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On Randers changes of mth root Finsler metrics L = VA
without irreducibility of A

GUANGZzU CHEN and LIHONG Liu (Nanchang)

Abstract. We study Randers changes of mth root Finsler metrics, and provide ne-
cessary and sufficient conditions for the Finsler metric obtained by a Randers change of
an mth root metric to be dually flat. We also prove that if the Finsler metric obtained by
a Randers change of an mth root metric is projectively flat, then the mth root metric is
locally Minkowskian or Riemannian.

1. Introduction. A change of Finsler metric L + L is called a Randers
change if L(z,y) = L(z,y) + B(x,y), where 3(z,y) = b;(z)y" is a 1-form
on a smooth manifold M™. It is easy to see that if ||8]|, < 1, then L is
also a Finsler metric. The notion of Randers change has been proposed by
M. Matsumoto [M]. When L is a Riemannian metric, L becomes a Randers
metric. Randers metrics were introduced by the physicist G. Randers in 1941
in the context of general relativity. The name was given by R. S. Ingarden [I],
who used it to study the theory of the electron microscope. Randers changes
of Finsler metrics have been studied from different viewpoints [HI|, [M], [PL].

Let F™ = (M™, L) be an n-dimensional Finsler space with fundamental
metric function L(z,y). The mth root metrics, first defined by H. Shimada
[Shi], form an important class of Finsler metrics with

(L1) Liw.y) = VA,

where A = a;, i, (z)y" ...y and the coefficients a;, _;, (z) are the com-
ponents of a symmetric tensor field covariant of order m, depending on the
position x only. A second root metric is just a Riemannian metric. Thus
an mth root metric can be regarded as a generalization of a Riemannian
metric. Third and fourth root metrics are called cubic metrics and quartic
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metrics respectively. The special root metric L = {/yl...y" is called the
Berwald—Moor metric. This metric is singular in y and not positive defi-
nite. The positive definiteness of mth root Finsler metrics is discussed in
Section 3. mth root Finsler metrics are used in the theory of space-time
structure, gravitation and unified gauge field theories [A], [P1], [P2]. More-
over, they are also applied in biology as an ecological metric [AIM]. Thus it
is important to study the geometric properties of mth root Finsler met-
rics. Throughout the paper, we only consider positive definite mth root
metrics.

Tamassy |T] studied tensorial connections for mth root Finsler metrics.
Li-Shen [LS] studied locally projectively flat fourth root metrics and proved
that they are locally Minkowskian. Yu—You [YY] showed that an mth root
Einstein Finsler metrics is Ricci-flat. Tayebi-Najafi [TN] characterized lo-
cally dually flat and Antonelli mth root metrics. A. Tayebi, T. Tabatabaei-
far and E. Peyghan [TTP] found a necessary and sufficient condition for
Finsler metrics obtained by a Kropina change of mth root Finsler metrics
to be locally dually flat. They also proved that the Finsler metric obtained
by a Kropina change of an mth root Finsler metric is locally projectively
flat if and only if the mth root metric is locally Minkowskian. However, the
above results in [LS], [TN] and [TTP] are obtained under the assumption of
irreducibility of A. So it is a natural problem to study the mth root metrics
without this condition.

The purpose of this paper is to study Randers changes of non-Riemannian
mth root metrics. We drop the irreducibility condition on A and get a nec-
essary and sufficient condition under which the Finsler metric obtained by
a Randers change of an mth root metric is dually flat. We generalize the
results of [TPN2|. For details, see Theorem 1.1.

We denote by Ly, Ly, ... the partial derivative(s) of L with respect to
the coordinate y*, and similarly for the coordinate z*. Further, denote
Ai = Ayi7 Aij = Ayiyj7 Ao = Axiyz, A()i = szyiyl.

THEOREM 1.1. Let L(z,y) = %A be a non-Riemannian mth root metric
on a manifold M™. Suppose that L(x,y) = L(z,y) + B(x,y) is a Finsler
metric obtained by a Randers change of L, where B(z,y) = b;(z)y’ is a
1-form on M™. Then L is dually flat if and only if

(1) there is a 1-form 0 = 0;54° on M™ such that
(1.2) Axl = %{29Al + mAGl},
(2) B satisfies

(1.3) 00i

oxJ

= 20;b; + 10;b;.
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Letting 8 = 0 in Theorem 1.1, we easily obtain

COROLLARY 1.2. Let L(x,y) = /A be a non-Riemannian mth root met-
ric on a manifold M™. Then L is dually flat if and only if there is a 1-form
0 = 0;y° on M™ such that

Ay = %{29/11 + mAGl}.

REMARK 1.3. The non-Riemannian condition in Theorem 1.1 and Corol-
lary 1.2 cannot be dropped. For more details, see Sections 5 and 6.

A Finsler manifold is called projectively flat if its geodesics can be mapped
into straight lines of the Euclidean space. We prove

THEOREM 1.4. Let L(z,y) = YA be an mth root metric on a mani-
fold M™. Suppose that L(x,y) = L(z,y)+B(x,y) is a Finsler metric obtained
by a Randers change of L, where B(x,y) = b;(2)y® is a 1-form on M™. Then
L is projectively flat if and only if L is locally Minkowskian or Riemannian
with constant sectional curvature and B is closed.

Letting 8 = 0 in Theorem 1.4, we immediately get

COROLLARY 1.5. Let L(x,y) = YA be an mth root metric on a mani-
fold M™. Then L is projectively flat if and only if it is locally Minkowskian
or Riemannian with constant sectional curvature.

REMARK 1.6. If we add the irreducibility condition of A and take § = m#
in Corollary 1.2, it is just the main theorem of [TN|. Thus Theorem 1.1
generalizes the main result of [TN|. In all of the above results, we do not
assume the irreducibility of A. We conjecture that the irreducibility of A is
not necessary when one characterises mth root metrics or generalized mth
root metrics [TPNIJ.

2. Preliminaries. The local coordinates on a manifold M™ are denoted
as (x') and those of TM™ in the induced chart as (¢, y*). A Finsler metric on
M™ is a function L : TM™ — [0, 00) which has the following properties [C]:
(a) Regularity: L is C* on TM"™\ {0},

(b) Homogeneity: L(z, \y) = AL(x,y) for all A > 0,
(c) Strong convezity: For any tangent vector y € T, M"™ \ {0}, the following
bilinear symmetric form g, : T, M™ @ T, M™ — R is positive definite:

1 6%,
gy(u,v) := 3 Badi [L*(x,y + su+ tv)]

s=t=0
Let
(T, y) = = ———————=
g’Lj I y 2 ayzayj
By the homogeneity of L, we have

L(z,y) =1/ gij(x,y)y'y.
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For a given Finsler metric L = L(z,y), the geodesics of L are character-
ized locally by a system of second order ODEs as follows [C]:

d?z i dx
W+2G <x7dt> —0,
where
G = 19" {[Lamyy™ — (L]0t}
and (g%) := (gij)~!. The G* are called the geodesic coefficients of L. We call
L a Berwald metric if the G* are quadratic in y. Clearly, every Riemannian
metric is a Berwald metric. L is called a Landsberg metric if
P3G

Lyl 8yj8yk6yl =0

Thus Landsberg metrics are Berwald metrics.
For any x € M and y e T, M \ {0}, the Riemann curvature R, = Rika‘; ®
dz¥ is defined by [C]
oG" 0?G" S 26 0?Gt _ oG aGm_
oxk  Oxmoyk oy™oyk  Oym Oy
For a tangent plane P C T, M containing y, let
K(P, y) - gy<Ry(u)au) ’

gy (Y, y)8y(u, u) — [gy(y, u)]?
where u € P such that P = span{y,u}. K = K(P,y) is called the flag
curvature. A Finsler metric L is said to be of scalar flag curvature if the flag

curvature K(P,y) = K(x,y) is a scalar function on the slit tangent bundle
TM \ {0}. In 1975, S. Numata proved the following important theorem.

THEOREM 2.1 ([N|). Let L be a Landsberg metric of scalar flag curvature
on a manifold M™ of dimension n > 3. If K # 0, then L is Riemannian.

The condition n > 3 in the above theorem is necessary. In 1928, L. Ber-
wald proved that

THEOREM 2.2 (|BI]). Every Berwald metric with K = 0 is locally Min-
kowskian.

(2.1) R, =2

REMARK 2.3. A Finsler metric L = L(x,y) is said to be locally Minkow-
skian if at every point there is a local coordinate domain in which the metric
L = L(y) is independent of z.

Locally dually flat Finsler metrics are studied in Finsler information ge-
ometry and naturally arise from the investigation of the so-called flat infor-
mation structure [Shen|. A Finsler metric L = L(x,y) is said to be locally
dually flat if at every point there is a coordinate system (z') such that
(2.2) [LQ]xkylyk = 2[L2]xz.

Such a coordinate system is called an adapted coordinate system.
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A Finsler metric L = L(z,y) is projectively flat if and only if its spray
coefficients satisfy G* = P(x,y)y"'. This is equivalent to the following Hamel
equation:

(2.3) L$kylyk =L,.
In this case, the projective factor P is L .y*/(2L) and the flag curvature is
given by

P? — Py”
(2.4) K= — .
Thus locally projectively flat Finsler metrics are of scalar flag curvature.
L. Berwald [B2| proved

THEOREM 2.4 (|[B2]). Let L be a locally projectively flat Landsberg metric
on a surface M. Then L is either Riemannian with non-zero constant Gauss
curvature or locally Minkowskian.

3. The proof of Theorem 1.1. Let L(z,y) = W be an mth root
metric on a manifold M"™, where A = a;,__;,, ()y" ... y"™ and the coefficients

ai,. i, () depend on the position alone, with symmetric indices i1, ..., in.
The fundamental tensor is given by

A2/m—2
(31) Gij = T[mAAU + (2 — m)AlAJ]

For further computation, we need the following lemma from linear algebra.

LEMMA 3.1 ([C]). Let K = (gij) and H = (h;j) be symmetric n X n
matrices and C = (¢;) be an n-vector. Assume that H is invertible with
H~' = (h¥), and

Gij = hij + (5cicj.
Then
det(gij) = (1 + 0c?) det(hij),
where ¢ := \/hcicj. If 14+6c¢% # 0, then K is invertible. The inverse matriz
K=t = (g¥) is given by
2
g4 =hi — 15_i ?02’ where ¢ = hic;.

By the above lemma and , it is obvious that (g;;) is positive definite
if and only if (A;;) is positive definite. Let (A;;)* = (A¥). Then the inverse
matrix (¢g*) is given by

g g _9
g’Lj :A72/m mAA”—l—m yzyg )
m—1

Now we consider the dually flat Finsler metric L = YA+ B(x,y), where
B :=bi(z)y" is a 1-form on M™. It is easy to prove
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PROPOSITION 3.2. Let L(z,y) = W_be a non-Riemannian mth root
metric on a manifold M™. Suppose that L(z,y) = L(x,y) + B(z,y) is a
Finsler metric obtained by a Randers change of L, where 3(z,y) = bi(z)y’
18 a 1-form on M™. Then L is dually flat if and only if
(1) there is a 1-form 0 = 6;y° on M™ such that
obi 4

3.2) =1

Hibj + %ejbi,

(
(2) A satisfies
(
(

33) (2 - m)AoAl = mA(2sz - Agl),
3.4) (mAO — Ag) A = (m>A0 — mAg) Ab,.
Proof. By assumption and (12.2)), we have
(3.5) (L) ey = 2[L7] .
By a direct computation, we get
(3.6) L% = AY™ 4 28AY™ 4 52,
= 2 2
(3.7) (L%, = EAW—lez + 28, AY™ + EﬁAl/m_lez + 28,1,
(3.8) (L) eyt = 2 (2 - 1)A2/m2A0Al + 3A?/WHAOZ + 2By AY™
m\'m m

2 2 2
+ 7/80A1/m_1Al + *Al/m_lA()bl + 76A1/m_1140l
m m m
2 /1
+ = ( — 1) BAY™=2 A0 Ay + 2Boby + 28B0i,
m\m
where
50 = Bxiyza 501 = Bmiylyz'
Plugging (3.6)—(3.8]) into (3.5]), we obtain

(3.9) RiAY™ 4 G AY™ Ty =0,

where

(3.10) Ry = AAy + (Ti — 1) AgA; — 2AA,,

(3.11) Ty = A*(BBo + Bobi — 28B,1),

(3.12) S = %ABAOZ + %AAobl + ;Cﬂ — 1> BAGA;

1 2
+ A%By + EAﬂoAz - E/BAAIZ —2A%3...

Noting that Ry, S;, T; are polynomials in (y*), we find that Ry = S; =T; =0
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by , ie.,

(3.13) 0= AAy + <2 _ 1> AgA; — 2AA,,
(3.14) 0 = BBo + Bobi — 2881,

(3.15) 0= ABAy + Adoby + <1 - 1) BAGA;

+ mA 50[ + Aﬂ()Al - 2BAA331 - QmAZsz.

It follows from ) that . holds.

By (3.14] there is a 1- form 6 = 6,4" on M"™ such that 5y = 0. Differen-
tiating thls Wlth respect to ', we obtain

(3.16) Bt + g Zyk = 0,8 + 0b;.
Differentiating with respect to y*, we get
(3.17) gl;j + gbjc O1by + Orby.
Plugging 8y = 63 into yields
(3.18) 28,1 = Boi + 0.
Combining (3.16]) and ( -, one obtains
(3.19) By = 20b; + 30,3,
(3.20) ﬁol = 10b, + 20,8.
Then (3.2) follows from
Now we prove that . holds >< B — - 3.15)) yields
(3.21) —%AoAlﬁ + AAob + ABo Ay = mA% (2B, — Bor)-

Substituting (3.19)), (3.20)) and By = 60 into (3.21)) yields (3.4]). The converse

is a direct computation. This completes the proof. m
To prove the main theorem, the following lemma is necessary.

LEMMA 3.3. Let L = YA be a non-Riemannian mth root metric on a
manifold M™, where A = a;, s, (x)y™ ...y" and the coefficients a;,. ;, ()
are components of a symmetric tensor field covariant of order m. If A sat-
isfies and m > 3, there is a 1-form n on M™ such that Ag = mnA.

Proof. When A is irreducible, as deg(A4;) = m — 1 and deg(A) = m, it is
clear that the conclusion of Lemma 3.3 follows from .

When A is reducible, we can always express A = B]'...B,", where
Bi,..., B, are irreducible polynomials in (y‘) and relatively prime. Let
deg(By) = dg. It is obvious that Y V_, dyry = m.
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CASE 1: 7, > 2 for all q. Denote (Bs)g := (Bs)y!, (Bs); := (Bs),: and

(Bs)or == (Bs)xkylyk. By a direct computation, we have

Y

p

(3.22) A= rBl'By.. Bl B (By),,
s=1
P

(3.23) A = erB;“lB;2 ...B7Y B (B,
p

(3.24) Ag=> rBi'By... B! ... B} (B
s=1

Further, we have

(3.25) Ay = er rs —1)BI'BY2 ... B="2 . B)*(Bs)i(Bs)o

+ Z reBI'BY .. Bl By (Bs)o
s=1

p
+ Y rnBUBRE.. BTl B[ B (Bs)o(Bihi-
s,t=1, s#t

By (3.22)(3.24), one can get

p
(3.26) AoAr= > BBy BTl BB (By)o(Bo)
s,t=1, s#t

Z r2B2 B2 B¥s=2  BX7(B,)o(Bs)i

and
(3.27) (24, — Ag)A
p
=23 r BBy . B By (By)
s=1
p
— N e BB BT BT LB (By)o(By),
s,t=1, s#t

p
- Z reB¥1B22 Bl BY"(B,)

—er re — 1)B¥1B¥2 . B2 BY?(B,)o(Bs):.
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Plugging (3.26)) and (3.27) into (3.3]) yields

p
(3.28) 0=2m > r By By .. Bl By (By)
s=1

p
—2 Y BBy BT BBy (B)o(By),
s,t=1, s#t

p
_ 2
—m >y rByB3 .. B2l B, " (B
s=1

p
—> i@y —m)BI B . B2 By (By)o( B
s=1

We claim that 27, —m # 0 for all s. Suppose that ry, = --- =1y, =m/2.
Because 25:1 dqrg = m, where deg(B;) = dy > 1, we have k < 2. If
k =2, then L = /A = %/(By,Bu,)"™? = \/Bu,Bu,. Hence deg(By,) =
deg(By,) = 1, i.e., By, = ai(z)y" and B,, = a;(x)y" are 1-forms on M".
Since L is positive definite, this is impossible. If k = 1, then deg(B,,) =1
or 2. If deg(B,,) = 2, then L = /B, is a Riemannian metric, a contra-
diction. If deg(By,) = 1, i.e., By, = a;(z)y’, we can always choose y # 0
such that B,, = a;(x)y’ = 0, so L = 0, contrary to L being positive definite.
Thus 2r; — m # 0 for all s.

Because Bi,...,B, are irreducible polynomials in (v*) and relatively
prime, from and deg((Bs);) = rs — 1 we have B |(Bs)o, i.e., there
is a 1-form & on M™ such that (Bs)g = &sBs. Plugging this into
yields

P p
Ao =) r&Bit.. Bl By =AY 1.
s=1 s=1
Taking n =m™1 Y P_, rs&,, we obtain Ay = mnA.

CASE2: 1y, =+ = ruk =1 for some 1 < k < p. Without loss of gener-
ality, we suppose that ry = --- =7y = 1. Then A = B; ... BkB,Z’fll ..BpP,
where rp11,...,7p > 2. Denote B := Bg’f:ll .. .B;" . By a direct computation,
we have
(3.29) =B Z Bi...By1Bgp1... Bi(Bs)i + Bi... By(B),

(3.30) AO_BZB1 Bs_1Bay1...Br(Bs)o+ By ... Bi(B) .y

Because By, ... ,Bp are irreducible polynomials in (3*) and relatively prime,
from (3.29) and deg((Bs);) < deg(Bs), we have B; { A; for all 1 < ¢ < k.
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It follows from (B.3) that B;| Ao for all 1 < ¢ < k. Then B;|(B;)o for all
1 < i <k by (3.30). We also obtain B;|(B;)o for all k+1 < i < p as in
Case 1. Thus B; | (B;)o for all 1 < i < p, i.e., there is a 1-form &; on M" such

that (Bs)o = &sBs. Plugging this into 1) and taking n = m~1 Y P_ r.&,
we still have Ag = mnA. u

Now we can prove Theorem 1.1. If m = 2, then L = \/a;j(x)y'y’ is a
Riemannian metric. So we always assume m > 3 in the following.

Proof of Theorem [1.1 By Proposition 3.2 and Lemma 3.3, there is a
1-form n on M™ such that Ag = mnA. Plugging this into (3.4)) yields

(3.31) (0 —n)(AiB — mAb) = 0.
CASE 1: B # 0. We claim n = 0. If n # 0, by (3.31)) we get
(3.32) A8 = mAb;.

Because 3 # 0, we have (| A, i.e., there is a polynomial Cy in (y) with
deg(C1) = m — 1 such that A = C;. Plugging this into (3.32) yields
(3.33) (01)1,3 e (m — 1)011)1.
Then (3.33) implies 3| C1, i.e., there is a polynomial Cs in (y*) with deg(C3)
= m — 2 such that Cy = BC5. Denote Cy := A. Thus there is a family of
polynomials Cj, in (y?) satisfying Cy_1 = BC) and deg(Cy) = m — k, where
1 <k <m. Then A = C,,0™, where deg(C,,) = 0, i.e., Cp, = constant. In
this case, L = 8 ¥/C), is not a Finsler metric, a contradiction.

So n =6, and then

(3.34) Ap = mbA.
Plugging into yields

(3.35) 24, — Ao = (2 —m)OA;.
Differentiating with respect to y gives
(3.36) A+ Ag = mbO A+ mbA;.

Combining (3.35) and -, we get - Moreover, is just ( .

Conversely, 1t follows from . that ( and ( . hold By Proposition
3.2, L is dually flat.

CASE 2: f = 0. It is obvious that (3.2) and (3.4) hold for any 1-form
6 := 0;y° on M” Letting n = 6, we have AO = m@A Then we get (1.2)) from

- and (3.36} Converbely, by g =0, and . hold. We can also
easily obtain 1-) from ( . Thus L is dually flat by Proposition 3.2.

Using (3.19), Theorem 1.1 and Corollary 1.2, one can deduce

COROLLARY 3.4. Let L(z,y) = ’{Z{Z be a non-Riemannian mth root met-
ric on a manifold M™. Suppose that L(x,y) = L(x,y) + B8(z,y) is a Finsler
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metric obtained by a Randers change of L, where B(z,y) = bi(z)y' is a

1-form on M™. Then L is dually flat if and only if L is dually flat and there

is a 1-form 0 = 6;y° on M™ such that
0b;

Oﬁ mﬁo ) O

= %«%bj + %Hjbl
4. The proof of Theorem 1.4. Observe that
ob; ob;  0b;

df = dbi A dz* = OxJ ort  Oxd

da? A dxt = ;{ }dxi A da?.

One has the following

THEOREM 4.1 ([HI]). Let L = L + B(z,y) and L be a Finsler metric
on manifold M™, where  := bj(x)y" is a 1-form. Then L is projectively
equivalent to L if and only if B is closed.

Proof of Theorem Let L = L + B(z,y) be a projectively flat Fin-

sler metric on M™, where L(z,y) = %A is an mth root metric, A =
ai, i (x)y" . .y' and B := bj(x)y" is a 1-form. By a direct computation,

(4.1) L= iAl/m—lel + By,
m

(4.2)  Layyt = 1 <1 - 1>A1/m2AoAl I
m \m m

By , and , we have

(43) /Ba:l = B(Jla

(4.4) (1 —m)AgA; = mA(Au — Ag).

Similarly, there is a 1-form n on M"™ such that Ag = mnA, as in the proof
of Lemma Then L wy* = nL.
It follows from that
8bj' B Gbi' _ 0
oxrt  Ox’ ’
which implies that 5 is closed. By Theorem 4.1, L is projectively equivalent
to L. Thus L is projectively flat. Plugging L xy* = nL into P = L_«y*/(2L)
yields P = 7/2. In this case, the spry coefficients G* = (/2)y* are quadratic
in y, i.e., L is a Berwald metric. When n = 2, by Theorem 2.3, L is Rieman-
nian with non-zero constant Gauss curvature or locally Minkowskian. When
n > 3, by Theorems 2.1 and 2.2, L is Riemannian or locally Minkowskian.
If L is a Riemannian metric, by the Beltrami theorem in Riemannian ge-
ometry, L is locally projectively flat if and only if it is of constant sectional
curvature. To sum up, L is Riemannian with constant sectional curvature or
locally Minkowskian.
The converse is obvious. =
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5. Some results on Riemannian metrics. In this section, we pro-
vide some results on dually flat Riemannian metrics. When m = 2, L =
V/aij(z)y'ys is a Riemannian metric. By the definition of dually flat metrics,
we have

THEORE‘M‘5.1. Let L = /A be a Riemannian metric on M™, where
A = a;j(x)y'y’. Then L is dually flat if and only if

(5.1) 24, = Ay
Now we construct a dually flat Riemannian metric which does not satisfy
r2.
EXAMPLE 5.2. Let L = v/A be a function on the tangent bundle T'M™,
.. 1
where A = a;;(z)y'y’ = ezl (Jy[2 + (z,y)?). Then
a;j(x) = e%|z|2(5z~j + 2'xd).
We have det(ai;(z)) = el (1 + |2?) det(d;5) = 217 (1 4 |2|?). Thus L is
a Riemannian metric on M". By a direct computation,
1
Ay = "Iyl + (@ 9)M)a' + 2, y)y],
1.2
Ag = e[y + (2,9)%) + 2ly[*(z, y),
Ao = 26 [(|yP? + (@, 9)M)a’ + 2(e, )]
Then 24, = Ag;, and by Theorem 5.1, L is dually flat.
Combining the expressions of A and Ay, we have
(5.2) Ao = [A+2lyPPe2 (@, y).

Noting that |y|? and (z,y) are relatively prime, by , one has At Ag. We
claim L does not satisfy . If it does, contracting with ¢!, we get
Ap = 20A, a contradiction. Thus the non-Riemannian condition in Corol-
lary 1.2 cannot be dropped.

For any Riemannian metric L = vA on M", where A = aij(x)yiyj,
is not a necessary and sufficient condition for L to be dually flat.
If we suppose that holds, contracting it with 3!, we get A9 = 20A.
Differentiating this with respect to 3 yields

(5.3) A+ Ay = 2(0,A+ 04)).
Combining and 7 one obtains

Ag = %(OlA +0A;) =2A,.
By Theorem 5.1, L is dually flat. Thus we also have
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COROLLARY 5.3. Let L = v/A be a Riemannian metric on M™, where
A= a;j(x)y'y?. If
(5.4) Ay = %(HZA +04)),
then L is dually flat.

6. Some examples. The first example given in [Shen| of a non-Rieman-
nian dually flat metric is the Funk metric on B™(1).

EXAMPLE 6.1. Let L = L + 3, where
b VEP= PP =G0, o)
' 1—[af? L 1=
The metric L is the Funk metric on the unit ball B"(1) C R™. It is obvious
that L is a Riemannian metric and
A= 9P = (2Pl = (2. 9)*)

Zi

bi(z) = ——-
a-wpe 0 MOTTgp
It is easy to see that 3 is closed and El_/yz = L. Then
(6.1) (L*) =2LL, =2L%L,,
(6.2) (I/2)xkylyk = [2[_/2I/yk]ylyk = 4I_/2[_/yz.

Thus L is dually flat. By Theorem 5.1, L is not dually flat. In fact, by a
direct computation,

2’ — (x,y
(1= [zf?)?
By Corollary 5.3, A does not satisfy , i.e., it does not satisfy . This

implies that in the Riemannian case the conclusion of Theorem 1.1 does not
hold.

It is well-known that L in Example 6.1 is a Riemannian metric with
constant sectional curvature K = —1. Note that § is closed, thus the Funk
metric is also projectively flat.

EXAMPLE 6.2. Let L = L + 3, where
b VP F PP =) R
' 1+ pl? o Tl
and p < 0 is a constant. The metric L is a Riemannian metric with constant
sectional curvature K = p. Further,
VR

bi(w) = YA
@) = T

Since S is closed, L is projectively flat. This example satisfies the conditions
of Theorem 1.4.

A, Ay =2

)y 40,

xl T
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