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On the difference
between consecutive squarefree integers

by
S. W. Granam (Houghton, Mich)) and G. Koresnix (Los Angeles, Cal.)

1. Introduction. Let S, be the ath squarefree integer. Results of the form
Sp+1—S, = O({n*™%) have been obtained by Fogels [1] (x = 2/5), Roth [&]
(@ = 3/13), Richert {5] (x=2/9), Rankin [4] (x=02219821..)) and
P. G. Schmidt {x = 0.2215834 ..)). In this article, we prove o < 1057/4785
= 0.2208 ...

2. Notation. We use the letter D, with and without a subscript, to mean a
domain which is bounded by @ (1} algebraic curves of bounded degree. |D] is a
number greater than or equal to the number of lattice points in D. We use the
standard notation e(w) to denote e*™*, f(x) < g(x) denotes f(x) = O{g(x)).
(x)€ g (x) denotes f (x) = O {x*g(x))./ (x) ~ g (x) denotes f (x) = g (x) (1 -+o(1))

and for a small positive number 4, f(x) ~ y g(x} means
i i ai
07291 o( gmax __{f)
axt Xt bx

for all x = (x,,..., x,) and all i={(i;, ..., i,) for which it makes sense.

Finally, ¥ {x) = x—[x]—1/2 and

=] e = 5]

G(xy, .00 )

for x ={x;,....,x,) and j<n

3. Reduction to exponential sums. Most of the arguments in this section

are adapted from Richert [5]; we include them here for the sake of

completeness.
To prove S,+,—S,<&n" it suffices to show that

(1 T () = 6h/n> + O+ o (R,
x—h<n<x .
< h < x. The left-hand side of (1) may be written as
%, #ld)([xfd*]~ [lx~Ryd?).

d€x

whenever ‘1
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The above is equal to
mh Y p(d)d > +0@)+0(8) = 6h/n*+ 0 (ht ™1 +1-+85),
a<t
where r = x* and

§= 3 _([xd'z:l_[(xmh)d_z])

t<d<svx

g —h
= 2 (kf/(x—f"")bl//(%))w“o(h/t)%- Y ([xd™21=T0c—hyd = *]),
t<dgxi/t d d xVA<d€x
The last sum equals

Yoo l= 3 2 1

*3 i g2 x-h<nd?Ex N2 S hyn<d <

= ¥ Wom-Le-wm)- 5 31

nSxt nEx3 xR <d $x15
<hx By Y (W3 =y ((x—hym)2)
t<nsxl/2
+ > (1+x43 —((x—R)x~'13)112)
(x—hyx~ Y3 <pgxl/3
<t+hx" P Y (WS xm)— (x—Ryn)' ).
t<ngxli/2

Denoting

y(yn™?

S,= max max | Y
tENEx/3 x—h€ySx NEn€2N

S,= max max | ¥ y(/ym)

1SN€xI/Z x—hSySx NSn<IN

?

and combining all of the above, we get
Yo @) =6h/m?+ 0 +hx "4+ 5, +5,).
x—h<p<xx
To complete our proof, we need to show that

@ T W €

N&€n<€IN
for x* <N<x*? f=2 and x—h<y<x (or B=1/2 and
<y < /%).
The right-hand side of (2) can be converted into exponential sum by means
of the following
LEMMA A. Suppose K > 0. There is a function y*(x) such that

0 ¥*x)= 3 y*(ke(kx);

L€kEK

{x—h)

icm
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(i) y*(k} < /k and (y*(k)y < 1/k?;
(i) P () -y (x) <QK+2)7" ¥ (1-k/K)e(kx).
k<K
The lemma is contained in Lemma 18 of [7] {in that paper, y* (k) is given
explicitly). If we set y(k) = y* (k) + (1 —k/K)(K+2)"", then we get

yw) < YRK+2)+ ) y(k)e(kw),

sk<€K
and so

| > vy < NQ2K+2)+]

N<n<2N 1

Kv(k) Y elkyn™h).

N<n<2N

A

k€

By splitting the sum over k into subsums, we get

| ¥ wm™) <N/K+max| Y y(k Y

N<ng2N H<K Hsks2lH N<n<2N

e(kyn_’f)|.

Our next step is to remove the y-factor by partial summation. Regard y as
a function of a real variable w. We shall write

VH; W= Y ), elkyn™),
H<kSwN<n<2N

and when H is understood we shall simply write ¥ (w). With this convention,
we get

L DY

H<k<2H N<ns2N

e(kyn~#)

2H

2H
= [y aVw) =[r W VWIE -~ [ y* ) V() dw
H H

<« (1/H) max |V (w)|.

wE2H

The same bound holds for the corresponding sum over negative k, so

| Y ¥ (yn A< N/K+max max (1/H)V(H, H,).

N<n<2N HEK H1S2H

We will complete the proof by obtaining an upper bound for |V (H, H,)|

4. Basic lemmas. We need 8 lemmas. Lemma 1 is Lemma 1 of [2].
Lemma 2 can be proved similarly to Lemma 1 of [3]; it will be used instead of
Lemma 1 in some cases when Lemma 1 cannot be used or is not good enough.
Lemma 3 is the generalization of Weyl-van der Corput’s inequality (see, for
example, Lemma 2 of [3]) and Lemma 4 is Lemma 3 of [3], Lemma 4 will be
used in Lemmas 6, 7, 8 and Theorem 1 to choose parameters @ and Q,.

LEMMA 1. Let f(x) be a real C*® function such that for all xeD < {x:
X, <x,<2X, (i=1,..., 0} we have:
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0 1f )l < FX1H... X, 0 for some F;
(i) |H( f(\)|~M,‘ Y for some kell,n] and some M, € (X, ... X,/
% Fl/3 k- en’
(iii) for all a; e[—C, C the functions Y. [ a;, f*(x) do not change sign,

i IsC
vy ic), i! = (ill’ LEEN) lnl)v I < C.

Then there exist some real numbers Bj;

where i = (i,
such that for

Dy={(my, .y My Xpio1s ., %01 By Smy< By (J= 1., k) xeDy
Ay, o My Xpgy o X (XY =my, x€ D, By < x; < By
=1,k j=1,..., n}
we have N
‘@\/‘Mkl P e(fy (m, Xer1sees X))
xel (M, Xic+ 14000y Xn)ED)
FO(NYFEFIML(X, L X))
& D/ /M ANMF (X, .. X)) )7
FN({(FI M (X, .. X)),
where N=X ... X, fi=Ff(@n ... G- Xps1s--a X )—M X — — Ty X
L0 ooy @ Xats oy X)) =m; (i=1,..., k), f(x}~F means that F <[
< F.

Lemma 2. Let f{x., x,) be a real C® function on I} {(x;,x,): X,
< x, €2X,, X, <x,<2X,} such that for large X, X,, M, M, and
N=X,X, we have
@) [fal ~ MDY | fol € X0 /(X M)
(i) |fxl < U%(M, X¥), where M, U?log N < X1,
(i) |[H, (f (o) ~ M7 L.
Then

|3 e 0 € 1DU~/ Myt X, f/ Mo/M (X, Tog NYM y + X, /M + X, logN.
- Lemma 3. Let f(x) be a real function and let D be a subdomain of
{x: X;<x; <X, (=1,...,n}
Let q,,.... g, be numbers such that

/Xy = ... =aq/X=0/N; q,...q
1

filx; ) = J;;z (f (x+Rt))dt
O

S=N'¥e(f(x)hy S, =Wo"' ¥

xed {x,k)eD;

~Q<IDP/N; N=X,.. X,

n

Dy ={{x,h): h#0, || <q;xeD, x+heD};

e(f(x).

icm
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Then
IS < Q712 +(NT1 DI IS )2
LimMma 4. Let M, N be positive integers, u,, 20, v, 30, 4,20, B, =0
Then for some g
Y A"+ Y Bgr< ¥ Y (Al Bl o),

lsmsM 1€nsN I€pEN 1€msEM

Lemma 5. Let f(x) be a real C function such that for X €< x €
we have

U7~ Az 17~ s

Then

S=| Y elf) <X, —X)S2, +min {1/ /2, 1/257}

Xﬁx\Xj

and

18] <€ (X —X) A5/° + (X, — X)*F.

Lemma 5 is van der Corput’s estimate.

Lemma 6. Let f(x, y) be a C® function such that for (x
X<x<2X, Y<y<2Y} and N=XY we have

. ¥)eD = {(x, y):

() |fud € FX ™Y i (U734 1)+ FAX 'Y ~H(UP+23 4 1),
A<€l, Uz, AU «€1;
() fu= FX*Y X yB)+ O (FA(UP 3+ 1) X 7%, where

ale—1}—2)(@—3) -1 (B-2(a+f—-2(x+-3} #0;
(i) |H, (fl ~ F2ag X7* Y72, |fos fuay—fea fon > FP X7 Y7L, | )]
< FU2X'Y L
Then

S=| % elf(x )

{x.5}eD
@ 'Dl ((FZ U3 N--B)l,'G
+(XF—2 Y“3)1122+('FU5 N—Zaal)lfS +(F2 Nx—B)IIG)
+(DI* N* Y/F)"® (D] Y)*+(D|* F> X "2 N~ 1)1/8
+(\D|8F2 NX_4£162)1/22+(|D|4N7 F—Z)l/lo'
Proof. We apply Lemma 3 with k=2 and obtain:
|5]* < IDIZ/Q+(IDI/Q)§’;|§£(I1 x, »)|>
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where
fl (x’ y) == hlfx+h2fy+f2 (xa y):
[f2 0, )eay| € @ FUHFLXTEY ™I, g = |hy|/X +|hy|/Y,

( is a parameter, to be chosen later to cur advantage,
We divide D into subdomains of the type

D, = {(x, ) a; € b fathofa| < 2a,,
a, % |H, (]1-1f;c+h2f_v)| < 2a,, (x-+hy, }’+h2)ED}
and assume that a¢=/(a,, g,) is such that

2 DHR+DIQY| T e(fy(x, »).

h (x,»)eDa

We consider the following cases:
1) a; < (FPQX 3720 Y Y)Yl (FYX D" Y2, ¢, >0.
Using the condition (iii) of the lemma, one can verify that

either a, » FoX ™% or  |hyfat+hyfal> FoX 2.

Applying Lemma 4, we obtain:
* < |D|2/Q(|D|/Q)§§(\/Elg1+X(F@)‘”3)
< [DI*/Q+|DP* (X2 (a3 N/Q)'/F -+(a; N/Q)'/*/X) +|D| N(F? Q/N)~ 1%,
2) a, » (F2QX~35-% Yy~ L)l 4 (FYX~2/|D)M2,
ay € (FS Qa3 X~*|D|"* N~ 4 F2USN™2 JO? N2,
Since

/@)%, Y 1 <(D/X)/N/Q(1+(ay X* Y2 F~?/ag)'1?),

k {x,y}eD,

=]

we as in 1) use Lemma 4 and obtain
§* <|DI/Q+(DI*/X}(F* Q/N)"™ (Y (X QW2 (14 (a, X* Y2 F~2/a,)'1?)
+DINF2 Q/N) e,
3) a, satisfies the same, a, satisfies the opposite inequality to as in 2).
We use Lemma 2:
§* < IDI>/Q+ID|(1DI /@y + Xa,//a, + Xa, log N+ Y//a, + Yiog N).

Combiming the obtained in 1}-3) estimates and using Lemma 4 to choose
@ which minimizes the obtained expression, we obtain the claimed result.

LEMMA 7. Let f(x, y) be as in Lemma 6 and satisfy the condition
Saiyy = (FXT0Y TP y0) i+ O (FAUA 3 4 1) X1 Y )
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where
a@—1) B (F~De+f—1){x+p-2) #0.
Then
S=| ¥ e(f(x, )| KIDIF X1 Y204 (D] ¥)'?

(x,y)eD
+(]D|4X8 YS F_2)1/12+(]D,11 FZX"5)U12
+(x6 Y3 F—2)1/4+(|D|2 XB Ys F—z)ijs'
Proof. We apply Lemma 3 with k=1 and get:
S*<IDF/Q+(DIQ) T | X e(filx, n),
Lh€Q (x,9)eDy

where

Q<IDIY, Dy={(x,y)eD: (x+h,y)eD}, fi(x,y)=f&+h )~ (x ).
Now we apply Lemma 1 with k = 1 to the sum over x and Lemma 5 to the
sum over y after that and obtain:
S* < [DI/Q +|D|(X3/(FQ))" (FQY?/X)'® + |DI* (FQX )" (FQNY? X))!'°
1| Y4 (F[(F Q)2 + X /* D[ (POX )11,

Choosing Q to minimize the obtained above expression, we complete the
proof of the lemma.

Lemua 8. Let (o, B, 9, 8) = (1/7, 3/7, 4/7, 3/7) or (2/8, 3/8, 5/8, 3/8). Let
A be small, X, be large, X 2X,2X.2X,, X, X,X;X,=N,
AXTXEXEX,=F, and let f(x)y Axfxfxixi, Dc{x X, <x <2X,
(i=1,2, 3, 4}}. Then :

§ = Z E(f(x))l @Nmin {(Fs X1—11 X{8X§3)1/39+0E:15/4;
xeD .
. (F24XI,44X;44X;10XI3)1/152+aé/4.}
+ N (g + 0ot ) 2+ (et + g + a )M,
where o, ..., ng are defined in (3), (4), (6-(10).

Proof. We apply Lemma 3 and obtain:
52 < N*Q+(N/Q) 3 | ¥ elg(x)

by xeby

2

where
g(x) = fx;+hy, x;4hy, X3, x)—f (),
D, = {xeD: (x,+h;,x,+h,, x5, x,)€D}.

We assume that h, h, # 0 (otherwise the sum is easier to estimate) and
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divide D, intc subdomains of the type
Da = {XGD;,I aq < X% X%FVZQSZ le(h1fx1+h2‘x2n ‘S 2611,

al g XiF_l\QEl |h1fx‘:+h2fx‘3x2| s 26!2},

where
0o = 1y /X +1hsl/X 5.
We take one of them such that

S* @ N?/Q+( N/Q>Z| Y e(g(x)).

xelq

If we denote a, =

ID,| € Nay+1

min {a,, a,}, then one can show that
and, if a, €1,

F@DXILX;zs

then a, » 1,

lgajl ~ FQOX;3= ig’hxil -~ ngilcl @ FQOX;&

If @, € A+(X, Q7 F?/X,)"%, then we use Lemma 3 with k = 1 and van
der Corput’s estimate to get

53 =Y e(g()* <€ID/Q, +(D)0) Y, [Lelay )]s

x6Da 1Shsd) x

where
g1(x) = g0y +h, X2, X3, Xg) g (%),
(g ()2 Q) <ad X, X,,
so that (by van der Corput’s estimate)
S,/N €ad/Q, +(ag/(NQ, ))Z(lDal (hy Foq X1_3)”2+N(h3 Foo X713

hs

~ hylg.als

S UK, X)+ad /X +ad(Fao X732 +(FX,00) 727
and
{3) S/N) < X X )—1/2 A:W”X 142 (AIZFZ Xi-jxi- 1)1/13
. +(F10X X7) 1”5+(F6X3 )_”29+(FX3)"”4
(Xlil F-24X2 12)1/88_'_()(%1 F--4B X;25)1/1‘78
+(Z.|6X;1 Xi—a)l;‘l(l —_

Above we have used Lemma 4 to choose @, @, which minimize the
estimate.
If

+(Q7 X1 F-—Z Xi-l)l;‘.‘z < a1'< (FS XIZXE“’ X;QXIQ)UVE’

icm
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then we use Lemma 2 and get

{51/N)2_<a%/Q1+(a0/Q1) 2

15k S04
+ag M3 X +(Fhy0o/X,) 72
Choosing @, and Q to our advantage, we obtain
@) (S/NY QXTI H(FX) I+ (FEXT X XX S
FFEXTIE XTI XTI KO = g,
)Y72 then we apply Lemma 3 with k =2

(a0(a, F? 05 3 X7 X3 7)17)

3)1/24

Ha =2(FEX X7 8X5°9%;°
and obtain:

(S/N)*<€Q7?+ID,JQ7*N™

PPN

h1.hz h3,hg xeDan

e (o (x))},

where
¢ (x) = gleitha, Xa+hy, x5, x)—g(x), hal < g5, gl < qus
93/ X1 = /Xy = QAX, X ),
D,,={xeD. (x,+hy, x;+h,, x5, x,)eD,}.
Denoting
o @) = ala—1)P+apbo, +B(f—1)a,,
oy =hthy+hyfhy, oy =h,h, /(b k),

&1 (0) = a{x—1)(a—2)(a—~3)6* +a(x—1)(@—2) f0o, + (B~ 1) (B~2)(f—3) o,,
$2(8) = (e — 1) —2}(B— 1) B0 + 4B (B — 1)(B—2) 0, + BB — (B —2)(B~3) 05,
¢ (0} = of (@ —1) (@—2)0* +of (a—1){f—1) b0, +af (1) (B ~2) 0,
by = Py Py~ 3,
¢5(0) = afa—1){@—2)0*+of (@—1) 0o, + B (- 1)(B—2) 0,
¢ (0) = aff(a—1)0*+ap(f—1)00, + B(B~—1}(B—2)0s,

Gy (0) = Qa+28+y—6) Po by +(a+B+7—3) s,
0=2x/y, o= hl/X,+ih|/X,,

we subdivide D,, into subdomains of the form

= {xeDuu: 6o (O] ~ by, [ (O ~ by, |6, (O) ~ by, ..o,
such that

€Q 2+|D,JQ 3N 2212 (@ ().

xeDy

[ (B)] ~ b}
We take a domain D,
(S/N)* €
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One can verify that b, +b, > a}. If b, €af and b, < (F*Q3 X2 X734,

then b, 3 ai, and we apply van der Corput’s estimate to get

(S/NY' QT2 +(F*Q* XT3 X352 W +a, QP N Y ID| (F2 Q3 X170 X7 )1,
h

Since for b, = min {b;} we have |D,| < N\/Z;O and, if b,-+by <1 then

J
|Dy| <€ Nby, we can use the above bounds for |D,| and, choosing @ appropri-
ately, we get:

SIN € (F*XT1° X352 P8 +(X, X, /F)"5.
If b, < a3 and
(5 (FQXT2X;%) ™ <b, <(XTX5F 207 7 a5 )"
+X Fr 4+ (X X, Q73 Vo4 AV (X X, /F )35 4 PT2I5

(where F, = Fgyg,), then b, » ai and, using Lemma 2 and choosing an
optimal Q, we get

(©) (S/NY* < (F2 X710 X7 2P0+ (FO X718 X7 19023 1 X7 14
(FO 2712 XTPR (X X, [FY™5 +(FX {2 X538
HFP XTP XY =,
Similarly as above, we obtain the same estimate if
min {by, by, by} <€ X X, F~1 Q772

Ifb, < X/F, and b, = o(1), then one can show that b, > 1 and, using
Lemma 1 and choosing an appropriate Q, we obtain

(7) (/N <{UX,+F "2 =q,.
Ifb, <« X,/F, and b, > 1 then b, > a} and we use Lemma 2 to get
(8) (S/N)“@(XI X%)_”"'—i-(Fz X1—4X2—6)2/11 = 0,

Now we assume that b, is larger than in (5),

by» X /F,, minb» X, X,F1Q""?
€3

Applying Lemma 1, we obtain
(S/N} Q7 +IDJQ N2y M7 12| Y
h

My, ma,Xx3,%q

e(q’(ml’ My, X3, x4))|+~Rs
where
M.;l =F%b¢X1—2X2_2:
R = (F2 Qa X1—2X2-2)—_1,'4+(F2 QX;4X2_4)1‘12I+(F2 Q3 Xiio X;“}l”ﬁ,

icm
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¢ = d’(x1 (m), x;(m), xa, x4)--x1 fm)ym, —x, (mym,,
qb.xi(xl(m)? xz(m)a xa: x4)mm;~b5F1/Xi (i= 1, 2),
Pl = Almy, my, MO X3 g +O(F (d+eo+0,) X3 X7/ (1+b372172)),

3%y
py =3/(B—-a—p), & =1/(3—~a-p),
|@sbms] € XA FLTI X073 2 (A4 04 +0,)+ (b3 ¥+ D) XL FLI X,

(023 @i —(@2m)?| ~ b, X3/0, X3 F)).

Since for 0 < a < 1 we have

A(my, my. )~ by F, X571 X578,

Y (X < FIb D X2 X7 (F Xy/X ) e,

mi,xq ma,x3

we can apply Lemma 6 to the sum over m, and x; or Lemma 7 to the sum over
X3, X, and, choosing @ to minimize the obtained expression, we complete the
proof of the lemma:

©) (/N LXK +H(FP X X5 XT3)0
+(F21 X;43 X544X;3)4;’151 +(F7 X;”-XE 13Xé~2)4,’53
+(F9 Xl—lﬁ X; 16 X;7)4151 +(F3 X;9X54X3_3)4"33
+(FXI3 X;Z)‘i-/ll +{F17X1_33X; 32X§'4)4/139
+(F9 Xa Xl— 19 X520)4’,67
. (FS X1—11X2—8X;3)4,'39+a5
and
(10) (S/N)4<(Fl4 X;ZG XZ—ZG X;s/X4)2/45 +(F24XI44X2—44X; 10 X;3)l;‘38
+(F10 X;ZZX;ZZX;3)2/39+(F8XI—15 X;lﬁXa—ZX‘:?y)lfltl-
+(X1 Xl)_2+(F6X1_ 14X;14X;4 X;2)2/25
- (F24Xi—44X;44X3— i90 X;S)IIBB ‘f‘@:ﬁ-
4. The main results.

THEOREM 1, Let =2 and X =x or a=1/2 and X = x'%, and let
[k, n)=kXn"* Let N, X be large positive numbers satisfying

xLOST;‘d-'.’BS < N < xl,’?:’ K < Nl +zn x—-1057/4785,

and let

(f (k, my.

e
K£k€K{€2KNSn<€N <IN
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icm
Then
SéK_xlt)S?M?SS_
Proof. We apply Lemma 1 with k=1 and obtain:
SENKF Y2 LK+ NF™'2 3% e(g{m, k)
kEm

H

where
Q(m k) e (“+1)a—u/(a+.l)Xl/(a-i-l)kl/(a-}"l)ma/(a*}—l}’
m~M=KXN™*!=F/N.
Now we apply Lemmas 3 and 1 with k=1 to the sum over m in the sum
S, =|X elg(m, k)|
k,m

and obtain
7 € K> M*/Q+(KM/Q)max| 3

H<Q HLy<2H

(ME/(FQ))UZ Z 2 e(gl k,my, ‘I))‘

k~Km~M
+K? M (1 +{M3/(FQ))*?),

where
THo+2)
3

gy (k. m, q) ’;["Xz(km1 gt
A=H/M, g, ~F,=FH/M,

Q is a parameter, to be chosen later.
We again apply Lemmas 3 and 1 with k& = 1 to the sum over m, in the last
sum,

Xit2 o X, m, ~ M, = FH/M?,

S, =YY elg, k, my, ).

kg my

We obtain:
S%<K2M§H2/Q1+K2H2M1(Mi/(Q1Fl))”z-kKleMl
+KM1(H/Q1)(M?/(H1Fx))ljz| Z Z e(gz(k, Mas qys ‘1))

@y ~Hy kyma,g

B

where
a1 o+ 2 qa'!- 1)1/(24-!— 3J,

g;(ksmzs%Q);Xs(kmz qi 4, = HM+H /M,
X3~ X, g, ~F,=F H,/M,, my~M,=F,/M,.

The function g, (k, m,, q,, ) satisfies the conditions of Lemma 8 with
k=x,,m,=x,, 4, = X3, 4 = x, {note that ay, ..., ag of Lemma 8 are small
compared to the principal terms).
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Using Lemma 8 (the first part of the minimum if N < X'438/4785 gnd the
second part otherwise) and choosing ¢, and Q to minimize the obtained
expressions, we complete the proof of the theorem.

THEOREM 2. We have
S"+1_Sn — O(n1057/4785*£)-
Proof. As shown in the introduction, we need to show that for
x1057/4785 _\<_‘ N s xl,’3 and H g Hl ~.<., 2H < Nx—1057/4"185

we have

NP>

Hsk<H N<n<€2N

e(kyn"‘”)| << Hx1°57/4785,

where y~x and f=2 or y~x'? and f=1/2. The needed estimate was
proved in Theorem 1, which proves Theorem 2.
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