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O NOJHHOMHAJIBHLIX CPABHEHMSIX

H. E. IINAPAYUHCKHUIA (Mocksa)

M Hns matypansueix n u g uepes M,(g) 0603HAUMM MHONKECTBO BCEX
Horoynenos
f(x)=a,x"+ ... +a,x+ae Z[x]
¢
Yenosuem (a,, ..., g, q) =1, s f(x)eZ[x] u HarypanbHoro P uepe3
s P, g) 0603HaunM KONHYECTBO pELLEHUH CPaBHEHHS

() f(x)=0 (modg), O0<x<P-1.

Monoxum

N,(P,q)= max o(f, P,q); N,g) =N,4,q).
Jedlnlg)
% Benmuuna N,(q) uccnemosanace B pame pabor (cm. [1], [5] u ccbuiku
HuX). B [1] 6ewia moayueHa Heynmywinaemas OUEHKA
Q)

N.(q)<q' "

(‘no‘:Tomume B CHMBOJIE “<” 3/1ech H Jajiee 3aBHCAT TOJILKO OT h H,
MoxHo, & > 0).

B paGore [2], B cBA3M C OLEHKAMN HEKOTOPbIX TPHTOHOMETPHYECKUX
M, ouenmpanacek BenuunHa N, (P, g) ons g paBHOrO CTENEHH MPOCTOro
4. B [4] 6buia noka3aHa OlEHKA

C

K)
) N"(P, q) < Pq— !;n+ql—11n—en+s’
T
% 9, = (n—1)/n(n*—n+1), HerpuBManbHas npn P > q' "1,
JeCh nony4YeHa OlEHKA, HeTpUBHANbHAd MPH BCEX P<gq.
TEOPEMA. ITpu awbom € > 0 cnpasedausa oyenka
N, (P, g) < P*(P} Y= Pg= ") 20¢ 6, = (n—1)/n(n>—n?+1).
o HNokaszaTenscTBo. Bribepem wmuorounen feM,(g), Ans KoTOporo
qf’ P, gq)= NP, q), ¥ IyCTb p; = P, > ... = pp — BCE NPOCThIE JCITUTENH
Cpg Yyetom kpatHocTH. Ilonoxum P, = [P/p,]+1. Torna 4ucino peieHui

BHeHus (1) He MPEBOCXOMMT YWC/A PEIUEHUil CpaBHEHHs

{4
) fz+p;x)=0 (modg), O0<z<p;—1,0<x<P,—1L



154 U. E. lmapnuHckuii

| Tak xax feM,(g), To ana moboro uenoro z uMeeM
(5) (f@) SO, ..y fODnl, g) = 1.
W3 cpaBHeHus (4) BBITEKAET, 4TO
f(z)=0 (modp,), O0<z<p,—1.
Iycts 24, ..., Z, — BCe KOPHH 3TOT0 cpaBHeHMs, m < n. [TonoxuM
d, = (1@, fP@p/1Y ..., [P@PI/nL q), v=1,
B cuny (5) umeeM p, < d, < p}. OnpenenuM MHOTOYNIEHB! f, paBeHCTBaM“
X)) =fe,+p¥d,, v=1,..,m.

AcHo, uto f,eM,(g/d,), v=1, ..., m, CIEAOBATELHO

eay ML

e(f, P,q)< X N,(P,y, q/d).

v=1

OGo3znauas yepe3 v, HoMep Haubonbllero ciaraeMoro B npasoii gac™
nocnegHero HepaBeHCTBa W nosaras ¢, = q/d, , OyneM uMeTh

Nn(P! Q) $ Q(f: P’ q) “<- "Nn{Pls ql);
rae
9/pi < 4, <4q/py, Py =[P/py]+1<P/p,+2.
<

IMpomomkas 3TOT mpouecc Aanbile, yepes r
PAaBEHCTBO

Q waros nosnyuyuM H¢

N,(P, q) < "N,(P,, q,),
roe
afpy-.-p)" <4 <4q/py..-P,, P, <P/py...p,+2.
B udactHOCTH, HMeeM
P,g;'" < (Plpy...p,+2)¢; " < P/py...p,q;"+1 < Pq~ "+ 1.
IMonoxum
t = [Ing/Inln(g +2)].
Ecna g, = 1 mpu HEKOTOpPOM r <, TO
N.(P,q) <n'N,(P,, q,)=n"P, < ¢"(P/p,...p, +1).
YunTeiBag, 4to 1 =g, = q/(p,...p,)", nony4aem
(6) N,(P, q) < g*(Pg~""+1).

Ilycre Teneps g, > 1. PaccMoTpum Tpu cnyuas.
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1. Ecnu q, < P,, TO B cHily OlEHKH (2) uMeeM
Nn(Ps q) < nan(P:, Q.) = n‘(P:/qa + I)Nu(qa)
< 2"'P,q:"1N..(qJ < "lP:Qr_”" < q'(Pq~ L b )
2. Ecu g, > P, > q; ~%", TO B Ccully OueHKH (3) umeeM
N“(P, q) < H'N,,(P,, q') <& n!(qu'— 1,fn+z.r2+qr1-1;n—a,.+zﬂ}
< q(Pq~ nt 14 PE‘ —1/n—an)l(l —o.,})
<& q‘(Pq_”"+P§1 =1/n—ga)(1 —a,.j} < qe{Pq—l}n_i_Pl—l.m—a,.}.

3. Ecau g} " > P,, To obo3HauuMm uepe3 § MUHMMAJILHBIH U3 AeATe-
el g, ¢ ycnosuem P, < Q'

OueBHIHO, HYTO TNPOCTHIMH JENUTENAMH ¢, MOTyT ObITH TOJBKO
Piiy > ... > p,. Tak xak g = (py...p) = (Pr+1), TO BCE NMPOCTHIC NIETUTENH g,
% npesocxomar g'. Torma B cuny Beibopa Q mosydaem

0= Pllf{l—ani > Qq—m_

8 CHny (3) umeeM

No(P. @) < n'N,(P,, ) <1 N,(P,, Q) < (P, Q™ 1n4 Q1 Hnmenteldy
& qFA(PL VM= en) | g1t pL= Lim=gn(1 = en))
< qul =1jn{l—gn) — qlpi - l,fu—-ﬂ..-
Takum obpazom, B mobom cioyyae HMeeM
N, (P, q) < g*(P'~*"~*+Pg~'").

Jlns 3aBeplLIEHMS JOKA3aTeNbCTBA TEOPEMbl OCTAJIOCh NOKa3aTh, 4TO ¢°
Moxuo 3amennts Ha P4 [lpu P > ¢'/®*") 310 oueBuano. IloxaxeM, 4To npu
< q'"+1 cppapennusa Gonee cCHibHAs OLEHKA

y N, (P, q) < Pq~2""* V41,
Mycts feM,(q). Nonoxum T = [¢>""*V]—1. [dns poka3aTenbCcTBa

ey (7) mocTaToYHO A0Ka3aTh, YTO MpH Jro6oM uenroM M uucio peleHnH
ABHEHM

f(M+x)=0 (modg), O0<x<T-1,
te NPeBOCXOAUT N.

[peanonoxum npoTusHOE, MycTh 0 < Xy <... < Xp+3 < T—1 — TmoO-
Tapro pas/iM4YHbIC pelleHHs 3Toro cpasHenus. Toraa

i X} fOM)y! =0 (modg), i=1,...,n+l.

v=0

Tak kak feM,(g), To, oueBHOAHO, MMEEM

(f(M), fOMLL, ..., fP(M)/n!, g) = 1.
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CrnenoBaTenbHO CHCTEMA cpanneuaii

n
Y xju;=0 (modg), i=1,...,n+l1,
v=0
MMeeT pellieHHue C YCIOBHEM (U, Uy, ..., U,, ) = 1. OTcrona BeITEKaeT, YTO ¢
onpenenuTent A AeNATCS HA ¢. YYHUTHIBAfA, 4TO

0<AdA< [T (—x) T2 g,
1Si<j<n+1

ToJryyaeM npotuBopeqne. TeM caMbiM oueHka (7), a BMeCTe ¢ HeHd H TeopeM¥
JIOKa3aHkbl.

B 3akmiovenne 3aMeTHM, 4TO s £(g) — KOJIMYecTBa MPOCTHIX e/ T
nei q € Y4Y€TOM KpaTHOCTH, IJd INOYTH BCEX B CMBICJIE acumn-romecx"ﬁ
IUIOTHOCTH HATYpalbHBIX ¢ CnpaBEdJIHBa OLECHKa

Q(q) < 10Inlng

(cm. [3]). OTcrona BeITEKAET, YTO /1S MOYTH BCEX HATYPANbLHLIX ¢ BrmosHeR’
ouenka (6).
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An improvement of Lenstra’s criterion for euclidean
number fields: The totally real case

by

GERHARD NIKLASCH (Miinchen) and RoLAND QUEME (Breuillet)

1. Introduction. By a theorem of H. W. Lenstra jr. [Le 77), an algebraic
Number field is euclidean for the norm provided that it contains a sufficiently
long “exceptional sequence” of elements whose pairwise differences are units.
More precisely, the length must exceed the square root of the discriminant
times a (number-geometric) coefficient depending on the signature of the field.
We show that a modification of Lenstra’s argument leads, for totally real fields,
to significantly smaller coefficients, and present seven new euclidean number
fields thus obtained. (The totally real case is the hardest to handle because the
field discriminants are comparatively large.)

More than 600 euclidean number fields are known; see [Le 80], [LM 82],
[LN 87] and the references there. The majority of these was found with the
help of Lenstra’s criterion, originally formulated in [Le 74, Section 14], and
Published in its final form in the celebrated Inventiones article [Le 77]. [Le 80]
Provides a very readable survey of the topic.

In order to state the criterion, we need to fix a few notions and notations.
Let K be an algebraic number field and R its ring of (algebraic) integers. Let
N denote the absolute norm, defined on R by N(0) =0, N(x) = # (R/aR) for
@€ R\{0}, and extended to K by multiplicativity. R (or K, by a traditional
abuse of language) is called euclidean (for the norm) if for any «, f€ R with
B 0 we can find x, o€ R such that & = xf+ ¢ and N(g) < N(B). Equivalently,
for each ¢e K we need to find keR such that N({—x) < 1.

DEFINITION. An exceptional sequence of length m in K is a subset
L0 5005500 ) & K

such that each difference w;—w; (1 <i<j < m) is an invertible element of
R (ie., a Dirichlet unit in K).

THEOREM 1 [Le 77]. There are positive constants o = a(r, s), such that every
number field K with discriminant D, with r real and s complex places, and
Containing an exceptional sequence of length m > a(r, s)*\/|D| is euclidean for
the norm.
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