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Of course, the same argument applied to [0, 1/2] forces ¢(1/4) = 1/4, and
applied to [1/2, 17 forces @(3/4) = 3/4, and so on. Likewise, if ¢(—1) % —~1,
this midpoint argument applied to [—1, 1] won’t give o{0)= 0. So we
conclude:

o(x) = x whenever x is dyadic.

Continuity then finishes off the theorem. =
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An interpolation theorem with A -weighted L" spaces
by

STEVEN BLOOM (Loudonville, N.Y))

Absteact, If T and T% uL” —~BMO, for all ue A, then T: L*(w)—»L"(w) whenever we 4,
1<p<oo

In 1976, Muckenhoupt and Wheeden introduced the wqighted bounded
mean oscillation spaces, BMO, [6]. On R, feBMO, provided

IS =10 < CLw),

for all intervals I, using the notation [I| = Lebesgue measure of' I _an.d
I )=l’|11"1 [f. These spaces proved to have more than just an intrinsic
) :

interest, they turned out to be the solution spaces to some impor'gan.t 51}111g1y 3:1(1
doubly weighted norm inequalities [1]. The‘purpose 05 this note is to show tha
these spaces arise as interpolation endpoints for [P{w), weA,.

A weight we A, il

I(w)I[w™ Y1t < ¢ for all intervals [,

when p> 1. wed, if

I{w) < Cessinfw, for all intervals I.
i

The A, classes are nested, 4, < 4, if ¢>p, and a wejght b_elongsl_ tto

some ;1 class if and only if it satisfies a reverse Hélder inequa 1]y.

I (w‘”)lﬁ”a) < CI(w), for some & > 0 and all intervals I. The Hardy—ugt e-

wood maximal operator and the Hilbert transform areA bounde;l olf:m,t[:3 1{;«3
' cA, can be

if and only if wed,, 1 <p<oo [2]. Also any weA, n LCtO?

into the fojll'm W = u.vf“'"”, for some u and ved,, the Jones’ Factorization

5 ! « 4
Theo‘\l?'s(ranmlf:ﬂl] use the sharp maximal function of Fefferman and Stein [4],

£ (%) = sup I~ [/~ I(f): xel, [ an interval}.
' i

If 1< p< o, then | f*|,~f], provided [|If], is finite.
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Let T be a linear operator. We say T: ul® —» BMO, provided
™ IT ()~ 1Tl < CHa| f1] .,
I
with C independent of I, and we say T: Lf(u)— L7(u) if

” Tf“LP(u) = C “f”LP(u)-

y THEOREM. If T is a linear operator with adjoint T* and if T, T*
ul” -+ BMO,, for all uc A,, then T: LP(w)— L?(w) for all wed,, 1 < p < oo,

Proof. Firsttakeu =1, an A, weigh i al [
. , ght. This means that T * map L*
into BMO. If feH* and gELm,1 snd T map £

F@Ngl = rT*al < Il S s 19l -

DT E‘11 a'nd fEL ‘5 ’ . ’

w T (uf)™ () = sup |7 [IT*(uf ) ()~ (T uf ) dy ™ (x)
i

xel
S oy sup | fll o Huehu ™ () < o f £ 1L

by the 4, cqnditipn. So u™(T*w)*: L* [ Since also (T*)*: [2 ]2
complex interpolation [8, p, 205] gives, for l/p+1/g =1, p near 1 ,

uHe N (Tryl k. ra_ e
Thus

JOT*u' 2 * () 9(x) dx < C{lfldx.
Replacing u* =244 by g, |f]2 = |gl*u®"%, so this says
(T*)*: Lou® 9 — 13029,
By the weighted version of Fefferman and Stein’s Theorem {9 p. 272],
T L™ ™9 - L(u? ),

(We are being a littie sloppy here, The theo |

. rem actually says: If } T%f || oz -
< 0, thent | T4 s < CITH)* | 1aqs o). Since T+ L oo s
weights are bounded below, on any compact interval

' HT*f)quz_q Sy j(T*f)q = Cz“ﬂq << ca
on a dense subspace of L4(u®79))
Now let ge L%(u*~ %) and felr@? n

— L and since 4,

. By Holder’s inequality,
[P (TNgl = [[(T*gyuie- T < T* g oy | F | e

and duality gives T: IP(u®~7) —=LPW?™P), or udr-tqyl-2e. pp

-y,

— 7
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Next let felf and geli Then

[Tt gL = ([ TP TR 2 g)] < CUS L gl
so the operator
whm ATy g p
also.

In the arguments above, we could of course interchange T and T*. So we
have shown: If 1/p+1/¢ = 1 with p near 1 and if u and » belong to 4,, then

w CHIT @A Y [P 1P and oMU T (o0 M) LI LA
Let
w(t)y =t—1/g, B)=t—1/p.

So a(l/p) = 1 =2/g, a(l/g) =0, f(1/p) =0, and B(l/g) = —1+2/q. So inter-
polation gives

“a(:)uﬂ(r)T(u-"z(t)y—ﬂ(ll): Mot for 1/g<t<1/p.

In particular, taking t = 1/2 gives T: L*(w)-> L?(w) whenever w has the form

W e 2D 20072),

Finally, fix we 4,. By Jones’ Factorization, there exist v and v in A4, with
w = ufv. By reverse Holder, we can find a 6 > 0 so that and ¢ are in A4,
whenever 1 < r < 14 6. In particular, if we choose p sufficiently near 1, we can
force r = 1/(1—2/g) € 1+4. But with this ,

urZa(!‘ﬁ)UrZﬂ(le) = u[}“l =W

so T LA (w)— L*(w).

For exponents other than 2, the argument just given can be modified
appropriately, or il one prefers, we can appeal to Rubio de Francias’
Extrapolation Theorem [7], and the proof is complete.

As an application, we derive Hunt, Muckenhoupt and Wheeden’s theo-
rem, that the Hilbert transform H: LP(w)—L”(w) whenever we A, and
f ;{(VJ); dy, so H* = —H. To apply the theorem, we
must show that H: ul® —BMO, whenever ue A,. It's well known that H:
L »BMO. The point oi the theorem is that whatever holds for BMO
invariably holds for BMO, when ue A, and can be proven without so much as
a break in stride. Yet that minuscule bit of generality lets one interpolate to
LP(w) for all wed,.

Let ueA,. Let’s mimic the old proofs and show H: ul® —+BMO,, Let
feL®, fix an interval I and put f, = fxa; and f, = f—f, where 2I denotes

1 < p< oo, Af(xy=pv.



14 S. Bioom

the interval concentric with I of twice the length. Let p > 1 be near enough to
1 so that reverse Hélder holds for u with exponent p. Since H: L¥ — LP, we have

17 §IHGE) < (7 G < (17 17w

< e 2P [ o (BU7 T § unyhr

2r

Cy “fﬂoo(ili”' -t j 1‘)7
2!

by reverse Hdlder,

essinf u, by A,
I

< ey S {u).

Let x, be the center of I and é =|{I|. Then

]

[ 1 1
year | Xy Xg—Jy

< | fliwd |

yéal b —y|xg—y

| (14f 5)(x) — H (uf)(x0)| =

}u(y)f (y)dy\

| uly)dy

el flled 3, 27287% [ u(ydy
=1 |y—xplS2ng
<es|flle Y, 27" essinf u
nwi |y = x| < 216
<ieslffle e%smfu < ges Sl Tw).

Integrating, we have

M g [ Hu(f; +1000)— Hufy (el < (e5 +%esH £, T (w),

so that Huf = Hu(f, +/;)e BMO,.
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