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1. Introduction. Let p be a prime and let
(1) f(x)=ax*+ ... +a,x+ageZ[x]

wlth (ali ey ak9p] = l'
For any positive integer ¢ we write

g—1
@ $@N = T e/,

Where e,(t) = exp(2mit/q).
For the case ¢ = p" (n> 1), Hua [3] showed that

. [S(p", ) < k3prt—1/k),

In 1985, Loxton and Vaughan [4] worked in a different way and proved that
(4) IS@" NI < (k= I)PMH ”Pmﬂ 1]p"’[l ~ e+ 1]

Where

U if p<k, ~
TS0 ifp>k ¢ T

€ satisfies
S(x) = kap(x— &) ... (x—&)™,

& (1 < i< s) are distinct zeros of f'(x) belonging to a fixed finite extension
K, of the p-adic field Q,, and & = v,[0(f")], 0(f") denoting the different of f"(x)
4nd v, the unique extension of the valuation in @, and K,.

Define t satisfying p'|(kay, ..., 2a,,a,), where the symbol | means
Plkay, ..., 2a,,a,) and p'* ' f(kay, ..., 25, ay). Let py, ..., 4, be the different
2ros modulo p of the congruence

) P (x)=0 (modp), 0<x<p,
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and let my,...,m, be their multiplicities. Put max,<;<,m; = M= M(f),
my+...+m, =m=m(f).
Later, Chalk [1] obtained the following result.

THEOREM 1. Suppose n=> 2. If r > 0, then

(6) IS(p", /)] < mkp'/™M*1 prl1= (M +1)]
and if r=0, then

"S(@"f)=0 for all n=2(t+1)
and otherwise

IS@", N < p**,

Since the result for » = 0 is trivial, we only consider the case r > 0, and so
M > 1. In this paper we will show that k can be substituted by k'/? in The-
orem 1. That is, we will prove the following

where p' < k.

THEOREM. For r > 0 we have
(?) lS(p",J’)l < mkl!ipﬁ{M+1)pﬂ[1 ~1/M+ 1))

2. Some lemmas.
LEMMA 1 ([2]). Let o satisfy p™ | f(p;+px)—f(u;) and put

gu, ) = p~%(f (py + 1) —f (1))
If P11 g4, (y), then
o;<mij+t+1—t;.
© LemMMA 2 ([3], [2]). We have
pPP<k and p“Y<k,
where t and t; are defined as above.
Lemma 3 (A. Weil [5]).

IS(p, )| < (k—1)p*7.
LEMMA 4. If n=2t+1, then
(8) lS(p"’fM < mk”zp""”“’p"“‘UIMHJJ_

Proof. Since n > 2, we have t > 1. Let x = y+ p" ™"~ 'z, where y and z run
independently through the values

y= Lovap® % . w0 P =1
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Then
pnt -1 ptt e |
©) se.N="% epllt) 3 e,,( L4320 ))
y=1 z=0

Since p'| f”(y), if either p is an odd prime and t > 1 or p=2and ¢ > 2, then
2p|f”(y) for all 1 <y<p" ! Hence

pn—t—l pri-1

S(Pnrf) = Z ep"(f{y)) ;ﬂ ep" ! (zf'()’)}

=1
If y#u; (modp), j=1,...,r, then
p“':—l
Y epar(zf'(»)=0
z=0
Therefore

pn—t—l

(10) SN <ptt Y | Z em(fO) <P

Jj=1 =1
y= m{mod p)

{21+ 1)(M+1)=1 [l —1/(M +1)]

=rp P
< rklll'l pl!(M+ 1) pn[l = 1/(M+ 11],

the last inequality here is due to Lemma 2.
Now consider the case p=2 and t = 1. This implies n = 3 and

(1) S@ 1) = Y enlf0) 2 ez( I, L zzr’(y))

y=1
If k> 4, then we trivially have

IS(23 f]l < 8= 22;[M+ 1}2:}{M+1)2n[1 =1/ (M+1)]

< J M+ l]2€!tM+l]‘2nll —1/(M+ n]_

If k=3, then f(x) = a3x®+a,x*+a,x+a, with (ay,a,,a,,2)=1. So
J(x) = 3a3x*+2a,x+a, and f”(x) = 6asx+2a,. The condition ¢t = 1 means
2”(303, 245, a,) which implies 2|a; and 2|a,. For x = 1, f”(1) = 6a; + 2a,, and
SO0 f”(1)/2 # 0 (mod 2) since otherwise 2|a, contradicting (as, a,,a,,2) = 1.
F'?l' x =2 we have f"(2) = 12a;+2a,, and consequently f"(2)/2 # 0 (mod 2)
With the same reason as in the case of x = 1. Thus (11) and Lemma 3 yield

2z "
52, N1=1 3 eatro) 5, er (L2024 L022)

4,2!}'2 - 23)‘{M+I}— 1/2 23[1—”{M+1]]

/AR

klﬂM +1) 2!!(&! +1) 23[1 = 1M+ 1)]
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If k = 2, then f(x) = a,x*+a,x+aq with (a,, a,,2) = 1. Thus f”(x) = 2a, but
(az,2) = 1since t = 1 and 2|a,. Clearly f"'(x)/2 # 0 (mod 2) for either x = 1 or
2 and so using (11) and Lemma 3 again we obtain

2 L
IS, =2 % ex(/0) z & (f_U’) L0, )
y=1

4- 2112 = 23;(M+ 1)—-1/2 23[1 =1/iM+1)]

V/ AN

klg’(M+l]2mM+ !}23[1 = 1/(M+ l]].
This completes the proof of Lemma 3.

3. Proof of the theorem. For 2 < n < 2t, a trivial estimate and Lemma
2 give that

|S{P”,f)! s pn é kl.f(M+1JleM+ l]prx[l— 1/(M+1)] < klfz Ptf(M-i-l]Pn[l =1/(M+ 1“l

Lemma 3 is for the case n = 2t+1.
Assume now n > 2(t+1). By substituting x =y+p" "z, y=1,...
P, z2=0,...,p' ' —1, we obtain

n-t—1 "—'l

12) S, f) = "z eplf0) T eper(ef )

So

(13) IS(p",ﬂI%jZl Zl ep"(f(y))‘=zllsu,-|a say.
r-ni{zmod.el 5

Define sets A;(i = l,...,4) by

A4 = {j: !‘I—-O'J-? 2:;"'2}.
Then

(14) Lzm=

(i) Suppose je 4,. By Lemmas 1 and 2,
lls.lul < pn-l - pn,J[M+l',l—!pll[1—l.l'{M+lﬂ < pwf[M+1]'l.pn{1-—1f(M+11]

< p{mj+r+l—lﬂﬂM+l.)-lpn[l ~1/(M + 1)) % P:;{M+11pn{1—1,rtm+n]_
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(ii) Suppose je A,. Again Lemmas 1 and 2 give that

n,r:MH]—lpn[l—mMH]] < ploi+2UM+1)=1 o[l = 1/M+1)]
=

IS,l<p'=p p'

< p{m,-+r+1+u!.n’w+1)—lpnu—muﬂn < LM+ 1)

p

M+ 1) on[l—1/(M+1)]

p p

(iii) For je A, we have
(15) IS,,1 = P~ [S(p" ™, gy, V)|-
If t; =0, then it follows from Lemmas 1 and 2 that

n—=1 _ _(oy+1)jiM+1)—1 _nfl-=1/(M+1)
IS, < p"~' = p* pt .

< p(lﬂ}+'+2]ﬂM+ -1 p'lll = 1i(M+1)] < leM’i— IIPIJ’IM-P I.]pn[l —1/(M+ U]_

Assume now t; > 1. If either p is an odd prime and t;> 1 or p=2and t; > 2,
as in the proof of Lemma 3, but using ¢;, n—0; and g,,(y) instead of ¢, n and
f(x) respectively, we obtain

(16) IS(P"~, g, ) < sp" "7,
where s is the number of the different zeros modulo p of the congruence
g, (») =0 (mod p“**)  (0<y<p),
and so s < m;. Hence it follows from (15), (16), Lemmas 1 and 2 that
stl < mjp"_z == mjp“a‘*z'i"‘””‘“”‘zp“[“”‘””"
*S. m}p{m‘,+t+r1+2}f{M+lll—-zpn[l-*l.f{M-l-l)]

é mjklﬂM+ l]pr;‘(M-l-llpn[i —H{M+l)]'

Consider the case p =2 and t;=1. If k >4 then it is easily seen that

lsn;l < 2»— ) 2(6;+3]I|’(M+ -1 2.n[l -1/(M+1))

VAN

2{m;+l+3];‘tM +1)—-1 Zn[l —1/(M+1)]

n

2[(+2]J'(M+ 1) 2!’1[1 =1/(M+1)] < li’Z 2]‘)‘(M+ 1) 2!!{! —1/(M + l]]‘

For the case k = 3 or 2 we note that correspondingly gu;() is also a cubic or
Quadratic polynomial with the same properties as f(x). Hence by the method
Similar to that in the proof of Lemma 4 for the cases p=2,t=1, k=3 and

2 we obtain
]SH t ﬂ 20;—1 2!!—«1— 1/2 2u—3.f.". - 2{01+3]“M+ 1)-3/2 2!![1 =1/(M+1}]

J

< 2{m,+l +3)y(M+1)—3/2 2n[l - 1/(M+1))
2

N

(t+2)/(M+1)—1/2 2:1[1 =1/(M+1)] '-<.. kl.fl 2IH{M+ l)zn[l = 1/(M+ 1)]'
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(iv) Let je A,. By induction,
|S ] < por-l m(g).)k”z th![M(nJH llp(n-a;)ll = 1/(M(g;) +1)]
By
< m k'? pt_,ftM+1]—lpn[1 — 1M+ 1)]+a/(M+1)
J

< m}kl!lplmj'l'l-l- IyM+1)—1 pn[] =1/(M+1)] g mj kl,‘l pl,f{M+ l}pn[l - 1/(M+ 1}],

since n > 2(t+1), m(g;)) <m; and M(g) < M.
Hence for n > 2(t+1), it follows from (i)—(iv) that

4
|S(p",f)|£ Z Z mjklfz pt;'{M'r 1)pn[1 =1/(M+1)] _ mk”z pt;(M+ I]pu[I —l,l'tM+l]]‘
i=1 jedy

This completes the proof of the theorem.

4. Examples. We give two examples here for comparison purposes.

ExaMPLE 1. Let p=2, n=1, and f(x) = x>—x. Then
1

(17) S2,f)= Y ey(x*—x)=2=2"22112,

x=0

We have f'(x) =3x>—1 and so t=0. Since f'(0)= —1# 0 (mod 2) and
f'(1)=2=0 (mod 2), we have r =m = M = 1. Our theorem gives that

(18) 1S(2, f)| < 3172212,
I think, in general, one could expect to obtain the sharp estimation
(19) IS(p",f)I Q mpl,'{M+ l}prlr{M+ ljpnll -1/(M+ 1)]'

ExampLE 2. This example is qouted by Chalk [1]. Let p> k > 2 and

f(x)=k!(px—1)*"*x.
Then r=m=M=1and t=0. Since &, =p™*, {,=0,e=k—-1>M=1
and 6 = k—2, the estimation (4) is
lk_ 1)p(i-2mk— llpnil—llfkl]

whereas (6) yields
kp"?
and (7) gives
kl)‘?. pl'lf 2.
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