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On the additivity of the fixed point property
for 1-dimensional continna

by

Roman M anka (Warszawa)

Abstract. Two rational arcwise connected continua X, and Y, with the fixed point property
are constructed such that X, n Y, is contractible and X, U Y, does not have the fixed point
property. The problem of the additivity of the fixed point property for 1-dimensional continua is
summarized in the remark at the end of the paper.

1. Introduction. It is known that if X and Y are I-dimensional continua with the
fixed point property and X n Y is an AR, then X U Y has the fixed point property ([6],
p. 1292). The aim of the present paper is to show that, roughly speaking, nothing more
can be proved on the additivity of the fixed point property, for non-planar 1-dimen-
sional continua, answering simultancously a problem raised in [5] (p. 237).

To formulate the main result of the paper precisely, recall that a continuum X is
said to be rational if X has a base of neighbourhoods with countable boundaries, and
arcwise connected il any two points of X can be joined by an arc in X. Any
homeomorphic image of a cone over a convergent sequence of points together with its
limit is called a harmonic brush; such a brush is contractible and has the fixed point
property (see, for instance, [1], p. 20). The main result will be the following

THEOREM. There exist two rational arcwise connected continua X, and Y, with the
fixed point property such that X, 0 Yy is a straightline harmonic brush and X, U Y, does
not have the fixed point property.

The continua X, and Y, will be uniquely arcwise connected, i.e. for any two points
of X, or Y, there will be exactly one arc between them, so that the results from [5] can
be applied. All other topological notions used, but not defined in the present paper, can

‘be found in [4].

The continua X, and Y, will be constructed almost wholly on the plane E? (except
an arc of ¥, lying in E* outside E*). A basic role in their description will be played by
certain geometrical functions on E?, which we shall define now.

Namely, for the points
(1.1) a=(1,1), ¢=(0, 2 and dy-1=(0, 24277,
we take into account the following functions, defined for all peE: k=-1,0,1,2,...
and n=1,2,... '

n=1,2,...,
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(1.2) Y(p)=a—(p—a)
(L3) 0up)=c+275p—c) and  @f’(p) = day—1 +27 (P d2n-1),

ie. the rotation Y about the point a through the angle 7, and the homotheties ¢, and
o with the ratio 27* and the fixed point ¢ and da,-1, respectively. Note that

(14)  of” uniformly converges to ¢, for.all k=-1,0,1, 2,...

Throughout the paper, we will use (for the reader’s convenience) the primed letters
for the images of points or sets under the rotation (1.2).

2. The auxiliary cycle C(A4) and the spiral Sci. The cycle C(4) will be contained in
the square with vertices

s=(2,2, ¢=(0,2, §=(0,0 and ¢ =(20)

in such a way that the perpendicular sides [EF] and [c—',—gj of this square will be
included in C (A4), and its remaining two sides will be replaced by other continua A4 and
A'. To describe these continua, we start with a continuum 4, homeomorphic to the
condensed sinusoid

[0, 1), (0, —1)] U {(x, y)e E*: y =sin(n/x) and 0 < x < 1}.

Namely, setting for m=1, 2, ...

[—2m _
= (1427741, 2), vm=(1+2-"',2— ; ) and ¥, = [y, 0,10 [0 ]

let
Ao=[1,2, (L, v k_) Vo

In general, set

@1 A= ldy) fork=0,1,2,...

and define

(2.2) A={ul] 4 A =14),
k=0

@.3) ClA)=Au A ule, s1uld, sl.

Now we will deal with continuous fixed point free functions in C(A).
First, denoting for k=1, 2, ...

9=k+1
a =27+, 2), bk=<2”"“,2— 7 )
24
a=yYla), bi=y(by,
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(so that [a,, b] is the segment of condensation, and a,_, is the end point of the
condensed sinusoid A, for k=1, 2,... (a5 =), take the projection n_, from the

point ¢ onto the straightline a, b, which contains the segment [a,, b;]. Define

(¥(p) for pefe, §10 4,
‘/’(n—x(l’)) forpe Ay,

Vo) forpe ) 4,
k=2

2.5) y(p) = 7 s for pe s,
@-1(yp) forpe U A,

k=1
LY (p) forpelc, s].

LEMMA 1. The function y: C(A)— C(4) is continuous, has no fixed point and its values
at the end points of the arc components of C(A) are as follows:

(2.6) pey=c¢, y()=c,
p(by) =b, Y =s,
2.7)
pb) = by and (bR =bi-y fork=2,3,...

Proof. The function y is continuous on each of the six parts of C(4) indicated in

(2.5 and its definitions on any two of these parts agree on their intersection. As each of

the above parts is disjoint from its image under y, the function y has no fixed point. The
equalities (2.6) and (2.7) follow directly from the definition (2.5) of the function 7.

Lemma 2. If f(C (A)) = C(A) is a fixed point-free continuous function, then there is
a k, such that

fUbe k=1,2,. . NnAbY# G  for all k>ky,
where A(b}) is the arc component of by in C(A).

o0 @

Proof. The union |J [, bl v [di, bi] is contained in its image f (U [a b)

k=1 =1
o

Of (U [k Bl (by [32, ), . 28). 1 £({J [at, bk]) contained infinitely many of the
k=1 k=1

segments [a}, b1, which converges to {¢'} by construction, then we would have
f(¢'y = ¢ by the continuity of f ~ and this contradicts the assumption that f has no

fixed point. Thus there is a k, such that f(|J [, b]) contains {J [k, bi], from which
k=1 k>kt

Lemma 2 follows.
To define the spiral Sy, we will describe now a line § such that

2.8) Sz0, ), §=5UCH) and SNCMA)=0,
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which lies in the square determined by the vertices

¢ = (9 & S ]
8 =(3,3), ¢ =(-1z,

For n=1, 2, ..., denote

Sap~

L=427" 2427

'2)’ sz=(_

1, —4), ¢ =3, -9).

N Cape1 =(=27" 242" and

Sau = '//(Sln-/ 1) Cay = l//(CZU-* 1)

Then we have

(2.9)

Lt[c¢ap-1, "2:1:1_] = {
n

"

where d,; are defined as in (1.1) and

day = Y (d3q- )

forn=1,2, ..
“("::) =(1+2—m H+2—n’ 2_|_2—n)’ l’ﬁ,',” - (1 +2'~m+2-~n—1’ 2

for m, m=1,2,.

(2.10)

for k=0,1,
for k=0,1,
and

(2.1

2,...

2,...

. Setting

o let

W(n)

If we denote

A = oty = of

”/(n) — [a(n) ’:l)]n

1’_;1 VVk(n) — Akn

as well as Lt [e“" zp}"" :‘"‘)] = [ g, 1,

(2.12)
Denoting
(2 1 3) A(n)

uf = San-1»

¢} and  Lt[eg, dy] = {'},

1—2-m

() g
V [:LI,,, s Un'rl)] Y [vfl'l,)’l um( ]

n+k

(/);c") U V(n)

m=1

»n=1,2,..., then each W™ is the arc

with af’ = 55, = u

Lt [i’gc") aff! 1] = {tg i1},

bk“] which implies that

[;1 [e®, o] = [a,, b,].

{n) v [0"") al

form=1,2,...

s k=0,1,2,...

+2-—n‘1>’
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we define the arcs
(214) [SZM— 15 Con- l:lh = U A§c") Y [lex— 1> Can- 1] 2
k=0
(2.15) [S2ns €201" = ¥([820-1, C20-1]1"-
Finally, we take

o
(2.16) S= U [sh el vl siedd,

1=1
(2.17) Sey = Su C(A).

Now we shall describe a fixed point-free continuous function in S¢. First, observe
that if for n = 1, 2, ... we take the translation 7, determined by the vector from d,,-; to

x

dyu+ 1, then the similarity ¥ = @, ot, transforms U A" onto ] 4+, Of course,
each y®; is continuous and, in view of (1.3) and k(; 9), o
(2.18) ¥, converges uniformly to ¢_; on Sc).

Now take the projection =%, from d,,-; onto the straightline W Then, in view
of (2.5) and (2.12),

(2.19) 7 converges to m_; uniformly on Sc).

Further, consider the projection n from ¢ onto the straightline da,+ ;. ¢2,+ 1. Then
by (2.9) we have

Lt 7™ ([dan-1, C2n-11) = {¢}.
Define now
V(p) forpe [can—1, dag-11 W WE",
oD (p) = < (i (p) forpe [8(6'), a’]u AP,
Y(eWi(p) forpe U AP,
k=2
Sln-!-l‘ for pey (48,
o2 (p) = < 11 (@) for pew(kL;)1 A,
a®((p)  forpe[dan c2al

for n=1,2, ... Then each ", I =1,2, ..., is continuous, fixed point-free and maps

s, ¢]™ onto [sp41, €1+1]" so that ‘

(2.20) o(s) =541 and () =cpey for I=1,2,...
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Comparing the above formulas defining the functions ¢ with the formulas
defining y in (2.5), in view of (1.5), (2.11), (2.12), (2.18) and (2.19) we obtain the following
(cf. [4], vol. 1L, p. 89, Remark I).

LeMMA 3. The function a: Sca= Scay defined by the formula
yp)  SorpeC(4),
olp)= < o(p)
¥(p)

forpelsped”, 1=1,2,...,
Jorpelensiv, 1=1,2, .,
where each W is a linear function from [¢;, spx 1] onto [Crp s Spa2] with P (e)) = ¢ppy, is
continuous and has no fixed point. By (2.6), (2.7) and (2.20), the values of o ut the end points
of the arc components of Seqy are as follows:

221) o(s;) = 85,

(2.22) ole) = and a(d) =rc,

(2.23) o(by) = by and o(by) = s,

(2.24) a(by) = bi—y and a(bi)=by-y for k=2,3,...

3. The main continua X, and Y. Consider the straightline brush
(3.1) B=1[a,cju | [a h]
k=1

and the following sets L, and L_:

N ¢ 3 , >
(32 L,= {(-\‘7 WeE* y> ——%-I——}, L_= {(.\', yeE*: y< —54—%}

2 2
Then
63 BoLo=fenu Jon. Bolo=fav (o,
= k=1
where r and r, are determined in B by the straightline L: y = —x/4+%; ie.
(3.4) (Mufrela bl k=1,2,..}=BnL.

arcwise connected continuum B containing B such that B has the fixed point property and:

1° for each convergent sequence p,e B with p = limp,;e[a, ¢], i=1, ... there exist
continua K, K,, ... such that
(3.5) and

p,p;eK,c B lim diam K, = 0;

i
2° there is a homeomorphism hy from BAL, ~[b,.r,) onto B—{a} with

(3.6) holoy=c and hylb) =by~; for k=2,3,...
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Proof. For k=1,2, ..., let d,;e[a, b,] be the end points of pairwise disjoint
condensed sinusoids Sy ; lying in the triangle determined by [a, b,] and [a, by+,] and

having segments Iy ; of [a, by, 1] as the segment of condensation forj =1, 2, ..., 2%— 1.
Also, we can assume that Sy ;< L, forj < (2*—1)/2 and Sp; = L_ forj > (2*—1)/2 (cf.
e w 2k—1
[4], vol. II, p. 247, Remark, where a continuum similar to [a, cJu U
k=1 j=1
presented).
We can assert that dy; is the middle point of I—;;-1, k=2,3,..., all the
segments I, ; have the same length and
2k—1 .
Ls( | Se)=1la, d=Ls{dey j=1,2,...,2 =1, k=1,2,...}.
kK j=1 ki .

Then the set

B=Bu
k

s

21
3.7 U Se;
1j=1

I

is obviously a rational uniquely arcwise connected continuum satisfying conditions 1°
and 2° of Lemma 4, and posessing the fixed point property (cf. [5], p. 233, Corollary

2(b)).
Define now the main continua as
3.8 X, =y(B
and
(3.9 Yy = Buy(B)ula, 51" S,

where [a, 5,]" is an arbitrary arc in E* having only its end points a and s, in common
with the plane E2.

Then X, Y, is the brush ¥ (B) = [a, ¢]u | [a, bi], and X, has the fixed point
k=1

property as a homeomorphic image of B.

Proof of the fixed point property for ¥, The continuum Y, is uniquely
arcwise connected, because B U y/(B)u [a, s;]" joins end points of all arc components
of Sc4), which are indicated in (2.21)-(2.24), without producing any simple closed curve.
Hence, supposing on the contrary that there is a fixed point-free continuous function
[ Y,— Y, we have

(3.10) f@e@, s ] "us

and f(C(4)) = C(4) (by [5], p. 231, Theorem 2). Hence from Lemma 2, in view of (3.10)

and the unique arcwise connectedness of Y;, it follows that f(B) contains the brush
k1

B =y(®B)—J (a bil:

k=1
3.11) B =f(B).

3 — Fundamenta Mathematicae 136.1
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Now let {ri}, k= k,+1, be a §equence of points convergent to r':

(612 rn=y(@)eB, r=y()=ln rieB,

where r, r, are taken from (3.4). Then for every k=k;+1

1
(3.13) diam L, > 3

for each continuum L, such that v, rie L, = Y,. Hence from (3.1 1) and (3.12) we obtain
a convergent sequence of points p;€B such that f(p)=ri for i=1,2,... Let
p= 1i§n P
Suppose that p ¢ [a—,—é]. Then there would be a locally connected subcontinuom M of

B (namely a finite union of the segments defining B in (3.11)) containing almost all
pointspand p,, i=1,2,..., whose image f (M) would not be locally connected, e.g. at
the point 7.

Therefore pe [a—,?]. By (3.5) and (3.13), this contradicts the continuity of f (cf. [4],
vol. I, p. 207). ‘

Proof of the fact that Xou Y, does not have the fixed point
property. By (3.8) and (3.9), we have

(314 Xou Yo =Tu Scwy,
where
(3.15) T=BuyB)ula, 51"

Hence T Sc is just the set of all end points of the arc components of Sciay:

(316) Tn SC(A) = {Sl, c, CI, bk, b;, k=1, 2, }

We now define a continuous fixed point-free function
1. T-»Tu[sy, 5,]°
in such a way that  will coincide with ¢ (cf. Lemma 3) on TN Scca
Let n, be the projection in the direction of the straight line L (cf. (3.2)-(34)) of the
set BAL_uy(BnL_) onto the segment [r, 1] =[r, a]u [a, ']. Further, let o be

any homeomorphism of [;,——z;] and [m] onto the arc [a,s,;]" such that
00(r) = a = g,o(r), and g,0m, agrees with the homeomorphism from Lemma 4 (2°), i.e.

20(mo () = & = 2o(mo®): 2o(mo(r)) = a = @o(mo(ri)) for k=1,2, ..., and
Qo(no(a)) = Sy.

Define N
Y(ho(p) - forpeBnL,—[by, 1),

_Jhop@)  forpey(BnLy)—[b1, r),

(317) 0= Gofmo) forpeBaL_uy@BnL),

b, (p)

forpe[by, r) Wby, r)wa, 5,17,
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where h; is any homeomorphism of the union of pairwise disjoint arcs [b,, r,), [b1, 1)

and [a, s,]" onto the union of pairwise disjoint arcs [b}, a), [s, a)” and [s,, s,]" such
that

hy(b,) =by, h(by)=s and h(a)=s,.
Then we have
(3.18) tls,) = 55,
(3.19) tb)=>by and (by)=s
and, in view of (3.6) and (3.17),
(3.20) fe)=¢ and <()=c,
(3:21) by =bi—y and (b)) =be-y for k=2,3,..

Hence the function t: T— T [s,, s,]" has no fixed point in each of the four parts
of T'which are indicated in (3.17). Moreover, T is continuous, because its definitions on
any of the two parts of T agree on the intersection of the closures of these parts.

Now the function

_jo(p forpeScu,
fop) —{1(}7) forpeT,

transforms X, u Y, onto itself without having a fixed point (by Lemma 3 and (3.17)).
Further, f, is continuous by (2.21)-2.24) and (3.18)-3.21) (cf. (3.16)).

Remark. Let us quote here the known examples of rational arcwise connected
continua X, and Y, with the fixed point property such that X, U Y; does not have the
fixed point property, although X, ¥, is a maximally simple non-locally connected
continuum with the fixed point property:

(1) Xy, Y, is a harmonic brush (as in the Theorem stated in the introduction),

(2) XN Y, is a “Warsaw circle” (as in [5], p. 236),

(3) Xon Y, is a condensed sinusoid (as in [7], p. 156, Ex. 3). ,

The third example is planar, and the first two are in E3; let us mention that, by
a theorem of [2], it is not possible to exhibit such examples in the plane. However, the
following problem remains open on the plane E% does the union X U Y of two
1-dimensional continua X, Y < E? with the fixed point property such that X nYis
arcwise connected have the fixed point property?

Acknowledgment. I wish to thank Professor K. Sieklucki for very helpful conver-
sations on the matter of this work.
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The nonexistence of
expansive homeomorphisms of dendroids

by

Hisao Kato (Houston, Tex.)

Abstract. In this paper, we prove that no dendroid admits an expansive homeomorphism.
Also, we show that no uniformly arcwise connected continuum admits an expansive homeomor-
phism.

0. Introduction. Let X be a compact metric space with metric d. A homeomorphism
f of X is expansive if there exists ¢ > 0 (called an expansive constant for /) such that
d(f"(x), f"(») < ¢ for all integers n implies x = y. This property is important in the
topological theory of dynamical systems.

1t is well known that the Cantor set, the 2-adic solenoid and the 2-torus admit
expansive homeomorphisms ([11]).

Also, Bryant, Jacobson and Utz proved that there exists no expansive homeomor-
phism on an arc and a circle (see [1] and [6]). By using those results, Kawamura
showed that if X is a Peano continuum and X contains a free arc, then X admits no
expansive homeomorphism ([7]). In [8], we showed that if X is a Peano continuum
which contains a 1-dimensional open ANR then X does not admit an expansive
homeomorphism. In particular, 1-dimensional compact ANRs admit no expansive
homeomorphism. Also, Jacobson and Utz [6] asserted that the shift homeomorphism of
the inverse limit of any continuous surjection of am arc is not an expansive
homeomorphism (see [5] for a simple proof). The limit is a special type of arc-like
continua and arc-like continua are tree-like. Naturally, the following problem arises: Is
it true that no tree-like continuum admits an expansive homeomorphism?

The purposé of this paper is to prove that no dendroid (= arcwise connected
tree-like continuum) admits an expansive homeomorphism, and no uniformly arcwise
connected continuum admits an expansive homeomorphism.

1. Preliminaries. All spaces under consideration are assumed to be metric.
A continuum is a compact connected nondegenerate space.

A continuum X is said to be unicoherent provided that if X = Au B and 4, B are
subcontinua of X, the intersection 4~ B is connected. A continuum X is hereditarily

1980 Mathematics Subject Classification: Primary 54F50; Secondary 54H20, 58F15.
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