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Abstract. Studying the sequential completeness of the space of germs of Banach-
valued holomorphic functions at a points of a metric vector space some theorems on
extension of holomorphic maps on Riemann domains over topological vector spaces with
values in some locally convex analytic spaces are proved. Moreover, the extendability of
holomorphic maps with values in complete C-spaces to the envelope of holomorphy for
the class of bounded holomorphic functions is also established. These results are known
in some special cases.

Introduction. In finite-dimensional complex analysis the extension
problem for holomorphic maps has been investigated by many authors:
Ivashkovich [7], Kobayashi [10], Shiffman [16], . . . In recent years some au-
thors have considered this problem in the locally convex infinite-dimensional
case, for example Hirschowitz [6], Schottenloher [14], . . .

The aim of this paper is to study the extension of holomorphic maps on
Riemann domains over topological vector spaces with values in some locally
convex analytic spaces. We make use of the definition and properties of
locally convex analytic spaces as in [12]. Some of our results are known in
the finite-dimensional case.

The concept of an L-space and of a locally convex analytic space having
the finite-dimensional extension property are given in Section 1. In this sec-
tion we prove that every holomorphic map from a Riemann domain over an
L-space into a locally convex analytic space having the finite-dimensional
extension property can be extended to the envelope of holomorphy. Some
examples of locally convex analytic spaces having the finite-dimensional ex-
tension property are also given in Section 1.

The extension of holomorphic maps with values in the domain of exis-
tence of a Banach-valued holomorphic function is considered in Section 2.
Studying the sequential completeness of the space of germs of Banach-valued
holomorphic functions at a point of a metric vector space we prove that ev-
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ery holomorphic map from a Riemann domain over a metric vector space
into the domain of existence of a Banach-valued holomorphic function sat-
isfying some additional condition can be holomorphically extended to the
envelope. Using the obtained result we give an extension of holomorphic
maps with values in sequentially holomorphically convex Riemann domains.
In a special case, this result has been proved by Schottenloher [14].

Finally, in Section 3 we prove that every holomorphic map from a Rie-
mann domain over a topological vector space into a finite-dimensional com-
plete C-space can be extended to a holomorphic map on the envelope of
holomorphy for the class of bounded holomorphic functions. In the 1-di-
mensional case the result has been proved by Sibony [17] and by Hirscho-
witz [6] for the general case.

We wish to express our gratitude to Dr. N. V. Khue for his guidance and
help.

§1. Extending holomorphic maps with values in locally convex
analytic spaces having the finite-dimensional extension property

1.1. Definition. We say that a locally convex analytic space X has
the finite dimensional extension property if every holomorphic map on a
finite-dimensional Riemann domain over a Stein manifold with values in X
can be holomorphically extended to the envelope of holomorphy.

1.2. Definition. A topological vector space E is called an L-space if
every pseudoconvex Riemann domain over E is the domain of existence of
a holomorphic function.

1.3. Some examples

a) Every Lindelöf locally convex space having a Schauder decomposition
is an L-space [1].

b) Every metric vector space with a translation invariant metric d and
with a Schauder decomposition such that x 7→ log d(x, 0) is plurisubhar-
monic is an L-space [2].

c) l∞(A) with A an uncountable set is not an L-space [8].

1.4. Theorem. Let Ω be a Riemann domain over an L-space E. Then
every holomorphic map on Ω with values in a locally convex analytic space
having the finite-dimensional extension property can be extended to a holo-
morphic map on the envelope of holomorphy Ω̂ of Ω.

To prove the theorem we need the following, which is known in the locally
convex case [13].
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1.5. Proposition. Let Ω be a Riemann domain over a topological vector
space E defined by a locally homeomorphic map p : Ω → E and let Ω be a
domain of holomorphy. Then Ω is pseudoconvex.

P r o o f. Given a compact set K in Ω, take an invariant continuous
pseudometric ρ on E such that δ = dρ(K) > 0, where

dρ(K) = inf{dρ(x) : x ∈ K}
and dρ(x) denotes the boundary pseudodistance function induced by ρ,

dρ(x) = sup{r > 0 : there exists a neighbourhood U of x such that
p|U : U → Bρ(px, r) := {z ∈ E : ρ(z, px) < r} is a homeomorphism} .

Let x ∈ K̂Ω := {x ∈ Ω : |f(x)| ≤ supK |f(y)| ∀f ∈ H(Ω)}, where H(Ω)
denotes the space of holomorphic functions onΩ equipped with the compact-
open topology. For each f ∈ H(Ω), consider the Taylor expansion of f at x,

(1) f(x+ h) =
∞∑
n=0

ln(x, h)

where

ln(x, h) =
1

2πi

∫
|λ|=1

f(x+ λh)dλ
λn+1

, h ∈ Bρ(0, δ) .

We prove that (1) is uniformly convergent on Bρ(0, δ1) with δ1 = δ/2. Let
y ∈ Bρ(0, δ1). Then

Ky := K + {2λy : |λ| ≤ 1} ⊂ Ω .

Take a balanced neighbourhood W of zero in E such that

M = sup{|f(z + 2λy + ω)| : z ∈ K, ω ∈W, |λ| ≤ 1} <∞ .

Then
|ln(x, 2y + ω)| ≤ sup

K
|ln(z, 2y + ω)|

≤ sup
K

∣∣∣∣ 1
2πi

∫
|λ|=1

f(z + λ(2y + ω)) dλ
λn+1

∣∣∣∣ ≤M ∀n ≥ 0 .

Hence∑
n≥0

sup
W
|ln(x, y + ω/2)| =

∑
n≥0

sup
W

∣∣∣∣ln(x, 1
2

(2y + ω)
)∣∣∣∣ ≤∑

n≥0

M/2n <∞ .

Thus every f ∈ H(Ω) can be extended to a holomorphic function on x +
Bρ(0, δ1). This yields dρ(K̂Ω) > 0.

Now we assume that F is an arbitrary finite-dimensional subspace of E
and K a compact set in ΩF := p−1(F ). Since K̂ΩF ⊆ K̂Ω and dρ|F ≥ dρ|ΩF ,
it follows that dρ|F (K̂ΩF ) ≥ dρ(K̂Ω) > 0. Since ρ can be chosen such
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that ρ|F defines the topology of F we infer that ΩF is pseudoconvex. The
proposition is proved.

P r o o f o f T h e o r e m 1.4. Let f be a given holomorphic function on Ω
with values in X. By SX we denote the sheaf of germs of holomorphic maps
on Ω̂ with values in X. Consider SfX , the envelope of holomorphy of f . Then
SfX is the connected component of SX containing {fx : x ∈ Ω} and f has a
canonical extension f̂ : SfX → X. Since (SfX , p̃), where p̃ := p̂◦π, p̂ : Ω̂ → E,
π : SfX → Ω̂ are canonical maps, is a Riemann domain over E such that
every holomorphic function on Ω can be extended to a holomorphic function
on SfX and since E is an L-space, to prove the theorem it suffices to show
that SfX is pseudoconvex.

Let F be finite-dimensional subspace of E. To prove the pseudoconvexity
of p̃−1(F ), by a theorem of Docquier–Grauert [4] it remains to show that
p̃−1(F ) is Hartogs convex.

Let σ : Hk(ε) → p̃−1(F ) be a holomorphic embedding, where Hk(ε)
denotes the k-dimensional Hartogs diagram consisting of all points z =
(z1, . . . , zk) ∈ Dk, D = {z ∈ C : |z| < 1}, such that

max{|z1|, . . . |zk−1| < ε} or |zk| > 1− ε .

Consider the holomorphic map πσ : Hk(ε) → p̂−1(F ). Since Ω̂ is pseudo-
convex and dimF < ∞, it follows that p̂−1(F ) is Stein. Hence πσ can be
extended to a holomorphic map π̂σ : Dk → p̂−1(F ). Set τ = π̂σ. It is easy
to see that τ is locally biholomorphic. By hypothesis f̂σ : Hk(ε) → X can
be extended to a holomorphic map f on Dk. Define a holomorphic map
σ̂ : Dk → X by

σ̂(z) = [f̂(τ |Vz)−1]τ(z)
where Vz is a neighbourhood of z such that τ |Vz is biholomorphic. Then σ̂
is a holomorphic extension of σ. Thus p̃−1(F ) is Hartogs convex. The proof
of the theorem is complete.

1.6. Some examples

1. Every Banach–Lie group has the finite-dimensional extension prop-
erty .

P r o o f. Let G be a Banach–Lie group. To prove that G has the finite-
dimensional extension property it suffices to show that G has the Hartogs
extension property, i.e. every holomorphic map from Hk(r) into G can be
extended to a holomorphic map on Dk.

Let f : Hk(r) → G be a holomorphic map. Consider the topological
groupH(Hk(r), G) consisting of holomorphic maps ofHk(r) intoG equipped
with the compact-open topology and the exponential map exp : TGe → G,
where TGe denotes the tangent space to G at the unit element e of G.
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Note that exp is biholomorphic on a neighbourhood V of zero in TGe. This
implies that the map

êxp : H(Hk(r), TGe)→ H(Hk(r), G)

is biholomorphic on the neighbourhood W of zero in H(Hk(r), TGe), where

W = {g ∈ H(Hk(r), TGe) : g(Hk(s)) ⊂ V }
with 0 < s < r.

Since êxp(W ) generates H(Hk(r), G), there exist g1, . . . , gp ∈ W such
that f = êxpg1 . . . êxpgp. Let ĝ1, . . . , ĝp be holomorphic extensions of
g1, . . . , gp toDk. Then êxpĝ1 . . . êxpĝp is a holomorphic extension of f toDk.

R e m a r k. In case dimG <∞, the finite-dimensional extension property
of G has been proved in [1].

2. Let X be a locally convex analytic space which is modelled by analytic
sets in open sets of a locally convex sequentially complete space. Let X
satisfy the weak disc condition. Then X has the finite-dimensional extension
property .

Here we say that X satisfies the weak disc condition if the canonical map
H(D,X)→ H(D∗, X), where D∗ = D \ {0}, is an embedding.

P r o o f. It suffices to show that every holomorphic map f : Hk(r)→ X

can be extended to a holomorphic map on Dk. Let SfX be the envelope of
holomorphy of f . We shall prove that SfX ∼= Dk. For this it suffices to check
that SfX satisfies the weak disc condition [16].

Let {σn} ⊂ H(D,SfX) converge to σ in H(D∗,SfX). By hypothesis
{f̂σn}, where f̂ : SfX → X is the canonical extension of f , converges to
g in H(D,X). Take a neighbourhood U of g(0) in X such that U is isomor-
phic to an analytic set in an open subset of a locally convex sequentially
complete space. Then there exist 0 < ε < 1 and N such that

f̂σn(Dε) ⊂ U ∀n ≥ N, Dε = εD .

Put K = conv
⋃
n≥N f̂σn(Dε/2). Let B be the Banach space spanned by

K, equipped with the norm induced by K. Then f̂σn : ∂Dε/2 → B is
continuous for every n ≥ N . Hence from the relation

f̂σn(z) =
1

2πi

∫
|λ|=ε/2

fσn(λ) dλ
λ− z

it follows that f̂σn : Dε/2 → B is holomorphic for every n ≥ N . Consider
for each n ≥ N the map σ̃n : Dε/2 → lim−→W30H(W,B) defined by

σ̃n(λ) =
[
σn(λ) ◦ θêσn(λ)

]
0
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where θu(τ) = u + τ and ê : SfX → Dk is an extension of the canonical
embedding e : Hk(ε) → Dk. Then σ̃n → σ̃ in H(Dε/2 \ {0}, lim−→ H(W,B)),
hence in H(Dε/2, lim−→ H(W,B)). Since {σ̃n} is bounded in lim−→ H(W,B)
there exists a neighbourhood W of zero in Ck such that σ̃n(λ) ∈ H(W,B)
for |λ| ≤ ε/2 and n ≥ N . Obviously σ can be holomorphically extended
to 0 ∈ D by setting σ(0) = σ̃(0)θ−1

êσ(0). It remains to show that σn → σ in

H(D,SfX). Consider the neighbourhood W̃ of σ(∂Dε/2) given by

W̃ =
⋃
{(êσ(λ) + x, [σ(λ)]êσ(λ)+x) : |λ| = ε/2, x ∈W} .

Then there exists N ′ ≥ N such that

σn(∂Dε/2) ⊂ W̃ for n ≥ N ′ .
For each |λ| = ε/2 and n ≥ N ′ there exists a neighbourhood U(n, λ) of
êσ(λ) in êσ(λ) +W such that

σn(λ)x = σ(λ)x for all x ∈ U(n, λ) .

Thus

σn(λ)x = σ(λ)x for every x ∈ êσ(λ) +W and |λ| = ε/2 ,

and hence also for every x ∈ êσ(λ) + W and λ ∈ Dε/2. This means that
{σn} converges to σ in H(D,SfX).

R e m a r k. When dimX < ∞, the result has been proved by Shiffman
[16]. Our proof is different.

§2. Extending holomorphic maps with values in the domain
of existence of a Banach-valued holomorphic function. In this sec-
tion we investigate the extension of holomorphic maps with values in the
domain of existence of a Banach-valued holomorphic function. A result of
Hirschowitz [5] yields the existence of such a domain which is not the domain
of existence of a C-valued holomorphic function.

Before stating the main result of this section (Theorem 2.6) we prove
Proposition 2.3, which will be used in the proof of Theorem 2.6. We give
the following two definitions.

2.1. Definition. A topological vector space E is called an HZ-space if
every hypoholomorphic function on a connected open subset Ω of E which
is continuous at some point of Ω, is holomorphic on Ω.

Here we recall that a map f from an open set Ω in a topological vector
space E into a locally convex space F is hypoholomorphic if f is Gateaux-
holomorphic and continuous on every compact set in Ω.

2.2. Definition. Let f be a holomorphic function on a Riemann domain
(X, p) over a locally convex space F with values in a Banach space B. We say
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that f satisfies the countable condition if there exists an increasing sequence
{αj} of continuous seminorms on F such that f̃ given by

f̃(z) = [f(p|Vz)−1 ◦ θp(z)]0
is a holomorphic map from X into lim−→ U∈U H

∞(U,B), where U is a neigh-
bourhood basis of zero in lim←− ̂F/Kerαj .

2.3. Proposition. Let Ω be a Riemann domain over an HZ-space and
F a sequentially complete locally convex space. Then every holomorphic map
of Ω into F can be extended to a holomorphic map on Ω̂.

P r o o f. Let f : Ω → F be a holomorphic map. Consider the holomor-
phic composition map

f : Ω
f→ F →

∏
{C : l ∈ F ′} .

Then f can be extended to a holomorphic map

f̃ : Ω̂ →
∏
{C : l ∈ F ′} .

Put

Ω1 = Int f̃ −1(F ) ,

Vx(f) = {h ∈ E :
∑

α(f̃ (k)(x, h)) <∞

for every continuous seminorm α on F} ,

V̊x(f) = Int{y ∈ Vx(f) :
∑

f̃ (k)(x, h) is

hypoholomorphic at y} .
We need the following two lemmas.

2.4. Lemma. Let x ∈ Ω1 and let U be a balanced neighbourhood of zero
in E such that

x+ U ⊂
⋂
{V̊x(l ◦ f) : l ∈ F ′} .

Then x+ δU ⊂ V̊x(f), ∀0 ≤ δ < 1.

P r o o f. Let K be a compact set in U and α a continuous seminorm on
F . Since for every l ∈ (F/Kerα)′ and h ∈ K, limk→∞ l ◦ f̃ (k)(x, h) = 0, by
the Banach–Steinhaus theorem we have

M(α,K) = sup{α(f̃ (k)(x, h)) : k ≥ 0, h ∈ K}

= sup{l ◦ f̃ (k)(x, h) : k ≥ 0, h ∈ K, l ∈ (F/Kerα)′ , ‖l‖ ≤ 1} <∞ .

Hence for all 0 ≤ δ < 1 and h ∈ δK we have∑
α(f̃ (k)(x, h)) ≤

∑
δkM(α,K) <∞ .
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Since F is sequentially complete, this yields that x + δU ⊂ V̊x(f̃) for all
0 ≤ δ < 1.

2.5. Lemma. Let {xα} ⊂ Ω1, xα → x ∈ ∂Ω1 and U a balanced neigh-
bourhood of zero in E such that

x+ U ⊂
⋂
{V̊x(l ◦ f̃) : l ∈ F ′} .

Then there exists a balanced neighbourhood V of zero in E such that xα+V ⊂
V̊xα(f̃) for sufficiently large α.

P r o o f. Take a balanced neighbourhood W of zero in E such that W +
W ⊆ U . Then for α sufficiently large we have xα+W ⊆ xα+W+W ⊆ x+U .
Since xα +W is balanced at xα and l ◦ f is hypoholomorphic on xα +W we
have xα + W ⊆ V̊xα(l ◦ f̃) for all l ∈ F ′. From Lemma 2.4 it follows that

xα + V ⊆ V̊xα(f̃), where V = W/2. The lemma is proved.

To prove Proposition 2.3, it remains to apply Lemma 2.5. Indeed, take
a balanced neighbourhood U of zero in E such that

x+ U ⊆
⋂
{Vx(l ◦ f̃) : l ∈ F ′} .

By Lemma 2.5 we have xα+V ⊆ V̊x(f̃) for sufficiently large α and for some
balanced neighbourhood V of zero in E. Take a balanced neighbourhood
W of zero in E such that W +W ⊆ V and x−xα ∈W for sufficiently large
α. We have for every h ∈W

x+ h = x+ xα − xα + h ∈ xα +W +W ⊆ xα + V ⊆ V̊xα(f̃) .

Thus f̃ is hypoholomorphically extended to x. Hence Ω1 is closed. Since
without loss of generality we may assume that Ω̂ is connected it follows that
Ω1 = Ω̂. Hence, by hypothesis we infer that f̃ is holomorphic on Ω̂.

2.6. Theorem. Let Ω be a Riemann domain over an HZ-space and let
(X, p) be the domain of existence of a Banach-valued holomorphic function
h satisfying the countable condition. Then every holomorphic map from Ω
into X extends to a holomorphic map on Ω̂.

We need the following

2.7. Lemma. Let E be a metric vector space and B a Banach space.
Then lim−→{H∞(U,B) : U 3 0 ∈ E} is regular and sequentially complete.

P r o o f. Take a set T such that B is isomorphic to a subspace of l∞(T ).
a) First we show that lim−→ H∞(U, l∞(T )) is regular. Observe that

H∞(U, l∞(T )) ∼= l∞(T,H∞(U)) for every neighbourhood U of zero in E.
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Hence
lim−→ H∞(U, l∞(T )) ∼= lim−→ l∞(T,H∞(U)) .

Since the space
∏
T H(U) is Montel and the canonical maps

l∞(T,H(U))→
∏
T

H(U)→
∏
T

H(V )

are continuous for all neighbourhoods U, V of zero in E such that V ⊆ U ,
it follows that S(l∞(T,H∞(U)), the closed unit ball in l∞(T,H∞(U)), is
closed in l∞(T,H∞(V )) for all neighbourhoods U, V of zero in E with
V ⊆ U . Hence lim−→ H∞(U, l∞(T )) is regular [2].

Assume now that A is a bounded set in lim−→ H∞(U,B). Then there exists
a neighbourhood U of zero in E such that A is bounded in H∞(U, l∞(T )).
Hence A is bounded in H∞(U,B).

b) Assume that {gk} is a Cauchy sequence in lim−→ H∞(U,B). By a),
[lim−→ H∞(U,B)]′ ∼= lim←− H∞(U,B)′ is a Fréchet space and there exists a
neighbourhood W of zero in E such that {gk} is bounded in H∞(W,B).
This implies that {gk} is convergent to g ∈ [lim−→ H∞(U,B)]′′. We prove that
g ∈ lim−→ H∞(U,B) and hence gk → g in lim−→ H∞(U,B). Note that gk → g
in [lim−→ H(U,B)]′′. On the other hand, since gk(t)→ g(t) in H(W ) for every
t ∈ T and

sup{|g(t)(x)| : t ∈ T, x ∈W}
≤ sup{|gk(t)(x)| : t ∈ T, x ∈W, k ≥ 1} <∞

it follows that g ∈ l∞(T,H∞(W )) ∼= H∞(W, l∞(T )). Since gk(x) ∈ B,
∀k ≥ 1, ∀x ∈W , it follows that g ∈ H∞(W,B).

The lemma is proved.

P r o o f o f T h e o r e m 2.6. Let f : Ω → X be a holomorphic map.
By Proposition 2.3, p ◦ f can be extended to a holomorphic map g on Ω̂.
Consider the holomorphic map

f̃ : Ω → lim−→{H∞(U,B) : U ∈ U} ,

where U is a neighbourhood basis of zero in lim←− ̂F/Kerαj , defined by

f̃(z) = [h(p|Vf(z))−1 ◦ θg(z)]0
where Vf(z) is a neighbourhood of f(z) such that p : Vf(z)

∼= p(Vf(z)) and
θg(z)(τ) = τ + g(z). By Lemma 2.7 and Proposition 2.3, f̃ can be extended

to a holomorphic map f̃̂ : Ω̂ → lim−→{H∞(U,B) : U ∈ U}.
Let z0 ∈ ∂Ω. Take a sequence {zn} ⊂ Ω, zn → z0. Since {f̃̂(zn)} is

bounded in lim−→{H∞(U,B) : U ∈ U}, we can find a neighbourhood W of

zero in lim←− ̂F/Kerαj such that {f̃̂(zn)} ⊂ H∞(W,B). Then f̃̂(zn)(τ) =
h(p|Vf(zn))−1(τ + g(z0)) for τ belonging to a neighbourhood of zero in W .
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This implies that h(p|Vf(zn))−1 extends holomorphically to W + g(zn) for
every n ≥ 1. Thus h is extended holomorphically to g(z0) + W/2 to the

function f̃̂(z0) ◦ θ−1
g(z0)

. Hence we can define a holomorphic map f̂ : Ω̂ → X

by

f̂(z) = (g(z), [f̃̂(z) ◦ θ−1
g(z)]g(z)) for z ∈ Ω̂ ,

which is a holomorphic extension of f .
The theorem is proved.

Let (Z, q) be a Riemann domain over a locally convex space F . We recall
the following two definitions.

2.8. Definition [14]. A sequence {zn} ⊂ Z will be called a boundary
sequence relative to q if {zn} has no accumulation point in Z and {qzn}
is convergent to a point z∗ in F and if for every neighborhood V of z∗

there exists N such that the remainder {zn}n≥N is contained in a connected
component of q−1(V ).

2.9. Definition [14]. The Riemann domain Z is called sequentially
holomorphically convex if for every boundary sequence {zn} relative to any
locally biholomorphic map p : Z → F there exists g ∈ H(X) such that
sup |g(zn)| =∞.

2.10. Theorem. Let (X, p) be a sequentially holomorphically convex
Riemann domain over a locally convex space F such that every element of
H(X) satisfies the countable property and let Ω be a Riemann domain over
an HZ-space E. Then every holomorphic map of Ω into X can be extended
to a holomorphic map on Ω̂.

P r o o f. For each finite subset I ofH(X), let (XI , pI) denote the envelope
of I over F . Put

X̃ =
⋂
{XI : I ⊂ H(X), card I <∞} .

Consider the canonical map θ : X → X̃. Let X1 = θ(X) and p1 = pI |X1.
Note that (X1, p1) is a Riemann domain over F . By the relation H(X) ∼=
H(X1), it follows that (X, p) ∼= (X1, p1). Let f : Ω → X be a holomorphic
map. By Theorem 2.6 there exists a map f̂ : Ω̂ → X̃ such that f̂ |Ω = f

and f̂ : Ω̂ → XI is holomorphic for every finite subset I of H(X). Put
Z = f̂−1(X1). To complete the proof, it remains to check that Z is closed
in Ω̂. Let z0 ∈ ∂Z and let ρ be an invariant continuous pseudometric on E
such that δ = dρ(z0) > 0. Let z1 ∈ S := {y ∈ Ω̂ : py ∈ Bρ(pz0, δ)}. Define
a map k : [0, 1]→ Ω̂ by

k(t) = (p|B)−1(pz0 + t(pz1 − pz0)) .
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Put
T = {t ∈ [0, 1] : k(t) ∈ Ω̂ \ Z} , s = supT .

Since T is closed in [0, 1] and Ω̂ \Z is closed in Ω̂, it follows that s ∈ T . As-
sume s < 1. Then there exists a sequence {tn} such that tn ↘ s. We prove
that {zn} := {f̂k(tn)} is a boundary sequence in X relative to an arbitrary
locally biholomorphic map π : X → F . Obviously {zn} has no accumulation
point in X and {πzn} = {πf̂k(tn)} → πf̂k(s) in F . Given a neighbourhood
V of πf̂k(s), take ε > 0 such that f̂k(s, s+ ε) ⊆ π−1(V ). Since f̂k(s, s+ ε)
is connected a remainder of {zn} is contained in a connected component
of π−1(V ). Thus {zn} is a boundary sequence of X. By hypothesis, there
exists g ∈ H(X) such that sup |g(zn)| = ∞. This contradicts the fact that
g(zn) = gf̂k(tn) → (gf̂k)(s). Thus s = 1, i.e. z1 = k(1) ∈ Ω \ Z. Since z1
is arbitrary, we have S ⊂ Ω̂ \ Z, i.e. Ω̂ \ Z is open.

Theorem 2.10 is proved.

2.11. Some examples

1) Every holomorphic function on a Riemann domain over either a metric
vector space or a Lindelöf topological vector space satisfies the countable
property.

2) Every holomorphic function on an ω-domain satisfies the countable
property.

Here, as in [14], by an ω-domain we mean a Riemann domain X over a
locally convex space F such that there exists a countable open cover {Uj}
of X having the following property:

For each j there exists a continuous seminorm αj on F and s > 0 such
that dαj (Uj) > s and sup{|f(y)| : αj(x− y) < s} <∞.

From the definition of an ω-domain it follows that every f ∈ H(X) satisfies
the countable property.

3) It is easy to see that every holomorphic function on a Riemann domain
over a locally convex space which is a surjective limit of Fréchet spaces
satisfies the countable property.

§3. Extending holomorphic maps with values in a C-space. Let
X be a locally convex analytic space and let CX denote the Carathéodory
pseudometric on X defined by

CX(x, y) = sup{ρ∆(f(x), f(y)) : f ∈ H(X,D)}
where ρ∆ denotes the Bergman–Poincaré metric on D. As in [17] we say
that X is a C-space if CX is a metric on X. Moreover, if X is complete for
CX then X is called a complete C-space. In the finite-dimensional case, it
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is known [17] that the original topology of every C-space X is induced by
CX when X is a complete C-space.

In this section we prove the following

3.1. Theorem. Let X be a complete finite-dimensional C-space and Ω a
Riemann domain over a topological vector space E. Then every holomorphic
map from Ω into X can be extended to a holomorphic map on Ω̂∞, the
envelope of holomorphy of Ω for H∞(Ω).

P r o o f. a) Let f : Ω → B be a bounded holomorphic map, where B is a
Banach space. For each x′ ∈ B′ we denote by x̂′f the holomorphic extension
of x′f to Ω̂∞. Define

[f̂(z)](x′) = x̂′f(z) for z ∈ Ω̂∞ and x′ ∈ B′ .
We have

sup{|f̂(z)(x′)| : ‖x′‖ ≤ 1} = sup{|x̂′f(z)| : ‖x′‖ ≤ 1}
≤ C sup{|x′f(y)| : ‖x′‖ ≤ 1 , y ∈ Ω} for some constant C .

Hence f̂(z) ∈ B′′. Moreover, f̂ is a bounded holomorphic function with
values in B′′. Since f(Ω) ⊆ B, it follows that f̂(Ω̂∞) ⊆ B.

b) Let δ : X → H∞(X)′ be the canonical map. Since X is a com-
plete C-space, it follows that δ is a holomorphic homeomorphism of X on
δ(X). Thus δ(X) is an analytic set in H∞(X)′ of finite dimension [12].
By a) we infer that δf can be extended to a holomorphic map δ̂f . Note
that δ̂f(Ω̂∞) ⊆ δ(X). Since δ is a holomorphic homeomorphism there ex-
ist two analytically rare sets X ′ and Y ′ in X and δ(X) respectively such
that δ : X \X ′ ∼= δ(X) \ Y ′. By induction on dimX, we may assume that
δ̂f−1(Y ′) 6= Ω̂∞. Since δ−1δ̂f |Ω̂∞ \ δ̂f−1(Y ′) is holomorphic and δ−1δ̂f is
continuous on Ω̂∞ it follows that δ−1δ̂f is a holomorphic extension of f .
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