y is a quotient mapping, using
Proposition 2 we may find a metric ¢ metrizing L such that the corresponding ¢ fIL
metrizes the quotient uniformity on £ [L], the latter being a subspace of Y. Take g,

icm
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any uniformly continuous extension of ¢ over all of X Set ¢ = max(p,, g,). 0 is
generating the uniformity of X. For every x e X take ne

Le={yeL; o(x,) = o(x, L)} % .
Now define for x, ye X:

d(x,x) =0,

d(x, y) = inf i
©x, ) u‘?Lw(Q(x, w+e(, v)+(, y)) if x # y.
valy
It is easy to sce that d is a metric on X, d 3 ¢ and d(x, ) = o(x,y) for x, y in L.

For every &> 0 there is #(e)> 0 such that e(x, ) 2n(9) for x,y ¢ O%L). Put

A & [
§ = min (5 , 11(3». Then for g(x,y) <6 we have Q(x,L)<—5—, Q(y,L)<§.
For arbitrary u>0 we may find uel,, velL, so that

d(x, ) < e(x, )+, ) +o(, )+,
o, v <, M)+o(x,y)+o(v,y) <2e.

So we have d(x, y) < &, and hence d is uniformly equivalent to g. Now it is easy to
check that the corresponding metric d, metrizes the quotient uniformity on Y.
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