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Now take an arbitrary positive ¢. By definition of u, v and Lemma 2 Wé
can find a K such that we have

S(x) < (v+e)x+K,
S(a) < (u+ega+K,
Sx) =2 (u—gx—K

for all x and k. Applying these inequalities in this order to the terms of (14) W¢
obtain

S(y) <vy—(v—u)a,+e(y+2a,,,—2a,)+3K.
Taking into account that a, > y/2 and a,,; <2y, this gives

SG) < RTH“ Sey+3K.

Dividing by y and taking the limsup we get
v < (u+v)/2+ Se.
Since this holds for every ¢ >0, we have v<u. »

Remark. (1) was used several times in the course of the proof. The crucial
one seems to be that in the proof of Lemma 2 to infer d;, , —d; < a,,: in the rest
weaker assumptions would also work.
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An additive problem of prime numbers
by

Akio Fuimr (Tokyo)

1. Introduction. Let A(x) = logp if x = p™ with a prime number p and an
Nteger m > 1, and = 0 otherwise. We put .

= 5 e, 5051 (1-5o)
tis a jong standing conjecture of Goldbach that
ry(n)>0 for even n > 6.
QUantitativcly, it is a conjecture of Hardy and Littlewood that
r,(n) ~nS,(n) as even n—oco.
Iy this article, we are concerned with the asymptotic behavior of the sum
Y (ro(m)—nS,(n)) as X—>oo.
nsX

We recall a well-known result related with this problem. It is shown by
Yan der Corput [2], Chudakov [3] and Estermann [4] that

Y. (ry(n)—nS,(m))* < X*(log X)4,
nsX
Yhere 4 is any positive constant. This implies, in particular, that
Z ry(n) = %X2+O(X2(logX)_‘),
nsX
Since by Lemma 1 of Montgomery and Vaughan [8]
Y nS,(n) = 1X?+0(X log X).

nsX

The purpose of the present article is to refine this under the Riemann
l'IYI-"C'thesis (RH) as follows.
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THEOREM (on RH).
Y ry(n) =3X2+0(X3?).
nsX

The key idea of the proof of this theorem is to apply Gallagher®
Lemma 1 of [S].
We assume RH throughout the rest of this article.

2. Proof of Theorem. We put
. R(y) = E: Am)—y for y > 0.
nsy
We suppose first that X is an integer N. By 8.59 of p. 258 of Prachar [9]
rrm=3 Am ¥ Aw

nsN msN RnEN-m

=Y Am(N-m+ Y  A(mR(N—m)+0(ogN)

m=N 2€EmsN-2

IN*+ ) A(m)R(N—m)+O(N??)

2EmsN-2
=3N2+S+0(N3?), say.
By Satz 4.5 of p. 231 of Prachar [9], we get for T> 2,
S= Y A(N-—m)R(m)

2EmsN-2 ;
- ¥ A(N—m){— 3 m—0+O(Elogz(mT))+0(logm)}
2<mEN-2 mer @ E _

2
=— Y AN-m) Y £+O(N?logz(NT))+O(NlogN}

2EmsEN-2 IyIsT
NZ
=§; —I—O(?logz(NT)) +O(NlogN), say,

where ¢ = 1/2+iy runs over the zeros of ((s). Hereafter we suppose that
1< T<« N. We have

S;== T JmAN-m) ¥

2<meN-2 wier 1/2+1y

-———ZIm{ Y SmAN-m) Y }

2<m<N-2 o<ysT 7

mW )
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+o(2 JmAN=-m) ¥ ) —2Im(S,)+S,, say,

msN 0<y£T

With S, < N372,
To evaluate S,, we notice first that by the Riemann-von Mangoldt
f'i‘rmula, we get for Y> Y,,

_ 1 Ao log(2n) log Y+ S(r) l+log(2n:

14719
uwﬂy " 4n 2n 1 2n 8 o
= A(Y)+B(Y), say,

Where S(t) = (1/m)arg{(1/2+it) as usual, n(t) satisfies n(f) = O(1/f) for t > t,
and we put

dt+B(Y)

B{},}_S(Y) ”S(t)d n(Y) Qf%'}dr.
¥

' { Y
We notice next that if N>Z > 1,

Y J/mAN—m) = Y  JN—-nAm+AN-2)/Z
m=sZ

N-Z<n=N-1

N-1
il | VN—=yd(y+R(y)+ANN-2)/Z
N-1 2

[ VN—ydy+R(N—1)—/ZR(N-2)
N-Z

(N1 R(w
45 j dy+A(N—2)\/Z
2/N=-y

= C(2)+D(2), say,

VYhere we put
C(2) = 323> -2,
1M2Y R(y)
D(Z)=R(N—1)—/ZR(N— ~2)+; j ,_dy +AN-2)/Z.
fN<2Z,
Y /mAN-m)= Y /N—nA(n)
msz 1<nSN-1

1¥21 R(y)
~N ydy+,/N—I-I—R(N—l}+ —dy.
J '1‘ N=y
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Consequently, we put for N < Z,

DZ)= Y J/mAN—m)—- ( zm—g)

m<Z 3

N-1
=E(N—1)3’2"§Zm+\/N—1+R(N—l}+1 f RG) 4

2y JN-y ?
Now,
TN
S, = I I v"d(C(v)+D(v))d(A (1) + B(t))

T logN

= j e'*d(C(e*)+ D(e")d(A(t)+ B(r)
1

T ex {—dC(e) dA W) +dCE) d(AD) + B()

Il
‘-—-.tn‘

-
=]

+d(C(e")+ D(e¥)) dA(t) + dD(e*)dB(t)}
=8,+85+8¢+85,, say,

T logN
sum ] T e {rne L1082
2 1 0

t 2n

) 23%2 dye dt < N3f2]’ OEtd t < N3E2
TlogN

Ss=| | e~e*dxd(A(1)+B(1)

1 0

‘gNM(B ) l:lT+}l Y ld;)¢N3”.

2
O<y<t? 1 1Ir 0<y<t
Since

r /1 1 log2m 1
‘!e.u (ﬂlogt'——gign—n )dt < min(1/x, log® T),

we get

jouog T)d( Y /mAN- m))+ j o(1/x)d( Y, /mA(N—m)

m<e* m<e*

< N3!2_

By Gallagher’s lemma (cf. Lemma 1 of [5]), we get

S, < TlogN- max (h?N(D{e”“)—D(e”))zdy)m

0<é<1T 0
T l 2 1/2
x (}[ (B (t + 2log N) —B(t]) dr) ;
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We denote the last two integrals by S; and S,, respectively. We have

Ss‘fshs}f_&{ JEPRN—e 4L ] RO,
0 2y5- ev+s. /N—u

N—l R(u) }
+ R(N—e¢’)—= —_—du> d
\/_ ( e ) N e,\/* y

log N 2 N-1 R‘_ﬂ)
Z((N=1)32— 3+oy2) 4 - =
+W];_a{3(( )2 —e )+2 ! \/mdw,m 1
+./¢R(N— e”)—~ f P }dy

=810+S11, say,

log N NS,.’Z N 1/2 2 l N3 NZ
S N — 7] et [l L 4
1 éu.m{_.;{ = +‘/_(:r) log N} dyéT(T2+ —log N),

Since for logN—4d < y<logN,

N- eY R NIT 32
(u) 4] R(u) du«(g) _l—logzN.

IV = VN

Next,

logN—&

S0k [ &(RIN—e*)—R(N—e))dy
0

N—ev+e

logh — & N—e¥ R(u) 2 logN -4 1 2
€1 Ldagyef o | /- eiigfo

= S12+Sla +Sl4, say,

N-1
S2= | {R(x+x(e®—1)—N(’—1))—R(x)}?dx
N(1—e~9)
N-1
< j {R(x-l-x[eé—l]—N(eJ_l))_R(x_'_x(eé_ I))}zdx
N(l—e~9)
N—-1
+ | {R(x+x(®—1)—R(x)}?dx
N(1—e~ %)
{N—1)ed i
< | (R(y—NE@—1)—R) dy
Nie®—1)

N-1

+ [ (R(x+x(e—1)—R(x)" dx.
N(l—-e~ %)
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The last two types of the mean values are treated in Saffari and Vaugha?
[10] (cf. also Goldston and Montgomery [6]). Using their results, we get

2
S, < N* max 5log2(l/6]€£—logzN.
0<d< /T T

Since
S 2 Iugf}—a N—e¥ du 2
13 < Nlog N ( 7) d
0 N—£v+4.fN+u ¥

logN—¢&

logN _[ e"dy< logN

TZ
and

N?
814 x‘f; log N

we get

3 a2
™ TZ

To conclude our estimate on §,, we notice that

I
S, <j(°gt) dt<1.

N?
Sg é—log N+—+—;log*N.

Consequently,
N N3¥2 N
S-; < TIOgN(-—\/_?IOgN-FW'F?logz N)
Choosing T=,/Nlog? N, we get § = O(N*?). Thus
Y, ra(n) = 4N?+ O(N*?).
nsEN

It is clear that the restriction on X imposed at the beginning may be
removed within the remainder term.
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