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A note on the A-Shelah property
by

Donna M. Carr (East Lansing, Mich.)

In this bricf note, we use some results from section 3 of [2] to prove that if
2<% = ) and % has the A-Shelah property, then for any stationary subset S of P4,
{xeP,\: SN P, xeNS; .} e NSk, Notice that this is a natural P, A analogue
of a well known property of weakly compact cardinals.

Our notation here is the same as in [1], [2]. :

The IT}-indescribability characterization of the 1-Shelah property given in [1]
can also be used to prove the above result. This will be presented elsewhere.

Our proof here requires the following proposition which is interesting in its
own right.

PROPOSITION. If A“* = A and u has the A-Shelah property, then for any
(cx: x€P,A) such that (VxeP,l)(cyt X* = P,.%),

(e: 22 > P)(VxePA)({yet: b x* = c} x*} e NS,) .

Proof. Set X = {xeP,A: |[x]**| = |x|} and notice that by 3.4 (2) in [2] this
is in NSE,.

Let p: A% — A be a bijection, and recall that {x € P,A: p'(x%) = x} is cub in
P, and hence is in NS, Thus X; = {xe X: p"(x*) = x} € NSh%;.

For each xe& Xy, let ¢, P,.x — x be a bijection, and define Set x> x by
Filo) = presp (@). Now let f: 2 — 2 be such that

(Vxe P (Hy = {yeXin2: fitx =ftx}eNS).

Pick (x, ) € A? and set p(x, f) = 7. Notice that for any ye Hy g, S ()
= f,(0) = ¢,,p7 (1) = @y, ). Thus define ¢: A*> =P, by c(x,p)
= @y 'fp(a, ) where y is any element of Hy, p, p(e,

To see that this works, pick xeP,A and let y be any element of H,.
Then x U p"'(x3) sy v p (y?), so for any (x,f) ex?, c(o, B) = o, ' f) =
07 0 ) = 05 "oye,p” P B) = (e f)- B

Remark. Recall that for any ¢: A> = P4, {xe P A: (Yo, B ex)(c, =)}
is cub in P,A, and for any cub subset C of P,J there is a ¢: A* - P, such that
{xeP.A: (Va, pex)(c(, B) =)} = C (Menas [3].
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THEOREM. If A™* = 1 and % has the A-Shelah property, then for any stationary
subset S of P, {xeP,A: S P, xeNSy,}eNSK,.
Proof. Suppose not; let Se NSy, be such that

X ={xeP,: SNnP, xeNS,,} e NSh}.

In view of 3.4(2) in [2] we may assume w.l.o.g. that (Vxe X)(|[x]*| = |x|).
For each x e X, let ¢,: x* —» P, x be such that

C. = {zeP, x: (Yo, fe2)(clo, Pz} P,
Now let ¢: A% — P, be such that

x-=S.

X

(VxeP)(H, = {yeXn%: ¢} x* = ¢} x*} e NS,

and set C = {xeP,A: (Yo, Bex)(c(x, p) = x)}.
Pick xe C S and then pick ye H, such that xe P, ,¥- Then

Vo, Bex)(c, (@, B) = ¢, =),

thus x € S n C,. This is the required contradiction. B
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A general theory of superinfinitesimals
by

Benjamin Benninghofen (lowa) and Michael M. Richter (Kaiserlautern)

Abstract, Tn this paper the concept of a “superinfinitesimal number” is defined in terms of
a generalized notion of monads. This allows to extend the concept to very general situations. A trans-
fer theorem relates properties of generalized monads with those of ordinary monads. Some appli-
cations are given, mostly to the theory of monads.

Introduction. The idea of infinitesimals and monads in nonstandard analysis
has been applied successfully to general topology and functional analysis (cf. [Lu]
and. [Str-Lu] Ch. 8-10). We extend this theory in a new way.

The main result of this article is a transfer theorem that allows us to compare
“orders of infinity” by extending certain formal properties of monads indexed by
standard points to “m-monads” indexed at nonstandard points. For example,
L’Hospital’s rule from calculus involves a limit of derivatives. If £ (x) tends to infinity
as x tends to zero, ¢ is a small positive standard number, and & is a positive infini-
tesimal, then £ (£)// (&) is infinitesimal. In the proof of L’Hospital’s rule (Proposi-
tion 4.1) given below, we choose { infinitesimal and ¢ superinfinitesimal so that we
may transfer the statement, “£(()/f(€) is infinitesimal” to the infinitesimal index £.
The notion of “superinfinitesimal™ is relative.

We will use the framework of Internal Set Theory (IST) (see [Ne] or [Ri]).
The full strength of internal set theory (namely that it axiomatizes the whole universe
of sets) is not used, however. We work with bounded formulas and these can be
interpreted in a suitable universe. Refering to internal set theory means for those
readers who prefer to think in terms of superstructures that all one has to know
about the superstructure is that the axioms of IST are valid.

The identification of the particular class of properties subject to the transfer
is the main content of the transfer theorem. This relies on a extension of Nelson’s
reduction algorithm applied to a class of formulas very much like these encountered
in the topological languages of [FI-Zi].

Unfortunately, the class of formulas which we can transfer is not a simple one.
However, it is a useful one.
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