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Norm and Taylor coefficients estimates
of holomorphic functions in balls

by JAcoB BURBEA (Pittsburgh, Penn.) and Do YounG Kwak* (Taejon)

Abstract. A classical result of Hardy and Littlewood states that if f(z) =
Efnozo amz™ is in H?, 0 < p < 2, of the unit disk of C, then E:zo(m + 1P 2am|P <
epllf ||£ where cp is a positive constant depending only on p. In this paper, we provide an
extension of this result to Hardy and weighted Bergman spaces in the unit ball of C",
and use this extension to study some related multiplier problems in C™.

1. Notation and preliminaries. For z = (z1,...,2,) and ( = ({3, ...
.»C¢n) in C" and for a = (aq,..., ) in Z, we use the standard notation
of (z,() = 21(1 + ...+ 2uC,, 1212 = (2,2), 2% =200 ... 2% al = aq! ... !

and |a| = a3 +...4+a,. Then B = B, = {z € C": ||z|| < 1} is the unit ball
of C"™ and A = Bj is the unit disk of C. The normalized surface measure on
the boundary 0B of B is denoted by do, and the volume euclidean measure
is denoted by dv. We consider a family of probability measures dvg, ¢ > 0,
on B defined by dvy = do and
_ 1 TI'(n+q) 2yq—1
oy (2) = = (1 = ) ()

when ¢ > 0.

For 0 < p < oo and g > 0, the LP-space with respect to dv, is denoted
by L? = LE(B), and the corresponding quasi-norm is denoted by || -|[,4. We
also let ( , ) denote the inner product of the Hilbert space L2. The class
of all holomorphic functions on a domain D in C" is denoted by H(D).
For a function f on B, and 0 < r < 1, we let f.(z) = f(rz), z € B,
Moo (f : 1) =sup{|f-(2)| : z € OB} and

Mp(f:r):{ f ’fr]pdvo}l/p (0<p<o0).
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We let AP = AP(B) denote the subspace of L consisting of functions in
H(B). In particular, A} is the Hardy class H? which we identify in the
usual way as a subspace of L = LP(9B). Moreover, for any f in H(B) we
have

[ fllpo = sup My(f:r)
o<r<1

and the norms || f||,, converge to || f|lp0 as ¢ — 0. This shows that
AB = HP may be viewed as a decreasing limit of the weighted Bergman
spaces AP as ¢ — 0.

Evidently, Az is a functional Hilbert space of holomorphic functions on
B, with the reproducing kernel

kQ(Z7C) :(1_<Z7<>)7(n+q) (Z7C€B)
and with

(1.1) ba,q(2) = ca(@)z® (€ Zl)

as an orthonormal basis, where

(1.2) ca(q) = /(N4 q)ja)/a!.

Here (a),, = I'(a +m)/I"(a). The orthogonal projection of L2 onto A2 is
denoted by F,, and thus

(Paf)(2) = (fkq(,2))q = f F(Qkq(2,¢) dvg(Q) -

We shall need the following well-known projection theorem (see Beatrous
and Burbea [1]). It is due to Kordnyi and Vagi [9] when ¢ = 0 and to Forelli
and Rudin [7] when ¢ > 0.

THEOREM 1.1. Let ¢ > 0 and 1 < p < co. Then the operator P, is a
continuous projection of Lh onto AL with norm mgy(p) satisfying mg(2) =1
and my(p) = my(p') where p’ = p/(p —1). In particular, the dual space of

Al is isomorphic to qu’/, with the duality given by the Lg—paim'ng () )q-
We shall also need the following results, whose proofs may be found in
Beatrous and Burbea [1]. To some extent, these results form a motivation

for this paper.

THEOREM 1.2. Let 0 < p < r < oo and Q = (n+q)/p —n/r, and let
[ € AL, Then

M (f:p) <a(l=p) 9 flpg (0<p<1),
where ¢1 = ¢1(p,q,7) > 0 is a constant. If, in addition, Q@ > 0 then also

M.(f:p)=o((1=p)~9) (asp—17).
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Moreover, if also p <1 and p < k < oo then
1

[ a=p (s ) < eallfll

0
where co = ca(k,p,q,7) > 0 is a constant.

For f € H(B) with aq = an(f), o € Z%, see (2.1) below, and s € R, the
fractional derivative of order s of f is defined as the function D*f in H(B)
so that aq(D*f) = (1 + |a])®aq, « € ZT. Let 0 < p <00, ¢ >0 and s € R.
The space A = AP (B) is defined as the space of all f € H(B) so that
D*f € AP. This is a quasi-Banach space with a quasi-norm | - [, 4.5 given
by [|fllp.q:s = [[D® fllp,q- In particular, AZ,O = Ab.

THEOREM 1.3. Let 0 < p < 00, ¢; > 0 and s; € R (j = 1,2) such that
s1— 82 = (q1 — q2)/p-

(i) If0<p<ocand g >0 (j=1,2), then AL . = AP . with
equivalent quasi-norms.

(ii) If 2 < p < 00 and g3 = 0, then A8,52 C AL, and the inclusion is
cOntInUOUS.

(iil) If 0 < p < 2 and g2 = 0, then AP . C Ap,, and the inclusion is
continuous.

THEOREM 1.4. Let 0 < p1 < py < 00, q¢; > 0 and s; € R (j = 1,2)
such that sy — sy = (n+q1)/p1 — (n+qa)/p2. Then ALl . C AP and the
inclusion is continuous.

A classical result of Hardy and Littlewood [8] states that if f is in AF(A),
0 <p <2, with a,, = an,(f), m € Z4, then
o0
Y (m+ 1P anl? < ol £IIF
m=0
where ¢, > 0 is a constant depending only on p. In this paper, we provide an
extension of this result to AP(B), ¢ > 0, 0 < p < 2, and use this extension
to study some related multiplier problems in the ball B.

In Section 2 we study growth estimates of functions in A? in terms of
their Taylor coefficients and state the two main theorems (Theorems 2.1
and 2.2). We also prove two Lebesgue-Riemann type lemmas (Theorems
2.8 and 2.9). Section 3 is devoted to the proofs of Theorems 2.1 and 2.2 with
some remarks on the sharpness of these theorems. This section also contains
some sharp results (Theorem 3.4 and its corollaries) on growth estimates of
functions in Al in terms of their homogeneous expansions. In Section 4
we study multiplier problems from Hardy and certain weighted Bergman
spaces into spaces of the same type (Theorem 4.12) or into certain spaces
of sequences (Theorems 4.2, 4.3 and 4.7). We also establish two quadratic
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inequalities of the Hardy—Hilbert type (Theorems 4.5 and 4.6) in terms of
holomorphic functions with bounded mean oscillation (BMO) on 9B.

2. Coefficient estimates for functions in A?. For a = (ay,...,ay)
in Z7%, 0% denotes the differential operator 0% = 07" ...05" where 0; =
0/0z; (j =1,...,n). Given any f in H(B), we consider its Taylor coeffi-
cients

(2.1) ao = aa(f) = (0°£)(0) /! (€ ZY)

and thus
f(z) = Z G0 2™

with normal convergence in B. A calculation based on the orthonormal
basis {¢a,q} in (1.1)-(1.2) gives the following Parseval identity:

(2.2 0= g loal (@=0).

The situation for p # 2 is more involved, and the main purpose of Section 3 is
to prove the following two theorems which are due to Hardy and Littlewood
when n =1 and ¢ = 0 (see [3, pp. 93-101]).

THEOREM 2.1. Let ¢ > 0 and 0 < p < 2. Then, for f € H(B) with
ao = ao(f), a € Z%, we have

p/2
(o] + 1)t/ (>=2) ol laal? < c|| £
<n+ C])|oz| o= P4

where ¢ = ¢(p,q) > 0 is a constant.

THEOREM 2.2. Let ¢ > 0 and 2 < p < oo. Then, for f € H(B) with
ao = ao(f), a € Z7, we have

| p/2
P < nte/Dp-2) ) ¥ ol?
1154 < e (la+1) e |l

where ¢ = ¢(p,q) > 0 is a constant.

For the proof of the first theorem we derive some preliminary estimates
on the growth of M;(f : p) and then follow an idea of Flett [6] by utilizing
Theorem 1.2. The second theorem will be obtained from the first theorem
by a duality argument based on Theorem 1.1. For this purpose we start with
the following lemmas, the first of which is a trivial consequence of Stirling’s
formula.

LEMMA 2.3. For a,b > 0 and m € Z,., we have

I
ci(m+1)7°0 < (m+a)

< 1 a—b
— I'(m+b) < e(m+1)
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where ¢; (j =1,2) is a positive constant which is independent of m.
LEMMA 2.4. For0<a<b< oo and 0 <p <1, we have
aPb —ab? > (1 —p)aP(b—a).
Proof. We may assume that 0 < a < b and 0 < p < 1. Then
aPb — ab? = a?b{1 — (a/b)* P} > (1 — p)aP (b —a).

The last inequality follows from the positivity of the function g(z) = 1 —
2" —r(l—z)for0<z<land 0 <r<1.

LEMMA 2.5. Fora; >0,j=1,...,N, and 0 < p < 0o, we have

where £ = min(1, p).

Proof. For 1 < p < oo the inequality is trivial, while for 0 < p < 1 the
inequality follows from the concavity of P, x > 0.

LEMMA 2.6. For z€ C", m € Zy and 0 < p < oo, we have

m\""? n+m-1\""*
> (5 (TR e

|a]=m
where £ = min(1,p/2).
Proof. This follows from Lemma 2.5 by observing that

Z L= (n+:nn—1>

|a]=m

and that

m)!
S TR = o)

loe|=m

LEMMA 2.7. Let f € H(B) with ao = aq(f), a € Z, and let 0 < p < 1.
Then, for o € Z with |a| = m and any q > 0, we have

I'(n+q+m)
I'(n)I"(q)

where for g =0

pralay, =

f r"+m/2_1(1 — r)q_l( f f(Vrpz)z® dvo(z)) dr
0 oB

p a!aa—W8£ f(pz)z% dvg(z) .
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Proof. For g > 0, we let ¢o = ¢ q and co = co(q). Then by (1.1)—(1.2),
c;2p|0‘|aa = ca {fprba)g = f f(pz)z® dug(z) .

The result for ¢ = 0 follows now at once. For ¢ > 0, we use polar coordinates
to obtain

palag = (n+ q)m f f(pz)z2% dug(2)

=+ qQ)m(q)n2 f R - 7“2)‘7*1( f f(rpz)z® dvo(z)> dr

oB
1

=+ Qm(@)n f 7‘”+m/2_1(1 — T‘)q_1< f f(Vrpz)z® dvo(z)) dr,
oB

0

and the result follows.

Before proceeding with the proofs of Theorems 2.1 and 2.2, we shall
state and prove the following two results which are of interest on their own
right:

THEOREM 2.8. Let ¢ > 0, 0 < p < 1 and f € AL, and let ao = aa(f),
a € ZT. Then for a € ZT with |a] = m we have

laal/ci(q) < c(m+ 1)("""1)(1/17—1)”]"

p,q

and
aa/ci(q) = o((m+ 1) FDE/P=D) (a5 m — o0)

where ¢ = ¢(p,q) > 0 is a constant.
Proof. By Lemma 2.7

|aal/ca(q)

m I'(n+q) : n+m/2—1 g—1 @
S f Pl ) (5£ [F(rp2)| 2% duo(2) ) dr
I'(n+q)I'(n+m/2)

I'n)['(n+q+m/2)’
and thus by Lemma 2.3,
laal/ca(a) < ea(m +1) "0~ ™ (1 = p)" D2 fll, . (0<p<1)

where ¢; = ¢j(p,q) > 0, j = 1,2, are constants. Thus, by choosing p =
1—(m+1)~1, the first part of the theorem follows. Similarly, using Theorem
1.2, the second part of the theorem follows, provided 0 < p < 1. In the case
p =1, we have

<p "Mi(f:p)

aa(l - Plal) = ca(q)<f - fpa ¢oc,q>q )
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and thus
laal(1 = p!*) < cal@)llf — £
It follows that
laal/ci(q) < (1= p™) 7 f = 1o

Again, we choose p =1 — (m + 1)1, and observe that in this case we have
lim,, (1 — p™)~! = e/(e — 1) and limy,—oo || f — foll1,¢ = 0. This shows
that aq/c2(q) = o(1) if f € A}, and the proof is complete.

0o, < C?x(Q)Hf - fp”Lq'

17q||¢ayq

1, (0<p<l).

THEOREM 2.9. Let ¢ > 0,0 <p < oo and 0 < p <1, and let f € H(B)
with aq = aq(f), o € Z. Then, for any m € Z, we have

| p/2
MP(f - > cpPm 1)¢(1=n)+pq/2 @ o|P
1(f:p)>cp’™(m+1) ) T |aal

lo|=m
where £ = max(1,p) and ¢ = ¢(p,q) > 0 is a constant.
Proof. By Lemma 2.7, we have for a € Z" with |a| = m,
p"allaq|

I'(n+q+m)

1
T Ofrn+m/2_1(1—7«)q—1<ajB’ |f(\/77pZ)||z°‘|dv0(z)) o

Upon multiplying both sides of this inequality by (m!/a!)'/? and summing

over all indices a with || = m, we obtain, using Lemma 2.6 with p = 1,
P Z (mla!)'/?|a,|
|a]=m

I'(n+q+m) <n+m—1
'n)I'(q)

1

1/2
) Mi(f:p) f prtm/2=1 _ pyal gy
0

>1/2M1(f ).

m

~ I'(n+m/2)[(n+q+m) <n—|—m—1
 I'(n)F(n+q+m/2)

It follows, using Lemma 2.5 with N = Z|a\=m 1= (”ﬂ;ﬁl), that

PP Z (m!a!)p/2|aa]p

lo|=m

) e s

m



278 J. Burbea and Do Young Kwak

where k = min(1, p). Therefore, by Lemma 2.3,
My(f < p)

(D(n))3e/2t=k (1 m) ' TP (P g+ my2)\?
= T+ qrr’ <r<n m> ( )

+
+
(msom) 2 {wm) e

(n+q)a|

al p/2
> cpP™ (m + 1)00—m)+pa/2 Z {)ll} |aa ",

oo L H

and the proof is complete.

3. Proofs of Theorems 2.1 and 2.2, and sharpness. We now prove

Theorem 2.1. We first assume that 0 < p < 1. Then, by Theorem 1.2, with
a constant ¢; = ¢1(p,q) > 0, we have

1
Cl‘|f||p7q Z f (1 — p)n-ﬁ-q—Pn—lM{?(f . p) dp
0

oo Sm+1

= > [ =pter Tt M(f: p)dp

m=0 s,,
oo Sm+1
> > MI(frsm) [ (1—p)"Tedp
m=0 Sm,
1
MP . n+qg—pn _ .n+qg—pn
”+Q—P”mz::0 PO o sm){rn, T

where r,,, = 1—5,, (m=0,1,...) and {s,,} is any increasing sequence with
so = 0 and lim,,, .o S;» = 1. Now, by Lemma 2.4,
,r,n—‘,—q—pn . TL+(1 pn

S (T'mrmﬂ)nﬂ{r_npr_(nﬂ) — () Tt}
+ - - + -
> :qu{r np""mil T 'T m+1} > (1=p)rm nprgz+q1(7"m+1 ")
=1 -pry nprm+1{1 —(r mleJrl) } > =p)ry npr7qn+1(1 - T;mlrerl)
1, _ _
= (1 _p) ?n nprgn—:—l(rm}&-l - Tm1)7
and therefore
1— I _
cill flID., = m Z MY(f = sm)r ”prgﬁl(rml“ —r1.

We now specify s,, = 1—(m+1)_ andsor, ! =m+1form =0,1,... Thus,
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it follows from Theorem 2.9, together with the facts that (m+1)/(m+2) — 1
and (1 — (m+1)71P™ — 7P as m — oo, that

p/2
c||f||£7 > Z m+ 1) (n+4q/2)(p—2) Z { n+q| l} |aq|P

o=

p/2
= 3 (o + 1)t/ -2 {'} aul?
(n+Q)|a|

This gives the desired result for 0 < p < 1. For p = 2, the result is trivially
true by virtue of Parseval identity (2.2). In order to obtain the full result
for 0 < p <2, we use the complex interpolation method as the one found in
Stein and Weiss [10].

We consider the space of sequences ¢ = (F (Z%), defined as the LP-space
of functions on Z’} with respect to the counting measure dv,, given by

ve(a) = (la] + 1)720H2 (0 e Z1).

Thus, in particular, any sequence element a = (a,), @ € Z, in ¥ has the
quasi-norm

1/p
lalley = {3 (al + 1) 209/ Daq P L
For each f € H(B) with aq = an(f), o € Z7}, we define

1/2
ol
T ) = (al + v f o,

(TL + Q) || “
and thus T is a linear operator from H(B) into the space of sequences on
Z% . Moreover, by what we have shown before, T" is a bounded operator
from AL into ¢, 0 < p < 1, with quasi-norm < c/? and from Ag into Eg
with norm 1. It follows from the complex interpolation method that T is
a bounded operator from AP into ¢f, 0 < p < 2 with quasi-norm < ct/p,
where ¢ = ¢(p,q) > 0 is a constant. This means that | Tf[|7, < c[|f|?, for

v ;

every f € AP (0 <p <2, ¢ > 0), which is a reformulation of Theorem 2.1,
and this concludes its proof.

To prove Theorem 2.2, we let p’ = p/(p—1) for 2 < p < oo and consider
the orthogonal projection P, of Lg onto Ag, q > 0. Let g € LY with

I9llr,q = 1. By Theorem 1.1, Pyg is in A2’ with || P,g]|, 4 < mq(p), and so
we let by = aq(Pyg) for a € Z7. Let f € H(B) with aq = aq(f) for a € Z7,
and consider the polynomials

= Zaaza (m=0,1,...).

jal<m
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By the self-adjointness of F,, we find that

<97Fm>q = <ganFm>q = (quaFm>q’
and thus

<g7Fm>q = Z CEQ(Q)bozaa-

laf<m

It follows from the Hélder inequality that
(g, Fin)ql < Z 052(Q)|baaa|

laf<m
- Z (Jaf + 1)(n+q/2)(2_2/p_2/pl)cc_y2(Q)|baaa|
la|<m
(n+q/2)( /_2) L ’ 1/1’/
<{ D al + 1) a/20 =2 ()b |
la|<m

1/p
< {37 (lal+ ) DEDeTr(g)ag}

la]<m

Since 1 < p’ <2, we may apply Theorem 2.1 to P,g, and therefore obtain

oy 1/p
(g Fnal < cxmg(®){ Y (lal + )20 0 (g)lag |}

la|<m

where ¢; = ¢1(p, q) > 0. It follows that

p/2 1/p
(g, Fonlgl < Cl/p{ S (o] + 1)/ {al} Iaalp} ’
o (n+Q)\a|

la]<m

and hence, taking the supremum over all g € Lg, with ||g]lpr.q = 1,

| p/2
F,. P < 1)(n+a/2)(p—2) & o7
1l < ¢ (1al +1) e B

The result now follows by letting m — oo.

We conclude these proofs by making a few remarks about the “sharpness”
of Theorems 2.1 and 2.2. It is clear from (2.2) that the exponent in the series
is best possible when p = 2. For n = 1 and ¢ = 0, this exponent is best
possible even when p # 2 (see [3, p. 106]). In fact, consider the holomorphic
function

gs(z) = (1 - <27C0>)_S (8 > O) QO € 83)
on B. It follows that

52 = 30 Dz 00

.
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and thus

{(5p/2)m
(3.1) lgsllb , = Zm,n+q (0<p<oo, ¢=>0).

The last series, by virtue of Lemma 2.3, is equivalent to >_ (m + 1)*P~7—4971,
and thus g, € AP if and only if s < (n+¢)/p (¢ = 0, 0 < p < 00).
On the other hand, the series corresponding to that of Theorem 2.1 for the
coefficients of g, is

S (o] + 1)t a/DE-2) { - f;m }m {( el o |}

_ mi::o(m 4+ 1)ta/2e-2) { (n(i):;)m . (‘:r);n }m 3 (’;‘f)m cop.

|aj]=m

If n =1, the last series, again by virtue of Lemma 2.3, is equivalent to that
n (3.1), and therefore the exponent in the series of Theorems 2.1 and 2.2 is
best possible for n =1, ¢ > 0 and p # 2; on the other hand, the last series,
by virtue of Lemma 2.6, is dominated by

i(m +1)(nta/2(p=2) {( (Dm ($)m }p/z <n o 1>1£

n+q)m m! m

m=0
where ¢ = min(1,p/2). The last series is therefore equivalent to that in (3.1)
if p < 2. This, unfortunately, does not show that the exponent in the series
of Theorem 2.1 is best possible for n > 1, ¢ > 0 and 0 < p < 2, and thus
this question remains open.

The problem of “sharpness” of Theorems 2.1 and 2.2 lies, of course, with
the estimate given in Theorem 2.9. In the one variable case (n = 1), this
estimate is sufficient to yield sharpness. In the several variable case (n > 1),
however, a sharper inequality which involves all the Taylor coefficients of
certain weight is probably required. At this stage the specific form of such
inequality is not known, but we content ourselves with some sharp results
where the Taylor coefficients an = ao(f), a € Z1, of f € H(B) are replaced

by
= D
|aj=m

i.e. F,, is a homogeneous polynomial of degree m (m = 0,1,...). Accord-
ingly, f(z) = > r-_ Fm(2) is the homogeneous expansion of f at 0.

Before proceeding, we introduce some further notation. For z =
(21,..+,20) and ¢ = (C1,...,¢u) in C" we let z - ¢ denote the point
(211, -+, 2nCs) in C". For a function f on B, and ( € A", we define
fe(z) = f(2-(), z € B. 1t is then obvious that if f € H(B) then f. € H(B)
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for every ¢ € A™. For ¢ > 0, dv, denotes the probability measure

I'(n+q) ,_

dvg(r) = 7F(n)['(q)7a Y1 =) tdr

n (0,1). Observe that for 0 < p < 00, ¢ > 0 and f € H(B) we have the
identity
1

Flg = { [ 305 vy )}

0

which is also correct when ¢ = 0, in the sense that lim, o+ || f|lp.q = [|.fl|p,0-
LEMMA 3.1 Let 0 <p <00, ¢ >0 and o = (a1,..., o) € ZT. Then

I'(n
P In+ q+pla!/2

“I7

Iz

H (poj /2 +1).

Proof. We may assume that 0 < p < oo, and we consider the integral

Lia)= [ |ze 1o duy(2).

Cn
It follows that
a) = f e_rrp|a|/2( f |z P da(z)) dvy (r)
0 0B

oo
=n|=*|po [ e T rPIVE T dr = nl(n+ plal /2)]12°]
0

On the other hand, we also have

=nl [T [ IAP/2e= A dA(y)
C

j=1

where dA()\) = i(d\ A d)\)/(2m), A € C. Therefore

Ip(a):n!H fefrrpaj/er:n!HF(paj/2+1),
0

and
_ I'(n)
O I'(n+plel/2)

H I(paj/2+1).
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This proves the lemma for ¢ = 0. For ¢ > 0, we deduce that

l22lin, = [ rlo2 2 P dug ()
0
a||p I'(n
ln0 Tt g)
I'(n+q)l (n+p!a!/2)
PO (n)I(n+q+plal/2)
I'(n+q)

= T g+ plalyp L0540,

1
_ HZ Q) f |o¢\p/2+n71(1 _ T)qfl dr

’T—i—

=113

and the proof is complete.

LEMMA 3.2. Let 0 < p < o0, ¢ >0, f € H(B) and ( € A™. Then
1fellp.g < 1 llp.q-

Proof. The case p = oo is trivial, and so we assume that 0 < p < oc.
Let ¢ = (rlewl et 6, € R, r; > 0 with r = max(ry,...,7r,) < 1.
It follows from the bubharmommty of | f|P on B that

ez, = [ 1€ 2P dug(s) = [ 1f(rare®, .. razne®) P dug(2)
= f |f(riz1,. .. mn2n) [P dog(2)

= [ (S 1oz araza)P do(z) ) dug(p)
OB

0

< [ ([ 1F BN do2) dvy(o) = 11,
0 0B

This concludes the proof.

COROLLARY 3.3. Let 0 < p < 00, ¢ > 0 and f € H(B). Assume also
that f is homogeneous of degree k > 0, i.e. f(Az) = \*f(2) for every z € B
and every A € A. Then

_ P(n+q+ps/2) "7
10 = 1l < { e

Proof. For any unitary transformation U of C", we also have that
foU € H(B) and that f o U is homogeneous of degree k. In particular,
we may, without loss of generality, assume that ||f||o = |f(1,0,...,0)|. It
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follows from Lemma 3.2, with ¢ = (1,0,...,0), and Lemma 3.1, that

1£llp.g = Il = [ 1£(21,0,...,0)P dvg(2)
= £(1,0,...,0)[” [ [21]" dugy(2)

— 12 s D2+ 1),

which is the desired result.

We now recall the previously mentioned classical result of Hardy and
Littlewood [8], namely

o0
(m+ 1P 2bm|” < cllgllh,, 0<p<2,
m=0
and
oo
S mA 1P ol” = dyllglb . 2<p < oo,
m=0

for any g € H(A) with b,, = an(g), m € Z. Here the positive constants
¢p and d,, depend only on p with ¢; = 7 (see, for example, [3, p. 48]) and,
of course, co = do = 1. We now prove:

THEOREM 3.4. Let f € H(B), and let f =Y ~_ F,, be its homogeneous
expansion at 0, where F,, is a homogeneous polynomial of degree m (m =
0,1,...). Let ¢ > 0. Then

o0

Yo mA V)P Ea) < el fllh,. 0<p<2,

m=0
)

Y (mA V)P Flh, 2 dplfllE, . 2<p<oco,

m=0
and the exponent in both series is sharp.
Proof. We first fix z € dB. Then for A € A we have f(\z2) =
> oo AT Fyy(2), and thus for 0 < r < 1,

[oe) 2m

1 .
(m+ 1P 2| Fu(Vra) P < ey [ |F(Vre2)Pdo,  0<p<2,
0

m=0

and

Z m+1)P2|F, (\fz)|p>d—f|f (Vre?2)|Pds, 2<p<oco.

m=0
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Integrating both sides of the inequalities with respect to do(z), z € 9B, we
obtain

oo

D (A D)PEME(Fy V) < pME(f V), 0<p<2,
m=0

S (m 4+ PP ME(Fy V) > d,MJ(F V), 2<p < oo
m=0

The desired result for ¢ = 0 is obtained from these by letting »r — 1. For
q > 0, the desired result is obtained by integrating both sides of these
inequalities with respect to the probability measure dy,(r), 0 < r < 1.

To show sharpness, we let, once again, f = g4, i.e.

(3.2) f(z) =(1=(20))"" (s>0, ¢ €dB)
and thus f = > *_, F,, with

(3.3) Fo.(2) = (ir);l (z,(0)™ (m=0,1,...).

Let 0 < p < co. By a unitary change of variable, and by Lemma 3.1,
m I'in4+q)I'(mp/2+1
[ Kol dug(z) = [ || dug(z) = Tlnt DL (mp/2 1)

I'(mp/2+n+q)
~ 3 (m 1)t
m=0

On the other hand, by (3.1) and Lemma 2.3,

{(sp/2)m}* < spn—
IfIP, = Z Z (m +1)sP7nat

m'n+q =

and the proof is complete.

COROLLARY 3.5. Let f € H(B), and let f = ) F,, be its homogeneous
expansion at 0, and let ¢ > 0. Then for 0 <p <2
I'(mp/2+1)
I'(mp/2+n+q)

o0

I'n+q) Y (m4+1)P2

m=0

[ £ I%

<Zm+1p QHF ||pq—cp”prq>

and the exponent in both series is sharp.

Proof. The inequalities are obtained from Theorem 3.4 and Corollary
3.3. In view of Theorem 3.4 and its proof of the sharpness part, to show
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sharpness it is sufficient to show that for f as given in (3.2)—(3.3) we have

o0 o0

p— F(mp/2+1) P~ m sSp—n—q—
D (1) S Bl = S (1)

m=0 m=0

Indeed, the left hand side of this equivalence is, by Lemma 2.3,

o0

e D241 [(©n )" &
Z(WH—U 2F(mp/2+n+Q){ m! } - Z(m+1) ’

m=0 m=0

concluding the proof.

COROLLARY 3.6. Let ¢ > 0 and 0 < p < 2. There exists a constant
Cp, = Cplg,n) > 0 such that for any f € H(B), with its homogeneous
expansion f =Y Fy,, we have

oo

Do (P % < Gyl fIB, -

m=0

Moreover, the exponent of the series is sharp.
Proof. This follows from Corollary 3.5 and Lemma 2.3.

COROLLARY 3.7. Let ¢ > 0 and f € H(B), with its homogeneous expan-
sion f =5 Fy,. Then

o
D IEullss < CLID™ 1 f 1

m=0

In particular, if f € A}”H_q then f has a continuous extension to OB.

We refer to [1] for other possible extensions of this corollary.

4. Multipliers. In this section we study multipliers from certain
weighted Bergman spaces into certain spaces of sequences or other weighted
Bergman spaces.

As (2.2) shows, the Hilbert space A3 can be identified with a space of
sequences from Z' . This motivates the following definition: For p > 0, we
define P(n) as the space of all sequences a = (a), a € Z", so that

o = { = { o N} < e

We also make the following definition: Let A = (\,,), m € Z,, be a fixed
sequence in C, and let f € H(B) with aq = aa(f), o € Z7. We define the
multiplication operators My and My by My f = (A\|qjaa) and by

(MAf)(2) = Y Na|@a2®
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as a function in H(B). We equip H(B) with the usual local uniform topol-
ogy, and let the domains of definition of M and M) be

DMy ={f € H(B): Mxfet>(n)}
and
D(My) ={f € H(B) : M\f € H(B)},

respectively. Under these circumstances, the operators My and M) are
closed. To show this, suppose f,, € D(M)), fm — [ in the local uniform

topology of H(B), and b,, = Mxf, — bin £>*(n). Let a™ = ao(fm),

(m)

ao = ao(f), a € Z. Clearly, an'’ — aq for every a € Z7, and thus also

)\‘a|a§xm) — Ala|@a for every a € Z7. Since also b&m) = )\‘a|a&m) — b, for
every a € Z7, we find that b = M, f and f € D(M,), proving that M
is closed. Similarly, if f,, € D(M)), and f,, — f and g,, = M) f,, — ¢ in
the local uniform topology of H(B), then g = M, f and f € D(M)), which
proves that M, is closed.

Let 0 < pj < oo and ¢g; > 0 (j = 1,2). The sequence A = () is said
to be a multiplier of AP! into (P2(n) if Mx(ADY) C (P2(n). It is said to be
a multiplier of AP! into AP2 if My(AP1) C AP2. Since the topologies of Ay
and (Pi(n) (j = 1,2) are stronger than the topologies of H(B) and ¢°°(n),
respectively, we deduce from the above that M or M), are closed if A is a
multiplier of ALl into ¢P2(n) or into AL2. In particular, by the closed graph
theorem, M, or M, are bounded operators from ALl into ¢P2(n) or into
APz if A is a multiplier from AP! into ¢P2(n) or into AP2.

When n = 1, Duren and Shields [4, 5] have studied multipliers from
AP (A) into £P2(1) or into AB?(A). Here we shall extend the results in [4,
5] ton >1and ¢; > 0 (j = 1,2). To this end, we shall need the following
lemma whose proof may be found in Duren [3, p. 101].

LEMMA 4.1. Let s >t > 0 and let b,, > 0 form=1,2,... Then

N 0o
Z m*by, = O(N') if and only if Z by, = O(N'™%).
m=1

m=N
THEOREM 4.2. Let ¢ > 0,0 <p <1l andp <r < 0.

(i) If also (p,q) # (1,0), then A\ = (An) is a multiplier from AL into
r(n) if

N
Z mr(n—i—q)/p—i—d(n—l)p\m’r — O(Nrn)

m=1

where d = max(1,7).
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(ii) Conversely, if X = (Ap) is a multiplier from AP into £"(n) then

N
Z mr(n+q)/p+r(n—1)/2’AnL‘r _ O(Nrn) ]

n=1

Proof. Let f € AP with an = aa(f), a € Z}, and let § = r[(n+q)/p—n].
By Theorem 1.2

1
J A=) M (f 2 p)dp < i flly
0

where ¢; = ¢1(p,q,7) > 0 is a constant. In particular, for any increasing
sequence (s,,) with sp = 0 and lim,, . S, = 1, we have

oo Sm+1
allfllyg > Y Mi(fism) [ (1=p)dp
m=0 Sm

1 — .
=5 > A =5m)° = (1= 5m32) FMI(f 2 5m) -
m=0
Now, by Lemma 4.1, the condition in (i) is equivalent to

(4.1) > mi U, T = 0(N ),
m=N

and thus, without loss of generality we may assume that \,, > 0 and that
oo
Z mdm=DAr =1,
m=1

Moreover, (4.1) also allows us to specify the above sequence (s,,) by letting

o0

(1= sm)® =Y KU (m=0,1,...).

k=m

It follows from Theorem 2.9 that

r 1 - n— r T
Cle”p,q > g Z md( 1))‘li (f : Sm)

m=0

oo r/2
Co ol
e rm 1 rq/2 & NG
5 mgl syt (m + 1) E {(n+ Jm } Aol

loa|=m

lee|=m

v
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where ¢y = c2(q,7) > 0 is a constant. We now observe that s = s; = 0,
and that by (4.1)
(1—sm)° = Z k=D < dm 0
k=m

where c¢3 = c3(p,q,7) > 0 is a constant. Thus, s,, > 1 — c3/m for m =
2,3,...,and so s > (1 — e¢g/m)™ — e~ %" > 0. It follows from this and
Lemma 2.3 that M, f € £"(n), and thus (i) follows.

To prove (ii), we use the fact that M is a bounded operator from AP
into £"(n). Let h = (n + q)/p + n, and define fo(z) = (1 — (2,¢))~", where
¢ is a fixed point in B with ||{|| = p. It follows that

(4.2) IMfollr < exllfollp.g = ex{F(ph/2,ph/2in+q: p*)}V/7,
where ¢; = [[M,|| is the quasi-norm of My as an operator from Al into
¢"(n) and where F(a,b;c: z) is the familiar hypergeometric function
= (0 (D)
. . _ m m
(4.3) F(a,bjc:x) = Z me
m=0

Thus, by using the Gauss identity
F(a,b;c:z)=(1—-2)" " F(c—a,c—b;c: ),
we deduce that

IMxfollr < e2(1=p*)7"
where c2 = c3(A, h,q) > 0 is a constant. It follows that

where (y € 0B. By truncating the series at m = N and putting p = 1—1/N,
we obtain, using Lemma 2.3,

N m) r/2
D TR S (a. ) 61 =0oW™).

m=1 |a|=m

and thus, since h = (n + q)/p + n,

N r/2
(n r(n— T m' a|r ™™
(4.4) Z m"(n+a)/ptr( 1)/2‘)\m‘ Z <a'> 15" = O(N™).

m=1 |a]=m
The theorem now follows by letting (o = (1,0,...,0).
Remarks. Some remarks concerning the above theorem are in order:

1.Ifn=1,0<p<landg=0orq=1/p—1, then the theorem reduces
to a result of Duren and Shields [4, 5]. Unfortunately, when n > 1, there
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is a gap between the exponents in the two conditions of the theorem. One
possibility of narrowing, or even removing, this gap is to choose the point
Co € OB in (4.4) to be different than a unit vector along one of the axes
when r < 1, but we were not able to find such an optimal point.

2. The multipliers from A} into £ (n) are difficult to describe even when
n =1 (see Duren [3, p. 105]). The reason for the collapse of the sufficient
condition (i) of the theorem, when p = 1 and ¢ = 0, is the fact that the
value 6 = (n+¢q)/p—n in (4.1) becomes zero in this extreme case. However,
by relaxing this exponent, we may obtain the next result which is somewhat
weaker.

THEOREM 4.3. Let 1 <r < co. Then A = (\y,) is a multiplier from A}
into " (n) if for some e >0

N
Z mrn+d(n—1)+5’)\m|r — O(Nrn)

m=1

where d = max(1,7).

Proof. By Theorem 4.2 (i), A is a multiplier from A;/T into ¢"(n), and

since A} is contained in A’ /p» it 1s also a multiplier from A} into £7(n). This
concludes the proof.

As in the case n = 1, it is possible to characterize all the multipliers
A= (Aa), @ € Z", from A} to *(n), n > 1, but only by an implicit condition
that is not easily verifiable. However, this condition is of interest on its own
right, and hence it is perhaps worthwhile presenting it as a theorem (see
Theorem 4.7 below). To this end we shall need the following factorization
theorem due to Coifman, Rochberg and Weiss [2]:

THEOREM 4.4. There ezists a constant ¢ = c(n) > 0 such that for any
f € A} there are gm, hum in A% such that f =3 °_| gmhm and

o0
> lgmllzolmllzo < el fllo-
m=1

The results described below are classical for n = 1 (see [3, pp. 47-52]).
For simplicity, we drop the index ¢ from ¢q 4, ¢a(q), kq, Py and ( , ), when
g = 0. By A = A(B) we denote the space of functions in H(B) with bounded
mean oscillation (BMO). As is well-known [2], this space may be identified
with the Banach space P(L{°) under the norm || - ||, given by

lgll« = min{{|¢lloc0: P =g, b€ L5} (g€ 4).

In particular, ||Py|l. < ||| cc,0 for every ¢ € L3, and by Theorem 1.3,
A C Af for every 0 < p < 0.
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THEOREM 4.5. Let h € A and Ao = c5 (¢, h) (o € Z7). For a = (aa),
b= (ba), @ €Z", in (*(n), define

Q(a,b) = Aatsaabs .
a,B
Then

Q(a, b) < [|h]l[all2[b2-

Proof. Let f and g be the functions in A% whose Taylor coefficients
are ao(f) = aq, aa(g) = ba, o € Z, respectively. Clearly, by (2.2), ||all2 =
Il fll2,0 and ||bll2 = ||lgll2,0. Moreover, Q(a,b) = (fg,h). Since h € A, there
exists a sequence (¢,,) in L§° so that h = Py, and lim,, o0 [|¥m||ec,0 =
II1h||«. It follows that

Q@ B)| = [{F9, Poind] = (£, )| < [ sl fallo
< [ Ymlloc0llfll2.0llgll2,0 = lltomllco o llall2]b]]2 ,
and letting m — oo concludes the proof.
THEOREM 4.6. Let A\ = (\y) be a non-negative sequence with A, =

et (ba, hy, a € 27, for some h € A. Let f € A with aq = aa(f), o € Z7.
Then

> Aalaal < cllbfl- [ £l1o-

Proof. By Theorem 4.4, f = > >_ f,, where f, = gmhy with g,
By in A2 and

o0
> llgmll2.0llhmll20 < el fll1.0-

m=1
Let al™ = ao(fm), b = a, (gm), dim = ao (hm) be the Taylor coefficients
of fims gm, hm, m = 1,2, ..., respectively. Then
a(am) = E bﬁda_ﬁ,
BLa
and by Theorem 4.5,

2 Aaleal £ 30 3 dalal1 < 303 S0 30 171 I

m=1 « m=1 « B<a
<SS sl NAGT < ST B 2 l1d ™ 2
m=1 «,B3 m=1

0o
= |18l > lgmllz.ollamllz0 < cllbll<|l fll1o-
m=1

The proof is now complete.
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As before, for a sequence A\ = (A,) and a function f in H(B) with
ao = ao(f), a € Z, we define Myf = (Apaq). The sequence A is a
multiplier of A} into ¢!(n) if M, maps A} into ¢*(n). In this case, again
by the closed graph theorem, M, is a bounded operator from A} into £1(n)
with norm || M,]].

THEOREM 4.7. The sequence A = (\o) is a multiplier of A} into 1 (n) if
and only if there is a function h € A such that |A\o| = (¢a, h) (o € ZT).

Proof. The sufficiency of the condition follows from Theorem 4.6. In-
deed, for f € A} with aq = an(f), @ € Z", the above theorem gives

IMafll = ea' Pallaal < ellhlll fllvo-

Conversely, suppose A = ()\,) is a multiplier from A} into ¢(n). Thus

[Maflln < IMAIHIF I or
Yo Pallaal < Ml 110

for every f € A} with aq = aa(f), a € Z". In particular, T’ defined by

Tf= chlp\a\aa

is a bounded linear functional on A}. By the Hahn-Banach theorem, T' can
be extended to a bounded linear functional T on L} with ||T| = ||T <
M| It follows from the Riesz representation theorem that there exists a
unique ¢ € LP with Tf = (f, ) for every f € L} and ||T]| = [|¢)]|oc.0. In
particular, T'f = (f,v) = (f, Py) for every f € AZ. Letting h = P, we
find that h € A with ||h]l. < |[¢]lec0 < [[Mall, and T'f = (f, h) for every
f € A2. Choosing f € A2 as f = c ' ¢a gives |Aa|] = (¢, h) for every
a € 7%, and the theorem is proved.

We remark that in Theorems 4.5, 4.6 and 4.7, the function h € A with
||+ can be replaced by ¥ € L with [|]|ec.0-

We now describe multipliers from APl into AP2. For this purpose, we
shall prepare some auxiliary lemmas.

LEMMA 4.8. Let u € L*(0,1) be continuous and positive on (0,1). Then
there is a constant ¢ = c(p) > 0 such that

[ 9p)u(p)dp < c [ glp)u(p)dp
0 1/2

for every non-negative increasing function g on (0,1).
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Proof. We have

1/2 1/2 3/4
[ 9lp)up)dp < 9(1/2) [ ulp)dp=A-g(1/2) <4A [ g(p)dp
0 0 1/2
3/4 1
<444, [ g(p)u(p)dp < 444, [ g(p)u(p)dp,
1/2 1/2

where A = f11/2 w(p)dp and AT = min{u(p): 1/2 < p < 3/4}. Thus

[ 9p)u(p)dp < (1+4AAy) [ g(p)ulp)dp,
0 1/2

concluding the proof.

COROLLARY 4.9. Let 0 <p <o00,q>0,5>0 andt > 0. Then there is
a constant ¢ = ¢(q,s) > 0 such that

1 1
[ @=p) " Mi(f:p)dp<c [ (1—p) " p*M(f : p)dp
0 0

for every f € H(B).

LEMMA 4.10. Let p > 1 and ¢ > 0. Then there is a constant ¢ = ¢(q) > 0
such that
1

| fllpo < f M,(Df :r)dr, and

0
1 1
[ @=r) " M (f <c [ (1=r)IMu(Df :r)dr
0 0
for every f € H(B).

Proof. Let f € H(B) and 0 < r < 1. One then verifies that (Df)(rz) =
(d/dr)(rf(rz)), z € B, and thus

f (Df)(pz)dp (2 € B).
0

It follows from Minkowski’s inequality for integrals that

r

() = (] [ 0nedef ()
0B

0
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< J ((g (DA dvo() " dp = f M,(Df : p)dp

0

This gives the first inequality of the lemma, at once. Moreover, by Corollary
4.9, there is a constant ¢;(q) > 0 so that

f L—r) " My (f:r)dr <ei(q) | (=) rMy(f:r)dr
0

< ci(q)

— O%H O%»—A

o
:cl(q)fMpr p(f (1—r)i~ 1dr)alp
0

o

=q 'e(q) | (1=p)"My(Df : p)dp,

S .

and the proof is complete.
For a sequence A = (\,,) and z,¢ € B, we let Hx(z,() = hx((2())

where

ha(t) = i %”Amtm (te A).
m=0 ’

The proof of the next lemma is immediate:

LEMMA 4.11. Let A = (\,) be a sequence in C, s € R and 0 < p < 1.
Then

(D*Mxf)(pz) ffpcmm ,Q)dvo(¢) (2 € B)

for every f € H(B).
We are now in a position to state and prove the following result:

THEOREM 4.12. Suppose 0 < p1 <1 < ps < 00 and q1,q2 > 0, and let £
be the integer part of n(1—1/p1)+q1/p1+1. Then A = () is a multiplier
Jrom ALY into AL? if and only if

My (DU FHN(,Q) 1) = O((1 =)ot/
for every ¢ € 0B.

Proof. For the necessity we consider the sequence ¢ = ((m + 1))
and a fixed point ¢ € B, and define fr = H;(-,(). Thus, f¢ is in H(B) with
M/\fC = D€+1H)\('7 <)7 and S0,

‘|M>\fC|’p27Q2 < HM>\” HfCthth .
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On the other hand,

fe() = 3 W g1yt
m=0 ’

and thus (see Beatrous and Burbea [1])

fe(z) = (1= (%, ()" HVF((2,0)
where F' € H(A) and of Lipschitz class of order n + ¢ + 1. It follows, as in
(3.1) and (4.2)—(4.3), that for 0 <r <1 and { € 0B

||frCH;m,rJ1 < ClHkg‘f‘l('?TC)HPMQI
= c{F((n+ L+ Dp1/2, (n+ L+ Dp1/2n + qu - r?)}/7
< ep(l— TQ)(n-Hh)/pl—n—é—l

where ¢; = ¢1(¢) > 0 and ¢3 = c2(¢, p1,¢q1) > 0 are constants. Thus
IDHHAC ) g < c2l| MaJ|(1 = ¢?)(PFa)/pimn=t=l (¢ € 9B),

and the result follows when go = 0. For ¢ > 0, on the other hand, using
Corollary 4.9 we have for ( € 0B
1

My (D) s r?) ([ (1= )

T
1

< ([ Q= Mz (D ) o) dp)

T

1/p2
<( / (1= p) = ME (DL HA () < p)dp)

< C3HDZ+1H>\('7TC)H102412
where c3 = ¢3(g2,p2) > 0 is a constant. It follows that
M,, (D" Hy(-,¢) : 7%) = O((1 — p2)(nta)/pi—n—t=1-a/p2)
which is equivalent to the desired result when g > 0.

For the sufficiency, we let f € APl and 0 < p < 1, and use Lemma 4.11
to obtain

2

(DT My f)(pz) = [ F(p¢)D* T Hi(2,¢) dvo(¢) (2 € B).
OB

It follows from Minkowski’s inequality for integrals that
My, (D My f < 7p)

< [ (SO ID H . O dua(2) " duo(c)

0B 0B
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= [ 1£ (00| My (D H(-C) < 1) dun(€)

0B

and thus, by assumption, for a constant ¢; > 0,
Mp2 (D€+1M>\f . ,,,p) < 61M1<f . p)(l _ r)(nthh)/Pl*n*@*l*th/PQ )

We first assume that go = 0. In this case, taking p = r, and using Corollary
4.9 and Theorem 1.2, we have

1 1
[ Q=)' My, (D Myf i r)dr =2 [ (1= 1) My, (D My f 2 1?) dr
0 0

1
< ot+le, f (1 —p)(nta)/pi=n=lopr (f 2 p) dr
0

1
< 2t ey f (1= p)trtad/Pemn=tag (f cr)dr < 2 ercs| fllpr g
0

where ¢; = ¢;(p1,41) > 0 is a constant (j = 2,3). By /£ successive applica-
tions of Lemma 4.10, we obtain therefore

1
1M fllpso < [ My, (DMf :7)dr < crca]| fllpy a,
0

where ¢4 = ¢4(€,p1,q1) > 0 is a constant. Thus M) f € AF?, and the result
follows for g = 0. When, on the other hand, ¢o > 0, we have, by using
Corollary 4.9 and Theorem 1.2,

_2I'(n+ g2 +pa(€ + 1))

DEJrlM
| Ioaaaoate0) = T (g 1 ol + 1)
1
x [ (1= p2)te D=tz (DAL f <) dr
0
1
<cs f (1— r)QQJFPZ(”l)*lMg; (DHIM,\f : 7“2) dr
0

1
< cics f (1— T)pz[(n+q1)/p1—n}—1Mf2(f c7) dr
0
where c] = ¢j (f pl,pg,ql,qg) > 0 (j = 5,6) is a constant. It follows that
Myf e A qQ+p2(€+1) ¢41» and thus by Theorem 1.3, also M, f € Al2. This
concludes the proof.
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