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1. Introduction

1.1. The Rudin—Shapiro sequence was introduced independently by
these two authors ([21] and [24]) and can be defined by

En = (_1)u(n) ;

where u(n) counts the number of 11’s in the binary expansion of the integer
n (see [5]). This sequence has the following property:

< CNV?,

(1) VN >0, sup) Z £,e2imm?
0€R n<N

where one can take C' = 2 4 21/2 (see [22] for improvements of this value).
The order of magnitude of the left hand term in (1), as N goes to infin-
ity, is exactly N'/2; indeed, for each sequence (a,) with values +1 one

has
N1/2 — H 2mn(~)H < H 2i77n(~)H
5 et <[ 32 et
n<N n<N

where || ||2 denotes the quadratic norm and || || the supremum norm. Note
that for almost every sequence (a,,) of £1’s the supremum norm of the above
sum is bounded by /N Log N (see [23]).

The inequality (1) has been generalized in [2] (see also [3]):

(2) sup
feMa

Z f(n)e%mcu(n) < C/Na(ac) 7
n<N

where My is the set of 2-multiplicative sequences with modulus 1. The
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exponent «(x) is explicitly given and satisfies

vV 1/2<a(x) <1,
Vo dZ alr) <1,
VeeZ+1/2 alz) =1/2.

Moreover, the constant C” does not depend on .

Of related interest see the papers of Rider [20], Brillhart and Carlitz [5],
Brillhart and Morton [7], Brillhart, Erdés and Morton [6], Mendes France
and Tenenbaum [17], Queffélec [18], and Boyd, Cook and Morton [4].

1.2. In this paper we are going to extend these results to other se-
quences. One particularly appealing example of generalization consists in
counting the number of words of length d + 2 which begin and end in 1 in
the binary expansion of the integer n (the case d = 0 gives precisely the
Rudin—Shapiro sequence). Extending this idea we will introduce Hadamard
matrices: such a matrix (of order ¢q) gives sequences which can be generated
by finite automata and which satisfy (2) where Ms is replaced by the set
M, of ¢g-multiplicative sequences of modulus 1 (for the theory of Hadamard
matrices, see for example [25]).

Section 2 is devoted to a general notion of sequences (called chained
sequences) in a compact and metrizable group. These sequences satisfy
inequalities analogous to (2) where the exponential function is replaced by
an irreducible representation of the group. When the group is abelian, the
optimal case giving bounds as in (1) implies that the group is necessarily
finite. Let us notice (from Lemma 4 below) that bounds as in (1) and (2)
depend only on the orbit of the sequence under the shift: for instance every
sequence in the closed orbit of the Rudin—Shapiro sequence under the shift
on {—1,+1}" satisfies (1) where C is replaced by another suitable constant.

In Section 3 we define generalized Rudin—Shapiro sequences including
previous extensions introduced by M. Queffélec ([19]). These sequences still
have the Lebesgue measure as spectral measure.

2. Chained sequences

2.1. Notations and definitions. In what follows ¢ is an integer greater
than or equal to 2, A is the alphabet {0,1,2,..., g — 1} with the natural
order. The monoid of finite words on A is denoted by A* and is ordered
with the lexicographical order, denoted by <. The number of letters in a
word w is called the length of w and denoted by |w|. The empty word A is
of length 0. Let A" be defined by

A" ={w e A" |w| =r}.

Let d be a positive integer and D := A%, The set D can be considered as
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an alphabet ordered by the lexicographical order. There exists a canonical
one-to-one order-preserving map c¢ from D* into A* which identifies D and
AdtL,
Expanding an integer in base ¢ allows us to define the maps e; (“kth
digit”) from N to A by
n= Z ex(n)q® .

We denote by 7 the word e;(,)(n) ... eo(n), with £(0) = 0, and for n # 0,
t(n) = [(logn)/(log q)] ([x] is the integral part of ). Moreover, to each word
W= wy_1...wo in A* (r > 1) we associate the integer

W=q" " w1+ ...+ qui + wo,

and we define A = 0.
For every sequence ¢ with values in a set F, we define ¢ : A* — E by

pw) = (),

and for every map f from A* to E we define the sequence fwith values in
E by

DEFINITION 2.1. Let G be a multiplicative group. A map f from A* to
G is called a chained map (over A) if for all letters a,b € A and every word
w in A*

(i) f(0w) = f(w),

(ii) f(abw) = f(ab) f(b)~ ' f(bw).

(The role of property (i) is to select chained maps f which derive from
a sequence ¢ by the relation ¢ = f. If this property is explicitly required
we shall speak of regular chained map. Otherwise we shall omit this extra
condition.)

If G is equal to C\ {0} (resp. R), f will be called a multiplicative chained
map (resp. an additive chained map). Note that iterating (ii) gives for all
letters ay,...,as in A and every word w in A*

3)  flar-..aw) = (flaraz) f(az) ™) ... (flas—1as) f(as) ™) fasw).

An easy computation yields

(4) flapy) = f(aB)f(8)7 f(BY)

for all nonempty words «, 3,7 in A*.
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Finally, if G is abelian one has for every positive integer n

(5) Fm) = O] TT(Flersa(n) ™ Flersamen(m) }
keN

By (4) the map f which is chained over A can be lifted through the canonical
map ¢ (from D* = (A4TH)* to A*) to a map defined on D* and chained
over D.

A sequence ¢ with values in G is called chained to base q (or chained
over A) if the associated map ¢ (from A* to G) is chained. Note that ¢ is
then a regular chained map to base ¢?*! for every positive integer d.

ExAMPLE 1. Let ¢ be a complex sequence such that ¢(0) = 1 and
satisfying the functional equation

VEEN, on)=]] elex(n)).

keN

Then ¢ is said to be strongly g-multiplicative (for g-multiplicativity,
see [11]). This sequence is multiplicatively chained to base g. Actually,
the map ¢ is a morphism from the monoid A* to the multiplicative group
C\ {0}.

EXAMPLE 2. Let v be a word in A* of length » + 1 (r > 0). We denote
by 0" the word consisting of r letters 0 (if 7 = 0 we define 0° = A). Let
Zy(w) be the number of occurrences of the word v in the word 0"w. This
number depends only on the integer n = w if v # 0"T!, and we will also
denote it by Z,(n).

PROPOSITION 2.1. Let v be a word in A* such that |v| = r + 1 and
v # 0T, Then the sequence (Z,(n)), is additively chained to base q° for
every integer s > max{1,r}.

Proof. If r = 0 one has, for all words w and w’ in A*, Z,(ww’) =
Zy(w) + Zy(w'), hence the result. Suppose r > 1. Let S = A® for s > r and
let ¢ be the canonical morphism from S* to A*. We have to prove that the
map Z, o c from §* to R is additively chained over S.

Let o« and (8 be letters in S and w be a word in §*. The integer
Zy(c(a)e(B)e(w)) is equal to the number of occurrences of v in the words
0%c(a)e(f) and 0°¢(f3)c(w) minus the number of occurrences of v which:

— either occur at the same places in the words c(a)c(f) and 0°¢(3),
— or occur in 0°¢(f) but do not occur in c¢(a)c(f).
This last number is precisely Z,(c¢(3)), hence

Zy o clapw) = Z, oclaf) — Zyoc(f) + Zy o c(fw) .

In particular, the sequence u discussed in the introduction (which corre-
sponds to Z11(+) with ¢ = 2), is additively chained to base 2.
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ExaMPLE 3. The following proposition generalizes the previous case:

PROPOSITION 2.2. Let d be a positive integer and let ¢ be a periodic
sequence with values in G such that the period of ¢ is ¢°*2, and ¢(0) = 1g
(the unity of the group G). Let x € G. Then the sequence

(6) fn) = zo([n/d"™]) ... o([n/d)p(n)

is chained to base q@tt.

Proof. For every word w of length r in A*, say w = w,_1...wp, one
has by definition (6)

fw) = zp(wr_1)p(wr_1wr—2) ... o(wr_1 ... wo) .
Note that the value of p(w) depends only on the word wgy1 ... wo (w being
replaced by 0972w if » < d 4+ 1). To prove that focis chained (where ¢
is the canonical map from D* = (A9T1)* to A*) it suffices to check that
(ii) (in Definition 1) holds for a and b in A%*!, which is a straightforward
computation. m

This proposition leads to a particular case of chained sequence:

DEFINITION 2.2. Let d € N. A sequence f with values in G is called
a d-sequence in base q if there exists a sequence ¢ : N — G such that for
every integer n

(a) (gn) = 1g,

(b) o(n + q¢¥*2) = p(n) (i.e. ¢ is ¢¢+2-periodic),
and

(7) f(n) = F0)e(ln/g"™]) ... o([n/a)e(n).

By Proposition 2.2 a d-sequence in base ¢ is chained to base ¢?*!. Choose
z in G and v in A2, with v # 0972, The sequence

(8) fo(n) = a?e )

is chained to base ¢?*! from Proposition 2.1 It is a d-sequence in base ¢ if
and only if the last letter of the word v is not 0 (i.e. if v ¢ A*0). The map ¢
corresponding to f, by (7) is the characteristic function x, of the arithmetic
progression v + ¢%+2N.

2.2. Chained sequences in an abelian group. Suppose that the
group G is abelian. The set of chained sequences over A with values in G
is a commutative group for the usual multiplication:

fg(n) = f(n)g(n) for every integer n.

The subset of d-sequences in base ¢ is a subgroup, generated by the d-
sequences (8). More precisely, if f is a d-sequence in base ¢, one easily
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obtains

f(n)=f0) T (p()?™,  where p(v) = f(0)f(0)".

vEAIF2

In the general case we have

THEOREM 2.1. Let G be an abelian group and let F : A* — G be a
reqular chained map over A. Then

(9) F(y=F@©) [ FE@)*V.

bE A2 b£00

Proof. Let h: A* — G be defined by the right hand side of (9). Using
Proposition 2.1 and the commutativity of the group G, one sees that h is
chained. By construction h(w) = F(w) for every word w of length at most
two. An induction on the length of w and the use of the property (ii) of
chained maps then give h = F'.

2.3. Transition matrices

2.3.1. In what follows the usual hermitian products in the vector spaces
C* are denoted by (:|-). The corresponding quadratic norms are denoted
by || - ||. Every linear operator A : C5 — C* will be expressed in the
canonical bases {I1,..., I}, {I],..., I, } unless explicitly stated otherwise.
The quadratic norm of A is denoted by ||A|| and defined by

[A]l := sup [JAX].
X1=1

It is well known that || A]| is equal to the square root of the largest modulus of
the eigenvalues of AA, where A is the adjoint of A (recall that all eigenvalues
of AA are real).

If A is an endomorphism of C? given by a matrix all coefficients of which
are of modulus 1, then

¢'? < |A| <q.

One has | A| = ¢'/? if and only if AA = ¢I (where I is the identity endomor-
phism), and ||A|| = ¢ if and only if A has rank 1. Let us give a generalization
of this result.

Let E = (End C*)? be the space of column vectors X whose ¢ compo-
nents ‘X are endomorphisms of C*. We consider X as an operator from C*
to (C#)? given by

X
Xx = : , weC’®
1Xx
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and we identify (C*)? with C? by

_jl 15_
' I, '€
ES I, %
[ T9¢
3
Hence the norm of £ = | @ | is given by [[£]|? = || || + ... + || %]]?
K3

and for X € E,

IXI1 = sup (| Xa|® +... + [ 1Xz])/2.
zll=1

In terms of matrices, an endomorphism A in F is canonically represented
by a matrix

whose elements (the (“4;)) are endomorphisms of C*. Representing the *4;
in the canonical basis of C?, the endomorphism A becomes an endomorphism
of (C*)? (identified with C*?) and its quadratic norm satisfies

(10) [A]l = sup{[|AX|}; X € E and || X]| =1}.

Indeed, denote by ¢ the supremum on the right hand side of (10) and for
€ in (C*%)9 (with components ¢, ..., 9€) choose X with components X in
End C? such that

XI;=0 ifj#1,

X1, = €.
An immediate computation shows that ||| = || X]|| and ||A&]| = ||AX],
hence ||A]| < g. On the other hand, there exists a vector Xy in E such that
| Xol| =1 and ||AXy|| = 0. One has

[AXo| = sup [|AXox],

[|z]|=1

and there also exists a vector Yz in C* such that ||%z| = 1 and [|AX,| =
|AXo %z||. Hence, for £ = Xy %z one has o = ||A¢|| < ||A||, which finally
gives o = || A]|.
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The matrix A adjoint to A, seen as an endomorphism of (C*)?, is given

by its components (A); = (7 4;).

LEMMA 2.1. Let A be an endomorphism of E = (End C*)? whose matriz
elements “A; are isometries of C*. Then

¢'? <Al <q.
Moreover,
(a) ||A|| = ¢'/? if and only if AA = qI;
(b) |All = q if and only if there exist isometries 'S, ..., 95, *U,..., U
of C* and isometries 'B} (1 <1i,j < q) such that for every i and j
1 0 ... O
— 0
'SUA U = | . i
. Bj
0
Proof. Using the hypothesis on A and the Schwarz inequality, one has
for every & in (C*)?

q
JAEIP =) 1A e+ + PA %

i=1
q q

<Dl +- o+ 1%€?) < D (aliel®) = Pl
=1 =1

hence ||A]] < g. On the other hand, choosing in E the vector Y; with
1/2

components (?A;) = (*¥A;)71, for k =1,...,q, one has ||Y;|| = ¢*/? and

q —_—
Yl = |32 4,745 | = a = 2l
i=1
hence, using (10), || A > ¢*/2.

Suppose that ||A|| = ¢*/? and consider the vector Y; defined above. We
have [|AY;|| < ¢, hence ||AY;|| = ¢. But for every z in C*® one has

q _— g
1Azl =) (FAL("AL) + .+ B A (CPAY)al® < ¢,
k=1
where the term corresponding to k = i is ¢?||=||?, hence all other terms are
0, which gives
FAVTA ..+ FAA, =0 itk A
Thus AA = qI = AA. The other implication in (a) is obvious.
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Now suppose that |[|A| = ¢ and let £ € (C*)? be such that ||£]| = 1 and
|AZ]| = q. Then

q
= I"AL T+ .+ A 9,
=1

but

1PAL T+ TAG TP < q(I1 N+ 19012 =g,
hence necessarily

¢ = ["A e+ A P < e+ Il

But for ‘z > 0 and ('z)? + ...+ (%2)? = 1, the maximum of the sum
('z)% + ... + (92)? is obtained when each ‘z is equal to ¢~'/2, hence for
every 1

[ et A, 7] = g

and
174 el = = (174, €)= a7V

The extremal points of the ball ||z|| < 1 in C*® are the points of the sphere
||| = 1, hence there exist n,..., 9n in C* such that

in = iA]- je forj=1,...,q.
Let U and ‘S be two isometries such that ¢ = JUI; and n = ‘SI;.
Then

iSUA UL =1,

The scalar product is preserved, hence s ©A; JU is represented in the
canonical basis by an orthogonal matrix of the kind

1 0 ... O

0

ZB]:

where iB} are isometries of C5~1.

Let B be the endomorphism of E defined by the iB;» and let S and U
be defined by

lg 0 U 0
S = , U= -
0 5 0 Uy
S and U are isometries of £ and one has

SAU = B.
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Finally, if the components iB;» of an endomorphism B of E have the previ-
ous form, a straightforward computation gives ||B|| = ¢, which proves the
implication < of (b) since ||[SAU|| = ||A|. =

2.3.2. In this part G is a compact metrizable group. We denote by R(G),
or simply R, a complete system of non-trivial irreducible representations 7
of G. The dimension of 7 is denoted s,, its Hilbert space is denoted H,
and the group of isometries of H, is called U,;. Since G is compact and
metrizable, the set R is at most countable and the numbers s, are finite,
thus we will identify H, and C°~.

Let F' : A* — G be a chained map over A (not necessarily regular), and
let T be the ¢ x ¢ matrix with entries (row 4, column j)

Ty = F(if)F(5) ™"

DEFINITION 2.3. The matrix 7" (with entries in G) is called the (forward)
transition matriz of F'.

Let m € R. Then moF : A* — U, is also a chained map over A, its tran-
sition matrix is 77T, the entries of 77" being the isometries *(7T); = m(*T}).
In a general way, to each square matrix T with entries T} in G, with indices
in the set A (instead of {1,...,q} as previously), and to each representa-
tion 7 of G we associate the endomorphism 77" of (End H,)? defined by its
components (7T); = w(*T;). Lemma 2.1 justifies the following definition:

DEFINITION 2.4. The matrix T with entries in G and indices in A is
a contracting matriz (resp. a Hadamard matriz) if for every 7 in R one has
|7T|| < q (resp. |=T|| = ¢*/2).

If T is a Hadamard matrix, the map F is called a Rudin—Shapiro map; a
sequence ¢ is called a generalized Rudin—Shapiro sequence if the associated
map ¢ is a Rudin—Shapiro map.

In what follows, we denote by T™ the “normalized form” of the matrix

T defined by
T = "To("To) (T (°Ty)
Notice that all the entries in the first row and in the first column of 7™ are

equal to 1g, the unit element of G. Moreover, for every representation m of
G one has

|7 || = [|=T'|| .
THEOREM 2.2. Let T be a matriz with entries in G and indices in A.
One has
(a) T is a contracting matriz if and only if the entries of T* span a
subgroup of G everywhere dense in G.

(b) If G is a commutative group and if T is a Hadamard matriz, then
G is finite.
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Proof. (a) Suppose that T is not a contracting matrix and let 7 € R
such that ||[7T|| = ¢. From the proof of Lemma 2.1, with A = 77* and
s = s, there exist vectors °¢,..., 971, Oy, ... 97 1nin H, = C* such that
in = 7r(’TJ*) i¢. But Ty = OT; = 1g, hence n = % and %y = ¥ for
all i and j in A. Thus we can choose all isometries ‘S, U equal to M,
say, so that if 7/ is the representation defined by 7’(g) = M~ ln(g)M (7’
is equivalent to 7), then the first vector I; of the canonical basis of C*® is a
fixed point of the isometries ©'("T). As m’ is a non-trivial representation,
the closed subgroup of G spanned by the entries of 7™ is different from G.

Conversely, suppose that T is contracting and let f be the sequence with
values in G defined by

fleed + ..+ eod®) = (“T7,_ ) ... (“T7)

and
fO)=...=f(¢-1)=1¢.

The sequence f is chained to base ¢, and (see Theorem 2.3 below) for
every representation m of G

Z 7(f(n)) = O(NUeelInTI)/(og a)y

n<N
The Weyl criterion (see [13], Chapter 4, Theorem 1.3) implies that f is
uniformly distributed in G; this gives the density property.

(b) Suppose that G is an abelian group and that, for each character 7
of G different from the trivial character 7y, one has |7T|| = ¢'/2. Suppose
also that ©" # my for every non-zero integer n. The sequence with values in
(Uxr)?,

n— (7" ("Tg), ..., 7" ("T5 1)),
admits (1,,...,1;) as a limit point, but the equality ||7T| = ¢'/? implies
(Lemma 2.1) that

() + . AT (Tyy) =0,
which gives a contradiction for ¢ # 0. Thus there exists a non-zero integer
n such that

™ =my.

Hence every characted is of finite order; but G is abelian, so every element
of GG is of finite order. Hence the entries of T span a finite subgroup Gy of
G, which is everywhere dense in G (from (a)), therefore Gy = G.

2.4. Summation formulas. Let Uy, be the group of unitary endo-
morphisms of C*. For each map f : A* — U,, define the vector x("™ (f) in
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(End C*)? by

Out™(f)
I (f) = 5 and ™ (f) = D f(Gk).
a=1,,(m) (f) keA™
On the other hand, define the endomorphism 7 on the group of sequences
p:N— Ug by
To(n) = @(gn),
and let [¢]s be the matrix

0 elg— 1)1,
where 1, is the unit element in U,.

From now on, let F': A* — U, be a chained map over A (not necessarily
regular), and let T be the forward transition matrix of F. Let ¢ : N — Uj
be a g-multiplicative sequence. Then

M(m""l) SOOF Z Z jZk jlk) = Tm+180(j) Z ]E ’L,u’(m) (QOOF)7
€A ke A™ icA

which yields the matrix relation
pm D (o F) = [r™ ol Tu™ (p o F),
and for every non-zero integer m
w™ (o F) = ([r"¢]sT) ... ([rels )V (w0 F)

where 19 (p o F) is defined in (U,)? by its components ¢(5)F(5).
Taking the quadratic norm we have

(11) I (0o F)II < ¢"/2|17)™

(if T is a Hadamard matrix, one has ||u(" (¢ o F)|| = ¢™/?||u(? (p o F)||).
Let N be a non-zero integer and let its base ¢ expansion be

N=> ex(N)g" with e;(N) #0.

Define s; in N and o, in A'~F+1 by
spi=e(N)g' + ...+ ep(N)g*, for0<k<t,
St41:=0,
op:=e(N)...ex(N), for0<k<t,
o1 = A.
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Assuming now that F' is regular, we obtain

YoemF@ =Y emF@+ Y Y em)F@)

n<N n<et(N)qt 1<k<t sp<n<sg_1

= Y 0o F)

j<€t(N)

> > > plowji)Fowji) .

1<k<t j<er_1(N) icAk-1
On the other hand, one has (from (4))
F(o4ji) = Flowi)F ()~ F(ji)
and since ¢ is g-multiplicative,

@(onji) = w(sk)p(j1) -

Hence
Y e F@) = > Tu(poF)
n<N j<et(N)

+ 3 > els)Fori)FG) D (g0 F)

1<k<t j<er-1(N)

= Y Y (@lser)F(ors1)F(G) ) uP (o F)).

0<k<t j<e,(N)

From (11) we then deduce the bound

o

(12) |3 cmr@| < a2 3 e i
n<N

Note that we have an analogous inequality when F' is not regular. Indeed,
let X'(t) be defined by

n<qt

Then the sum Zn@tm)qt ¢(n)F(n) cannot be replaced as above by the sum
Zj<et(N) iu(t) (¢ o F') but is replaced by
> u (o )+ 3(t—1).
j<€t(N)
One has
) = 5= 1)+ Y Vo ),

Jj<q
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and (11) gives
IZON < 12 = 1)l + (@ = DT
Since | X(1)|| < q < 2Y2(q — 1)¢"/?, we get
IZ® < 2"2(q = a2 |T (1T - 1)
but ||T|| > ¢*/?, hence
IZON < Coa" 2T,

where Cy = 21/2(¢'/2 4 1). Going back to the previous computation we
obtain for the non-regular case

[e.e]

(13) H 3 @(n)F(ﬁ)H < Cyd* Y e (V)T
n<N

THEOREM 2.3. Let U, be the group of unitary endomorphisms of C*.
Let F: A* — Uy be a reqular chained map over A and let T be its forward
transition matriz. Define

a(F) := o(T) := (log |T']|)/(log q) ,
o(F) = (q—1)/(¢*") —1).

Then, for every q-multiplicative sequence ¢ : N — U, with modulus 1,

(14) | wmr@| < crgtrzne®.

Proof. Using the bound (12) it is sufficient to prove the following easy
lemma:

LEMMA 2.2. Let a and q be two real numbers with o €]0,1] and ¢ > 1.
Let (e,), be a sequence of real numbers in [0, B] (B > 0). Then

k k
(63
E erq < C’( E €rqr) for every k >0,
r=0 r=0

where
_ 1)
C=Cla,q,B) = @=D" pia
q* —1
Indeed, we may suppose « # 1 and define two functions H; and Hs by
I+z)*-1

Hi(z,a) = (z+a)* —2%, Hs(x)= .

(a is a fixed positive real number). Both H; and Hj are strictly decreasing
on [0, 400
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One has
k o k—1 a k—1 B k
(Zerq’") - (Zerqr) = H, (Z erq"”,equ) > Hy (q_ql,equ>
r=0 r=0 r=0
(755) 5o (t5e)
B \“ q—1
> —— ke Hy(qg—1
—_— (q _ 1> B ek 2(q ) )
hence

where C' is the constant defined in the lemma (actually the proof holds for
er. 7 0 but the inequality is still valid in the case e = 0).
Adding these inequalities for k, kK — 1,k —2,...,1, we get

k N 1k
T [e% ye;
(Zerq> Zeo+5zerq :
r=0 r=1
This implies the lemma by noticing that
(¢—1)*~
g —1

(indeed (¢ — 1)® > ¢“ — 1 by the mean value theorem), which gives ef >
(1/C)ep.

Remark. The constant in this lemma is optimal (take e,, = B for every
r and k — 400).

Now, suppose that ¢ is ¢”-multiplicative (v > 1), chained, and has
modulus 1. As already noticed, the chained map F : A* — U, is also
chained over A”. Denote by T'(v) the corresponding forward transition
matrix.

LEMMA 2.3. ||[T(v)| = ¢~ YT .
Indeed, if ¢ and j are in AY, then by definition
"(T(w); = Fj)F(G) "
Let i =4y ...4y, 5 = J1...Ju, where i and ji are in A. Using (4) we obtain
easily
(T(v); = "Tyy ... " T, Ty, .
Let (T(v)); = o(i)T},, where o(i) € Us. Multiplying on the left the

entries of every row i of T(v) by o(i), we obtain a matrix 7"(v) such
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that | T77(v)|| = ||T(v)||. Permute now the columns of 7'(v) in such a
way that the indices j € A" are in the reverse lexicographical order “<”,
ie.

Jue- v <71 gy S Gue i <yt
The new matrix 7" (v) has the same quadratic norm as 7'(v) and has the
form

Write a vector X in (C*)9" as a column vector with components *X in (C*)4
and notice that

v—1
X7 =X+ T X2,
With these notations,

2
[T = s | 3 T

2
<@ TR s (30 IFX)

I X]=1 1<k<gv—1

This last supremum is classically attained when each ||*X|| is equal to
(¢"=1)~'/2, which implies

1T < ¢~ HITI-

Choosing ' X such that |71 X|| = ||T]| - | 1 X|| and all the *X equal to *X,
we deduce that the above inequality is actually an equality.

From Theorem 2.3 we can deduce the following corollary that we write
down for sequences:

COROLLARY 2.1. Let f : N — Ug be a sequence chained in base q, with
transition matriz (that of f) equal to T. Then for every non-zero integer v
and for every q*-multiplicative sequence ¢ : N — Uy of modulus 1,

H > sﬁ(n)f(n)H < o (f)g" /2N (D) |
n<N

where
a(f)=1-v'(1-aT))

and

e (f) = (¢" = 1)/ ("™ —1).
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2.5. Distribution of chained sequences

THEOREM 2.4. Let G be a compact metrizable group and let F': A* — G
be a reqular chained map over A with forward transition matrixz T. Suppose
that T is contracting. Then the chained sequence

F(n) := F(7)
is well uniformly distributed in G, and has an empty spectrum.

Proof. By Theorem 2.3, for every representation II € R and every real
number 0, one has in End C*7

lim N7' " e* ™ [I(F (7)) = 0.

N—oo N
The Peter—Weyl theorem then implies for every f € C (G)
: 1 2imno
A N mEm) = [ (@

n<N

where hg is the Haar measure of the group G. Since the sequence n —
e?™9 F(n) is also a chained sequence over A, it only remains to prove that
for every II € R the sequence of means

1217 (n+k))

n<N

converges to 0 in End C*7 uniformly in & (see [13], Chapter 4, Corollary 1.3).
We are actually going to prove more:

LEMMA 2.4. For every q-multiplicative ¢ : N — Uy, and for all integers
k>0 and N > 0, one has (using notations of Theorem 2.3)

H S @(n+ k)IF(n + k) H <14 e(ITF)23/2-aIT) g1/2(1 4 g1/2) NalllF) |

Indeed, for given integers N > 0 and k£ > 0, define the integer S by
es(k) < es(k+ N) and ej(k) = ej(k+ N) for every j > S+ 1. Set

u=>Y eik)d, v=> ejk+N)¢,

j<S j<s
w=(1+es(k)g®, A= Z e;(k
i>S

Hencek::A+u,i<:+N:A—|—v.
Let f = @o IIF. Then

S flktn)= Y f(A+m)

n<N u<m<wv
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and, for u <m < v,
f(A+m)
= G(AVTF(Aq™ ) (T (e () o (m) T (e (K)g +m).
Hence

IS s =| X womIFesn®e®™ +m).

n<N u<m<v

On the other hand,
Y em)TF(esi1(k)g* +m) = B+p(es(k+ N)g®) - C

w<m<v

where
B= > 0(ag®) > p(m)ITF(ess1 (k)" + aq® +m)

14+es(k)<a<es(k+N) m<qS

and
C= > ()T F(esi1(k)q* ™ +es(k + N)g® +n).
0<n<v—es(k+N)q°
Then
B= > p(ag®) (W IT)a) Y @(m)TF(ag® +m),

1+es(k)<a<es(k+N) m<qS
and
C = (65+1(k)(HT)eS+1(k+N)) Z go(n)ﬂﬁ(eg(k—i-]\f)qs +n).

0<n<v—eg(k+N)g°
Notice that for every chained map F' and for every word a in A*, the map
z — F(az) is also chained over A and the entries of its transition matrix
T(a) are
((T(a); = [F(ad) F () T[F(af) F (7)1
hence
T(a) =U,TU; !,
where U, is the isometry defined by
“To 0
Uy = ,  where °T; = F(ai)F(i)~".
0 “Ty—1
Hence ||T'(a)|| = ||T||, which implies, using (13),
| > emmFesiake +m)|

wm<v
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< Cog (X sk + MITIP) + (es(h + N) — es(k) ~ DIT]*)
j<S
Notice that
v—w = Zej(k—l-N)qj + (es(k+ N) —eg(k) — 1)¢°.
j<S

Since eg(k + N) — eg(k) — 1 > 0, the above equality is exactly the base ¢
expansion of v — w. Hence, using Lemma 2.2 with o = «(7T'), we obtain

| > TPk +m)|| < g0 = w)*(q = 1/(g" ~ 1).
wm<v
Define, for 0 < j < S,
ri= Y e(k)d (rs=0),
j<i<S
and let {j1,..., o} be the set of integers j with 0 < j < S and e;(k) < g—1
in increasing order. Let ug = u, and for 1 <v <o
w, =15, + (e, (k) +1)g”
=7, +(@— D@+ 4 (g = DT+ (e, (k) + D)

One has u; =up+ 1, up =w,and for 1 <v <o

Z @(m)ﬂﬁ(CSH(k)qSH +m)

Uy <M<Up 41

- Z luv) Z plag” + m)Hﬁ(es+1(k)qS+1 + u, +ag’ +m)
a<qg—e;, (k)—1 m<qiv

=C" > plag) Y @m)ITF(u, + ag’” +m),
a<q—8ju(k)—1 m<qj1/

where

C'= ¢(Uu)ﬂﬁ(65+l(k)qs+l +uy ) (TF ()7t

Hence, from (11),

| > etmIFesn®e™ +m)| < a2 - e, (0) - DITI

Uy <M<Uy 41

Then, from (11) and Lemma 2.2,
| >0 eI F(esin(k)e™ +m)| < 1+4"2 > (a = e;(k) = DT

u<m<w i<Ss

<1+¢" 2w —u—1)%(g~1)/(¢* = 1.
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Finally,
| 32 skem)| <14 Coa P l0 = w)* + (w—w)l(g = D/ (g = 1)

n<N
<1+ Cuqt/?2' 2N (g —1)/(¢® — 1).

3. Generalized Rudin—Shapiro sequences

3.1. In what follows ¢ = 2, A = {0,1}, d is a positive integer and
D = 2d+1.

DEFINITION 3.1. The sequence v : N — N is called a Rudin—Shapiro
sequence of order d on ab € A%, ab # 00, if

u(n) =Y Zaw(n).
|[v|=d

THEOREM 3.1. Let u be a Rudin—Shapiro sequence of order d on ab, let
v be a chained additive sequence in base 2", r > d, and let ¢ : N — C be
a 2% -multiplicative sequence of modulus 1, with k > d + 1. Then, for every
N >1,
’Z e2i7r(au(n)+v(n))g0(n) <@+ D1/2)D1/2N6(a)7
n<N
where §(a) = log(2 + 2|cosma|)/21og 2.
Remarks. 1. The sequence n — e2iu() i 2_automatic for o rational
(see [9] or [8]).
2. For an application of the properties of the sequence (u(n)), in case
a=>b=1,see [12].

Proof of the theorem. As the sequence n — e?7m(au(n)t+v(n) g
multiplicatively chained in base D, it suffices to prove, in view of Theo-
rem 2.3, the following lemma, where T is the transition matrix of w:

m-|[:

1 1] 12
H[l U]H—(2+2\cos7ra]) .

LEMMA 3.1.
d+1
,  where n = ¥

In the proof of Lemma 3.1, the following lemma will be useful (its proof
is left to the reader):

LEMMA 3.2. Let E be a Hermitian space, let A and B be two endo-
morphisms of E, let U be an isometry of E, and n a complex number of
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modulus 1. Let C be the endomorphism of £ x E determined by the matriz
A B
UA nUB| "’

1 1 . L
Then ||C|| < max(|All, | B]]) - H [1 n] 1 . with equality if | Al| = || B].

Proof of Lemma 3.1. Let M and N be in A", r <d, and let Ay n
be the square submatrix of 7" with elements T/, ni, where j € AdH1=7 and
k€ A= Define p = Tarojr,Nok’, where j' and &k’ are in Adr (ifd =7
we take j/ = k' = A).

Then the submatrix

Throjr,Nokr Thviojr N1k/
T Nokr Tvgr N1k
has the form
[ 0 Tk 1010 ]
TiMme  TyTienoo |
where, using (3), one has (as usual e(z) denotes e
7 = e(0(M1j'N) — v(MOj'N)),
Tj’k" = 6(:[)/(.]/]\71]{3/) — 5(j/N0k/))

2i7r:r)

while
U, =: [ ! nq
K m 7o
is equal to
1 ’17 if ab = 01,
717 1 if ab =10,
1 717 if ab=11.
Hence
Ay N = [ Ano,No ilMo,J\n }
’ mUAno,no m0mUANo,N1

where U is the diagonal matrix with diagonal elements r; (5 € A9~").
From Lemma 3.2 one gets

11 1 1
i< mastiool ol [ 3] s o= [ 3]
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On the other hand,

)

1 1
43111 < max( Ao ol s )| ]

hence there exist M and N in A%t! such that
d+1
1 1
<
I < sl 1]

But Ay~ = Th,ny has modulus 1, which gives the bound of Lemma 3.1;
equality actually follows from iteration of Lemma 3.2.

3.2. The backward transition matrix. The above results have been
partially given in [1] and [16]. The proof in [1] was slightly different. Let us
quickly describe it to give a bound for the simplified sum

Z exp(2im(az(n) + Vi(n)))
n<m2N —1

where m > 1 is a fixed integer, (z(n)), is the sequence (u(n)), in case
a=>b=1,c=(cg)q is a sequence of real numbers, and V, is defined by
Ve(n) =Y eq(n)eq if n =) eq(n)2¢ is the binary expansion of n. Define the
vector R(N,c) in C? by its components R, (N,c), 1 <u < 2¢+1 as follows:
(i) Ri(N,¢) = 3, <pman 1 exp(2im(az(n) + Ve(n)));
(ii) if u # 1, let k be defined by 2* +1 < u < 2F*+1 (hence 0 < k < d);
then

Ru(N,o)= > exp(2im(az(2'n+ A(u - 1)) + Ve(n))),

n<m2N —1

where A(n) is the number obtained by reversing the binary digits of the
integer n (if n = Z;ZO a;j2?;a; =0or1,a, =1, then A(n) = Z;:o a;2" 7 €
2N +1).

Finally, define the matrix M (c) by M(c) = (my(c)), where

(iii) for 1 < u < 24,

1 ifv=2u-—1,
Mayu(C) = { e(co) ifv=2u,
0 otherwise;

(iv) for 2¢ +1 <y < 24+L

1 if v =2(u—2%) -1,
Muw(c) =19 e(cog +a) if v=2(u—2%),
0 otherwise.
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M can be considered to some extent as the backward transition matrix
associated to the sequence z. We then obtain

R(N,c) = M(c)R(N —1,T¢),
where T'c is the shifted sequence (c4+1)4. Hence
R(N,c) = M(c)M(Tc)... M(TN"e)R(0,TV¢).

Evaluating the norms of the matrices M (T*c) we obtain the same bound as
above for the sum » _\ exp(2im(az(n) + Ve(n))). Moreover, we found an
interesting property of the characteristic polynomials of the matrices M (c)
which are all multiples of the characteristic polynomial corresponding to the
usual Rudin—Shapiro sequence (d = 0), which is

A2 — (1 +e(co+ a))A+e(co)(e(x) — 1).

More precisely, if A is one of the two distinct roots of this polynomial,
define the vector X in C2*" by its components: X; = 1, and for j # 1
and k € N such that 2 + 1 < j < 2K+ (hence 0 < k < d), put X; =
{(A = 1)/e(co)}50=2"=D  where s(n) is the sum of the binary digits of
the integer n (hence s(0) = 0, s(2n) = s(n), s2n+1) =1+ s(n)). A
straightforward computation then proves that X is an eigenvector of the
matrix M (c).

3.3. Spectral properties. We recall that a complex-valued sequence
u : N — C has a correlation ~, if for all integers k, the sequence n +—
u(n + k)u(n) converges in Cesaro means. By definition,

.1 —
Yu(k) :== lim N Z u(n + k)u(n)

N —o00
n<N

and 7,(—k) = v.(k). Hence 7, is a positive definite sequence on Z and
by the well-known Bochner—Herglotz representation theorem, there exists a
probability measure A, on [0, 1], called spectral measure of u, such that
1
Mu(k) = [ exp(2mikt) Au(dt) = yu (k).
0

Moreover (see [19]), the sequence of probabilities

Ni Z n) exp(2mit) dt, N >0,

n<N
weakly converges to A,. Let U be the group of complex numbers of modu-
lus 1 and assume that u : N — U is a generalized multiplicative Rudin—
Shapiro sequence to base ¢, that is to say, its transition matrix 7' has
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1/2.

quadratic norm ||T|| = ¢ Suppose that (vy)n weakly converges to a

measure v. Then
1 2
N’ Z u(n) exp(27rit)‘ <C
n<N
for some constant C' (Theorem 2.3). Hence for every positive measurable

function ¢
1
vn(p) < C [ (t)dt.
0

Therefore v(p) < C fol ©(t) dt, which implies that the measure v is ab-
solutely continuous with respect to the Lebesgue measure. In fact, the
measure v is known to be the Lebesgue measure in the case of the usual
Rudin—Shapiro sequence and its generalization given in [19]. Our definition
contains all these sequences and we have the same spectral property, more
precisely:

THEOREM 3.2. Let u : N — U be a generalized multiplicative Rudin—
Shapiro sequence. Then u has a correlation function and its spectral measure
1s the Lebesgue measure.

Proof. The existence of 7, is given by the following general lemma:

LEMMA 3.3. Let G be a group, let F' : A* — G be a chained map to
base q and let f :n— F(n) be the associated sequence. For every integer k
there exists a family of arithmetic progressions Pip(m), m = 0,1,2..., with
common difference ¢°*("™) and a G-valued sequence m — gx(m) such that

(i) the sequence Ay f : n— f=1(n)f(n+k) has the constant value gi(m)
on Pi(m);

(1) Yz a™ ™ = 1.
Moreover, if G = U then f has a correlation given by

vr(k) =) gr(m)q=+ ™)
m=0

In fact, it is enough to prove the lemma for k =1. Let 0 <a<q—1,b€ A,
j > 0 and define

Rj(a,b) :== {n € N; n = o; (mod ¢’*?) and n # o, if b = 0},
where a; :== (32,_; (¢g—1)¢*)+aq’ +bg’ 1. Then for any integer n in R;(a,b)
one has n+1 = ((a+1)4+bg)¢’ mod ¢’ so that A, f is constant on R;(a,b),
equal to F(b(a + 1)07)F~1(a;). Clearly the set of arithmetic progressions

Rj(a,b) form the required family. Notice that if F' is regular then we can
add a; to Rj(a,0) and then we get a partition of N. Now assume that f
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is complex-valued of modulus 1; then by (ii) the series > o_, gi(m)g =™
converges and its sum is equal to y¢(k). m
Going back to the generalized Rudin—Shapiro sequence u, let F' be the
chained map over A corresponding to u, let T be the transition matrix of
F and for each letter a let F, be the map defined on A* by F,(w) :=
F(aw). We know that F, is chained over A (but not regular for a # 0) with
Hadamard transition matrix. Hence the sequence u(*) corresponding to F,
has a correlation, say 7(*). Let ~ be the correlation of u. We claim that
=(1/9) > pea ~(@) In fact, for any integer k > 0 and for L > 0 such that
k < ¢"~! one has

(15) LZ (n + k)u(n)

n<ql
=g Z Z (ag" " +n+ k)u(ag" ' +n).
aG.A n<gl

But w((n + k) = u(ag" ' +n+k)if n+k < ¢“! so that
‘ Z u(ag” ™' 4+ n + k)u(ag” ™' +n) — Z w' (n + k)u'® (n )‘ <k.

n<gl—1 n<gl—1
Taking the limit in (15) we get the desired formula. Let A(*) be the spectral
measure of u(®. We have just proved that A\, = (1/¢)Y_,_, A® and with

) a<q
the above notations,
2

VgL = —)z( ulD( )exp(2m’nt)) exp(2migh—at)| dt
acA n<qL 1
== Z o \u(a) ) exp(2mint)|? dt + Wy (t) dt
a<q
where W, is a trigonometric polynomial such that

1
lim f Wi (t) exp(2mikt) dt = 0

L—oo

for all integers k. Moreover, by (11) (which is an equality since T is a
Hadamard matrix) we have

Ver = (L+Wg(t))dt.
This implies that (v,z)r converges weakly to the Lebesgue measure and

finishes the proof. m

Remarks. 1. Theorem 3.2 can be extended to any G-valued chained
sequence with Hadamard transition matrix (with G finite and abelian). Let
A be endowed with an abelian group law (where 0 is the neutral element), let
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A be its dual group and let a — x, be an isomorphism from A to A. Then
T := (xa(b))apeaz is a Hadamard matrix and gives rise to many examples
of generalized Rudin—Shapiro sequences.

2. Recall that the Kronecker product A® B of matrices A := (a;;);jec.a2,
B := (aki)giep? is defined by

A ® B .= (aijB)ij .

Set AM := A, A+tD = A @ A" for n > 1. The transition matrix cor-
responding to the Rudin-Shapiro sequence of order d on 11 (Definition 3.1)

is given by
1 1 (d+1)
1 -1 '

The proof is left to the reader. Notice this matrix is obtained from the
above example with A identified with the group (Z/2Z)**!.

3. Let A be the cyclic group of order ¢ identified by a — (% (¢ =
exp(2mi/q)) to the corresponding cyclic subgroup of U. Then the example
given by M. Queffélec in [18] is the one obtained as in Remark 1 through
the isomorphism ¢ — X4, Xa(¢%) :=(¢* (a,b=0,1,...,¢—1).

4. In a forthcoming paper we shall study the flows associated to chained
sequences, proving that they are (except for degenerate cases) strictly er-
godic and can be obtained as group extensions of a g-adic rotation; we shall
also give the spectral study of these flows (in this direction, see also [10, 14,
18, 19]).

The authors thank Michel Mendeés France for many helpful discussions,
and the referee for suggesting to sharpen Lemma 3.2 and its consequences.
The present version of this lemma is inspired by personal communications of
Gérald Tenenbaum and of Michel Balazard (see also [2], [17] and
J.-P. Allouche, M. Mendeés France and G. Tenenbaum, Entropy: an in-
equality, Tokyo J. Math. 11 (1988), 323-328).
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