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For 1.5 < x < 1.85 we apply Theorem 3 with r = 3 and n = 4. It is easily
checked, that
Pz, 3, >0

and this completes the proof.

for z = 16x—141,15 < x < 1.85
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Eqguidistribation of Frobenius classes
and the volomes of tubes

by

B. Z. Moroz (Bonn)

1. Let G be a compact Lie group that fits in an exact sequence
(1) 12T 5GHo1,

where & is an n-dimensional real torus and H is a finite group. Given a
countable index set 2 and a set of conjugacy classes {s,| pe #} in G, we are
interested in the following equidistribution problem. Let

|]: #—+R,

be a map satisfying the asymptotic formula (8) below and let &/ < G. For each
x in R,, let

N (A, x) = card{p| peP, o, nd # B, |p| <x}.

One studies the asymptotics of A4 (&, x) as x - o0. Without loss of generality
we can assume that .o/ is invariant under conjugation, ie.

(2) Tl =of for teG,
so that
3) A (e, x) = card{p| pe?, 0, % &, |p| < x}.

The manifold G inberits the natural Riemannian structure from Z. Let p be
the Haar measure on G normalized by the condition u(G) = 1, and suppose
that o satisfies the following condition:

G u( o)) = O(C(a)5”)
where dsf denotes the boundary of & and where %;(s#) denotes the

%

with o >0,

. d-neighbourhood of &, ie. the subset

(5 {x| xeG,olx, &) < d};
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here 6 > 0 and ¢ denotes the Riemannian metric on G. Consider now the set
& of all the simple characters of G; let ¢ be an irreducible representation of G
and let

(6) Yl = diag(4y, ..., A,

In view of the 1somorphlsm 4 =~ Z", one can choose a basis

{ul 1<j<n}

y=ty, Led, 1<j<l

of 7. Let
(7) | 1‘[ um,  mueZ, 1<i<gl,
we write then
wil) = f] (I+lmy),  w(zx) = max w(l).
j=1 ‘ 1815y

THEOREM 1. If «f satisfies (4) and
(8) 2. 1(op) = g()Bx)+0(b(x, w(y)),

peF
fpl<x

xeG,

where g(x) = 1 if x is the character of the identical representation and g(x) = 0
Jor any other character and where

9) )Gi b{x, mim™ = b, (x, ) < o

Jor some v in R, then (assuming (2) and (3))

. C(.,Qf) b (x V) af (- vy
10 (A, x) =

Proof. Since, by definition, g{(g,, g,) = o0 when j(g,) # j(g,), we have
#{the7,

therefore there is a C®-function @z G—[0, 1] satisfying the following
conditions:

5 0s@)dulg) =1, @, is H-invariant,

@5(g) = 0 for géa,({1}).

Let f, and f_ be the characteristic functions of %,(«) and &!\‘?JJ(G\M)
respectively, and let

g+ (B) = {;f:i: W es(r™" Bdu(y).
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Then g, € C*(G) and g. is H-invariant (since f,. and g, are). Moreover,

g:(f) = %!{ mfi By~ Des(dnty),

50 that

g.B) =0 for BeG, g.(B=1for e, g.(B)=0 for f¢ .
Thus
(11) |,,|Z<xg—(g”) < A(H,x) Ipl‘éxm(d,,)-
We write
(12) gs = é ¢ (Dx
and substitute (8) in (12) to obtain
(13) lpéxgi(a,,) = %(1)13(36)+0(x§1 le 1 (01(x. w())-

It follows from (12) that
c:(l) = igi(ﬁ)du(ﬁ),

or recalling the definition of g, f., and ¢,
c4(1) = [ £ (g)dplg) = p(of) L p(%
G

Therefore it follows from (4) and (13) that
(14) zgi@Jwmww&H0Wuw%mﬂhv(;wgmmmww»

s(0)).

lpl<x
To estimate ¢, (x) let us suppose that y satisfies (7) and (6) and write
G=) Tk, jlb) =1
yeH
Then (12) gives:
(15) ey () = | du(@) 3, g+ (wh)xlxh,).

¥ yell

In view of (6),

xidh,) = Zl Aoy (h,).

Therefore

) Z \/fu(h ) I dp(5)g 5 (oh,) 3, (@).

yelf i1

(16) ce () =
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It follows from (7) and the definition of g, that (cf, eg., [2]. § 3)
(17 | dp()g. (@h,) (@) = 03" w(3)™")
7

for each v in Z A R, . A classical argument (cf, e.g., {8], § 8.1) shows that, in
fact,

w(i = Ofw(d)), 1<i<l,

for a simple character y and that

(18) card{y| xe G, w(y) = m} = 0(1),
In view of (9), {14), (17) and {18), we conclude that

(19) Y g.lo,)= () B(x)+ O{B(x)8*C(A )+ O(6™""by (x, V).

[pl<x

meZ, m=1.

Taking & = (b, (x, ¥)/B())®*™ one deduces (10) from (11) and (19). This
completes the proof of Theorem 1.

COROLLARY 1. Assume that 0o/ is contained in an analytic subset of
dimension n—1. Then relations (8 and (9) imply (10) with « = 1.

Proof. By a geometric lemma discussed in the Appendix to this paper,
a compact analytic set % of codimension # satisfies an estimate

Wl (B} = O(C(@)&).

2. To describe an arithmetical application of Theorem 1 let k be a finite
extension of @, the field of rational numbers, and let W (k) denote the (absolute)
Weil group of k defined as a projective limit of the relative Weil groups
W (K|k), where K varies over all the finite Galois extensions of k (cf. [10], [111).
Let us recall that

W(K{k) = R% x W, (K|k)
with compact W,(K|k) and that W(K|k) is defined as a group exiension
1+ Cy—=W(Kk)—»G(K|k)—1,

where C denotes the idéle-class group of K and where G(K|k) is the Galois
group of K over k. Let §(k) be the set of all the prime divisors of k, and let 1,
and ¢, be the inertia subgroup and the Frobenius class in W (k) for peSk).
Consider a finite dimensional continuous representation

v Wk)y—-GL(V)
acting in a complex vector space V; let

V,={el eeV, y{gle = ¢ for gel,}
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be the subspace of [ -invariant vectors and let y denote the character of y. We
define x{o,) to be equal to the trace of the operator /(1) on V, for 1€ 0, and
notice that this definition does not depend on the choice of 7, in ¢,. One can
show that the set

Sol):= {pl peSk), V, # V}

is finite and that 1 factors through W(K|k) for a finite extension K |k. We say
that  is normalized if  factors through W, (K|k) for a finite Galois
extension Klk.

TaEorEM 2. Let # be a finite set of normalized (finite dimensional
continuous) representations of W(k), let

A =y} x =ty for some  in A},

and choose gy in Wi{k) and & in the interval O < & < 1, There is a positive
constant a(H#; g,,.€) such that

(20)  card{p| peS(k), lx(e,)—x(go)l <& Nugp < x}

x d .
= a(#; go, s)jé;wko(xexp(mcp /logx)), ¢, >0,
2
and
(21) al#; gg, £) > €487,

where ¢;, 1 < j < 3, and the implied by the O-symbol constant depend at most on
A (but not on gy, &, X).
Proof. Let K |k be a finite Galois extension such that each  in . factors
through W, (K|k) and let [K:k] = n-+1. Consider the (closed) subgroup
Gy = () Keryr
yref
of W (k) and let G = W (k)/Gy. It follows from the definitions that G fits into the
exact sequence (1): indeed the restriction |, of the representation ¥rto Cpis
equivalent to a direct sum of (normalized) grossencharacters of K, therefore
there is a finite set ., of the grossencharacters of K for which
Go = [ Kerd;
ded
since clearly
Co/([) Kerd) & 7 x H,
ieA
where 7 is a real torus of dimension not exceeding [K:Q] — land Hyis a
finite Abelian group, it follows that G/F is a finite group. We let
Sol M) = U So(¥)

a4
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and denote by &, the image of the Frobenius class under the natural
homomorphism
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@ Wk)—G.

For pe S(k)\S,(#) the set &, is a conjugacy class in G. Moreover, it can be
deduced from the Hecke’s Primzahlsatz, [1] (cf. also [5], Theorem 4} that, for
each y in G, we have:

% du logx
(22) xlo,) = g{x) —-+0(xex (—C —-——-—-—))
|p|z<x ! glog“ P “logw(x)+/logx
with ¢, > 0, where |p|:= N,,op. Let

# = {g] ge W(k), [x(g)~1lgo)l < ¢ for ye &}
and let

o = p{%F).

The set 0./ may be regarded as a semialgebraic set, therefore it satisfies (4) with
C(of) and o independent of & and g, (cf. [12], Corollary 4.5). Estimate (20)
follows now from Theorem 1, in view of (22). To deduce the inequality (21) we
appeal to [3], Proposition 5 (cf. also [4], p. 461 and [6], Theorem 2, p. 99).

Remark 1. Theorem 2 may be regarded as a generalization of both
Chebotarev’s density theorem and the prime number theorem for grossen-
characters due to E. Hecke. It confirms our conjecture stated in [3], p. 23, and
in [6], p. 139-140.

Appendix. We reproduce here an argument kindly communicated to the
author by Professor J.-P. Serre in his letter of April 24, 1986 (cf. also [9],
p. 45).

LemMA. Let ) be a compact subset of the analytic set
€ = {x| xeR", f(x) = 0},

where 1 R"— R is an analytic function, and let d denote the (real) dimension of
%. Then

(23) { dx < C®)O" Y for 0<d < 1.

U a(b)

Sketch of the proef. It follows from the Hironaka’s theorem on
resolution of singularities that

1(h)
he UB, B =g,

where I':= [0, 1] and g, is a continuous map with the Lipschitz property, ie.

lg;(x+y)—g,(x) < C;lyl, €, >0.
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Therefore
' 1)
(24) fax<y | dx.
B 5(h} J=1 As(By}
Let
. v v+1
I 'y N il e Simreantl P ‘\<-. g 3 '—'1’
(v, N) l: NN :I 0=v<E N
and let

Bis =g;(I(v;, N)x ...

14%
 aeeof(522))
Ya(By.V) N

with an O-constant depending at most on C;, 1 £j < 1(}), and therefore

[ ax<y | de= o(wd(s+%)").

% (B, v W%s(B; V)

xI(v,, N)),  Vi= (v, ..., v

Then

Choosing N to be equal to [1/6] one obtains an estimate
(25 [ dx=o0(9.

Wa(By)
Relation {23) is a consequence of (24) and (25).

Remark 2. As it has been pointed out in [9] one should try to prove this
lemma by elementary methods making no use of the theory of resolution of
singularities.

Remark 3. One can deduce the inequality (21) by a direct computation
(cf. [7], n°5), but we shall not do it here.
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J.-P. Serre, Dr. J, Werner and Professor Y. Yomdin for useful consultations
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Uber die Restklasse modulo 2°72 des Wertes 2°n{(1—2°n, R)
der Zetafunktion einer Idealklasse aus dem

reell-quadratischen Zahlkorper Q(./D) mit D = 3 mod 4

yon

Hepmice Lang (Miinster)

1. Einleitung. Es sei D eine quadratfreie natiirliche Zahl mit der Eigen-

schaft = 3 mod 4 und K = Q(\/B) der zugehorige reeli-quadratische Zahl-
korper. Ferner sei 2m = 2 eine gerade natiirliche Zahl Ausgehend von den
durch K. Barner [1] und C. L. Siegel {[10] hergeleiteten Darstellungen fiir den
Wert {(1 —2m, K) der Zetafunktion einer Idealklasse & von X ldBt sich zeigen,
daB 2m{(1—2m, &) in dem Ring

Z, = {ZGQE p,q9eZ und qu}
der fiir 2 ganzen rationalen Zahlen liegt. Spaltet man von 2m die hochste
Potenz von 2 ab und schreibt
2m = 2%n

so kann man die Restklasse von 2m{(1~2m, &) mod 2°*? explizit durch die
Bernoullischen Zahlen B, und die Komponenten 7, U der Grundeinheit

e= T+ U\/I—) >1
von K beschreiben. Dazu werde fir ve {0, ..., 4m—1} das Polynom
1 & 2""1(2"1-1)(—1)”1D2m—1~axza+1y4m-—z-19

viax' S\ e /2041

2"'2—1 (2m—1)(29+1)(—“1)Q+1D2m—1ﬂoxzﬂ'*'l“‘y“”‘_z_z”
e=0 ¢ 13 2@"‘"‘1

aus Z,[x, y] eingefiihrt. Fiir v > 1 hat man dafiir offensichtlich:

mit 24n,

(L) Fylx, y) =

i

v—1

1 -
F‘,(X, y) — EW(XZ”Dyz)M 1_



