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The super complex Frobenius theorem

by C. DENSON HILL and SANTIAGO R. SIMANCA (Stony Brook, N.Y.)

Abstract. We formulate and prove a super analogue of the complex Frobenius the-
orem of Nirenberg.

1. Introduction. We shall discuss the super analogue of the complex
Frobenius theorem of L. Nirenberg [9]. Let us first recall a special case of
this classical result: suppose X is a smooth real manifold of dimension N
without boundary, and locally there are prescribed smooth complex vector
fields Py, ..., P, which satisfy the conditions:

Py, ...,P,,Pi,...,P, are linearly independent,

(1.1) [P, Pi] =) ol P,
=1

n n
[P, Prl => B8P+ Y vinPi,
=1 =1

for some smooth functions ozé k> ﬁ; . and 'y;- i~ Here 2n +d = N with d > 0.
Then there exists a system of local real coordinates (z!,... 2™ 3! ... y",
rl,...,r?) such that, setting z¥ = z¥ + /—1y*, and possibly replacing
{Py} by a suitable nonsingular linear combination of the P;’s with smooth
coefficients, one has

Pk = 8/ 8Zk s
with 1, ..., r? playing the role of parameters. This means that X is foliated
by a real d-parameter family of complex manifolds of complex dimension

n. Another way to state the hypothesis would be to say that we have an
abstract Levi flat CR structure of type C* x R% on X. Our first task will be
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to formulate, in Theorem 1, the super analogue of this special case. Then
we shall discuss, in Theorem 2, the super analogue of the more general
result of Nirenberg, which involves dropping the first hypothesis in (1.1)
and allowing some of the {Py} to be real vector fields. For completeness
we include a self-contained proof of the super version of the real Frobenius
theorem. We also include a Corollary and a Lemma which might be of some
independent interest.

Let (X, A, a) be a real C* supermanifold of dimension (N, M). Recall
what this means [1], [4], [6], [7]: X is a C°° manifold of real dimension
N, A is a sheaf over X of Z, graded-commutative algebras over R, and
the augmentation map a : A — C is a sheaf homomorphism of algebras.
The following axiom must be satisfied, which gives a local splitting: there
exists a basis {V'} for the open sets of X such that for every V there is an
isomorphism Sy which makes the diagram

AV) 2% o) @ ARM
a\ S
c(V)

commutative. Here and in what follows we use the notation S(U) for the
space of continuous sections over U of a sheaf & over X. In the diagram
above, 7 is the natural projection.

A Zo grading of A means that two subspaces Ag and A; are fixed, the
even and odd part respectively, such that A = Ay & A;. The elements of
Ao commute with all elements in A while the elements in A4; anticommute
with all elements in A;. Let N be the subsheaf of nilpotent elements of A.
It follows from the above diagram that for any open set U in X there is a
map tilde induced by « such that

(12) AU) — C=(U) = AINWU), [—T.
Sections z1,...,xny € Ag(U) are called even coordinates if the functions
T1,...,oy € C®(U) form a coordinate system in U in the usual sense.

Sections &i,...,&k of A1(U) are algebraically independent if the product
& ... & # 0. The odd dimension M is defined as the smallest integer j such
that AVt = 0. Then M algebraically independent sections &i,...,&y €
A;(U) are said to form odd coordinates. Therefore a section f of A(U),
called a C'*° superfunction, can be written as f = Zu fu(z)&H where f,(z) €
A/N(U). Here pp = (p1,- .., ) is a multi-index with pg; = 0 or 1, and
gr=¢" .0 0" By (1.2), in a sufficiently small open set U, we can think
of a superfunction as an expression of the form

= fut"
I
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with f, € C*°(U). The grading is thus determined by f € A(U)y & f =
> il even Ju€! while fre AU & f = 3, 0aa fu€"- The collection
{z,&;} will be called a supercoordinate system.

The algebra of derivations Der . A has a natural Z, grading. Namely
a derivation D has degree j iff D(fg) = (Df)g + (—1)79¢f f(Dg) for all
homogeneous f,g € A. Given D € (Der A(U))o the nilpotent set N is stable
under D, and therefore it generates a derivation D of the quotient A/N(U).
Thus D can be thought of as a vector field over U. The correspondence

(1.3) (Der A(U))g — DerC=(U), D — D,
is a Lie algebra epimorphism and we have DF = Df for all f € AU). In a

supercoordinate system {z;,&;} we have the partial derivations 0/0z; and
0/0&; defined by

0 0
() = e,

9
E;

where p = iy + pig + ... 4 pj_1 and 4 = ¢ ’2“62...557'71...5’;41”. The
even {0/0x;} commute and can be thought of as classical partial derivatives,
whereas the odd {0/0¢; } anticommute. Locally Der Ais a free A(U)-module
with basis {0/0x;,0/0¢;}, i.e., linear combinations of these basis elements
with C*° superfunction coeflicients.

(fu€") = i (—1)P 6",

We use extension by real linearity to complexify both the superalgebra
A and the algebra of derivations Der A; let A¢ and Derc Ac denote the
respective complexifications. We also use real linearity to extend the super-
commutator defined by

[X,Y] = XY — (—1)*0dV)y x

for homogeneous derivations X, Y, where d(X) denotes the degree of X.
We make the following definition: suppose 2n+1= N and 2m—+k = M,
with [,k > 0. Then a Levi flat super CR structure on (X, A, «) of CR
dimension (n,m) (or CR codimension (I, k)) consists in the prescription of
a locally direct subsheaf H of the sheaf Derc Ac of Ac-modules over X
of rank (n,m). This means that locally the sections of H form a direct
summand in the free module of local sections Derc Ac, which is generated
by n even and m odd linearly independent derivations. We also require that

HNH=0, [H,HCH, [HHCH+H.
Thus locally in U, the prescription of H is equivalent to prescribing a basis
for sections of H of the form {Py,..., Poym} ={L1,...,Ln, My,..., My},
where L1, ..., L, are of degree 0 and M, ..., M, are of degree 1. In terms of

the basis {P;}, the conditions above are written as in (1.1), except one must
use the supercommutator, n is replaced by n + m, and the coefficients o
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ﬁ; > 'y;:k are C'*° superfunctions. In terms of the {L;, M} these integrability
conditions become:

Li,...;Ly,L,..., Ly, My, ..., My, Mq,..., My,

(1.4)
are linearly independent,
[Li, Lj] = ai; Ly + b5, M,
(1.5) [My, My] = ¢, Ly + dy, M,
[Li, My] = ej, L + f, M,
[Li, L;] = UI[;Ly — L;; Ly + m3; M, — 5, M
(1.6) [M,, My] =ny, L + 7, L, + 05, M, +05 My,

[Lz‘, Mq] = pquj + T‘gqu + Séqu + téqﬂl s

where the coefficients in these expressions are sections of Ac¢. Note that the
middle equations in (1.5) and (1.6) involve anticommutators. Also the last
equation in (1.6) implies that

(1.7) (L, M) = 7. L; + P T + By My + 5., M.

When [, k = 0 the conditions (1.6) are automatically true, since Derc Ac
has rank N+ M = 2(n+m); in that case we have an integrable super almost
complex structure on (X, A, «). This case has been discussed by A. McHugh
[8] and the authors [3]. Now we can state our first result.

THEOREM 1. Let H be a Levi flat super CR structure on (X, A,«) of
CR dimension (n,m). Then given a point p € X, there is a neighborhood
U of p in X, and a supercoordinate system on U with even coordinates
(', 2™yt oyt oY) and odd coordinates (€1,...,€M.nt, ...,
", ot ..., 0%), so that setting 27 = 27 +/—1y?, (I = & + /—1nJ, there is
a basis in U for H of the form

L;=0/0z", M, =0/0(".
Here the v, o’ play the role of parameters, and the derivations 0/9z°, 9/9¢?
are defined by the usual formulas in terms of the real derivations:

0 1/ 0 0 0 1/ 0 0
R N A (P a/y S
0zt 2 (8:1:1 ayl) oo 2 <8§‘1 8nq)

In order to formulate the super analogue of the general result of Niren-
berg we make the following definition: suppose 2n +1+e = N and 2m +
k+d= M, with [,k,e,d > 0. Then by a super complex Frobenius structure
of type (n,e,m,d) on (X, A, «) we shall mean that a locally direct subsheaf
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D of Derc Ac has been prescribed which satisfies
rankD = (n+e,m+d), rankDND = (e,d),
[D,D)CcD, [D,D]CD+D.
This means that:

1. Locally there is a basis for sections of D of the form {Ly,...,L,,
Xi,..., Xe, My, ..., My, Yi,...,Y;} where the L;, X; are even, the M,
Y; are odd, and the X;, Y; are real.

2. The collection {L1,..., Ly, L1, ., Ly, X1,..., Xe, My, ..., My, My,

ooy My, Y1, ..., Yy} is linearly independent.

3. The supercommutator of any two derivations from the list in 1 is a
linear combination of the list from 1; and the supercommutator of any two

derivations from the list in 2 is a linear combination of the list from 2.

Notice that when d = e = 0, we have a Levi flat super CR structure of
CR dimension (n,m).

THEOREM 2. Let D be a complex Frobenius structure on (X, A, «) of type
(n,e,m,d). Then given a point p € X, there is a neighborhood U of p in
X, and a supercoordinate system on U with even coordinates (x*,... x" y!,

oyttt o s) and odd coordinates (€%, ..M. nt, ..., 0™,
o', ..., 0% ot ..., 0%), so that setting 27 = 27 +/—1y!, (I = & + /=1,
there is a basis in U for D of the form

0 0 0 0
0z’ gt TostT T Qo

Here the v, o7 play the role of parameters.

L; =

2. Related results. We will need to utilize some closely related results
which we discuss in this section.

First we shall need the super analogue of the real Frobenius theorem,
which we shall formulate and prove since we have not been able to find a
proof in the literature. Suppose n +1 = N and m+ k = M, with [,k > 0.
Then a super real integrable distribution on (X, A, «) of type (n,m) con-
sists in the prescription of a locally direct subsheaf 7 of the sheaf Der A
of A-modules over X of rank (n,m). We require the integrability condi-
tion

7, JlCJT,

where of course we use the supercommutator. Thus locally the sections of
J form a direct summand in the free module of local sections Der A, which
is generated by n even and m odd real linearly independent derivations. So
locally in U, the prescription of J is equivalent to prescribing a basis for
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the sections of J of the form {X;,...,X,,,Y7,...,Y,,}, where Xq,..., X,
are of degree 0 and Y7,...,Y,, are of degree 1. In terms of this basis the
integrability condition is written as:

(2.8) [y, Y] = ey Xo + 3y Vs,
[Xi7 Yq] = e:qu + iSqu )

with coefficients that are real C'® superfunctions. Since the Y; are odd, the
anticommutator occurs in the middle expression above.

THEOREM 3. Let J be a super real integrable distribution on (X, A, «) of
type (n,m). Then given a point p € X there is a neighborhood U in X and
a supercoordinate system on U with even coordinates (x,... x" v ... 7l
and odd coordinates (£%,...,6™, 0%, ..., 0") so that in U the sections of J

are spanned by the derivations
0/0x", 1<i<n, 0/0¢1, 1<qg<m.

Proof. Using (1.3) we associate to the even derivations Xy,...,X,, €
Der A(U) the C* vector fields &; = )?j. Since the derivations [X;, X;| are
even and the Y; are odd, the sections b;; in (2.8) must be nilpotent. Thus the
integrability condition implies that {X7,..., X, } span a classical integrable
distribution J of n planes in U, i.e., [j, j] C J where [, ] is now the usual
bracket of vector fields in U. Applying the classical Frobenius theorem we
find coordinates (z*,...,2",7',...,7') in a possibly smaller neighborhood
U, so that J is spanned by 0/077, 1 < j < n. Using the augmentation map,
we lift to some choice of even coordinates (z!,..., 2", 7!, ... r!) in the su-
permanifold. After replacing the original X; by suitable linear combinations
which we rename X, we have

for some A in the kernel of (1.3) on U. On the other hand, we can select odd
coordinates ¢!, ..., £™*F such that, after replacing the Y; by some suitable
linear combinations, which we rename Y;, we have

k
0 0

Y, = - -~ _ 1B, j=1,....m,
pg " 2 gt P "

j
for some real even sections f;;, where the derivation B is in the span of
N Der A(U). If we perform the linear change &/ — &7, 1 < j <m, £&t™ —
[is& + 0%, 1 < s <k, we see that f;; can be assumed to be zero. Thus we
have supercoordinates (x,r, &, o) such that, for some nilpotent sections Aé’r,
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BJZ-’T, C';-”, Dg’r, the derivations

o .0 o .0 B
Xi= -+ A~ + B’ 0+ DI~
oxt A OxJ Tt ors +Ci 3 M D01’
(29) 9 9 9 9 9
0 g0 g0 01 0
Yiz g T an B 5 v e TP g

span the distribution 7. Suppose that all of the coefficients labeled A and
C above are in N'P. The sections A’ ¥ and qu,l are even, while the sections

A;fl and ng,o are odd. So by changing our derivations to
Xi = (AP°X; + CFOYy), Yy — (AV X+ CPY),

we obtain a new family, which we rename {X;,Y;}, generating the same
structure J and for which (2.9) holds with all of the coefficients labeled A
and C in NP+, Iterating the procedure M +1 = m +k + 1 times we obtain
derivations of the form

X, = 0 | oo d +D9’Oi,
oxt toOrs b Qo4
(2.10) 5 5 5
Y, =— + B — 4 prt
1= pgr TP o TP g

which span J.

To eliminate the remaining coefficients in the expression above we pro-
ceed also by induction on their order of nilpotency. Assume (2.10) holds
with coefficients in N* modulo N**t!. We have proven the result for [ = 1.
Assuming it holds for any k < [ we want to show it is true for [+ 1. Suppose
[ is even, as the cases where [ is even or odd differ slightly.

We expand X;, Y; modulo nilpotent terms of degree [ + 1 times deriva-
tions. Looking at the Zy grading, we conclude that the coefficients Diq’0 and
B;-’l must be zero. Thus

Xi= aai +vaoaas )

(2.11) g g mod N Der A(U).
= q’li
YJ - 657 +D] agq ’

The integrability condition applied to the bracket of these derivations implies
readily that

oB;° o 0B} opyt oD}
ozt Oxd og o&i Ok

Thus we can solve the equation

Vo' = (B, BY),
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with a solution independent of £&. We then switch coordinates by =z — z,
r® — v¥4+1° & - £ o0 — p. Then our spanning set can be expressed
as in (2.10), and it is such that (2.11) holds with the coefficient B{"" zero.
Now suppose that D?’l is homogeneous in £&. The condition imposed by the
integrability implies that —& e D?’l =0, DP = AD®' where ) is the
degree of homogeneity in £. Thus, if we now change our supercoordinates
by x — z,r —r, £ =& 07 — (A+ 1)_1D§?’1§j + 0%, the conclusion
about the X; remains unchanged, and in the new coordinate system, (2.11)
holds with the coefficients D?’l equal to zero. In general Dg’l is the sum
of homogeneous terms, and we can make them vanish by a similar change,
giving the appropriate weight corresponding to the homogeneity of each one
of them. This completes the proof of Theorem 3.

Remark 1. If one has basis elements {X1,...,X,,,Y7,...,Y,,} for J
such that the brackets in (2.8) are all zero, one can find a supercoordinate
system (x,r,&, o) in which the basis elements are the coordinate derivations
0/0xt, 0/0¢. One can prove this statement by an argument which follows
almost verbatim the one above, where one needs to use the super version
of the Poincaré lemma with parameters. This is true since the proof of the
super Poincaré lemma in [4] goes through with parameters. Furthermore,
the super real Frobenius theorem discussed above also holds with smooth
dependence on parameters.

Before going any further, we discuss a corollary of Theorem 3 which is
analogous to the classical construction of an integral manifold of a family
of linearly independent vector fields { X, ..., Xx}, on an open set U in R",
which commute. Indeed, if we have a coordinate system (¢, x) such that

9 9
Xi= = tat—,
ot T % s

then one can solve the initial value problem

ot

z(0) = ¢ .
The integrability conditions for this system are exactly the conditions on
the coefficients a; which arise from the fact that [X;, X;] = 0. The integral
manifold through the point (0,z) is defined by F};l o...0 F}:k((),xg) =
(th, ... R 2l(t), ..., 2"k (1)), where F¥ is the flow of the vector field Y at
time t.

We discuss the notion of “flow” of particular types of superderivations.
Let X be a basis for a real super distribution of rank (1,0) which is in-
tegrable. According to the Theorem above, there exists a supercoordinate
system (z,&) where X = 9/0x'. We define its flow for even time ¢ in the

aS
{ L =aj(t,x), 1<i<k, 1<s<n-—k,
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coordinate system (z,&) by
F§(($7 5) = (:'Ul + t’ xl’ {) 9

where 2/ = (22,...,2%). On the other hand, if Y is a basis for a real
superdistribution of rank (0, 1) which is integrable, then there exists a su-
percoordinate system (y,n) such that Y = 9/0n'. We define its flow for
odd time 7 in the coordinate system (y,n) by

Fy(y,m) = (y,n" +7,1),
where ' = (p2,...,9M).

Remark 2. In the terminology of Manin [7], the derivations X and Y
above are rectifiable of type (1,0) and (0, 1), respectively. There is yet a
third type of derivation, rectifiable of type (1,1), for which a purely even or
purely odd flow will not work. The typical model in supercoordinates (z, &)
of such a derivation is d¢1 + £10,1. In this case we refer the reader to [5).

One then can define the notion of a super Lie derivative as follows: for
the derivation X above, we set

where the limit is computed in a natural topology on superfunctions which
one can introduce having chosen the supercoordinates (z,£). It is then

elementary to check that

For the odd derivation Y the situation is only slightly more complicated
because division by the odd parameter 7 is not defined. However, we can
use the evaluation map e, (sometimes called Berezin integral [2] in 7, a
term which we refrain from using as various authors mean different things
by such). This map acts as a superderivation. Indeed, if we separate the 7
dependence in f by writing f = fo + 7f1, then

er(f) = f.

‘We therefore define
Ly f(y.n) = e+ (f(Fy-(y,m)),

and once again we get

Ly f(y,m) =Y f)(y,n).

With these definitions set forth for rectifiable derivations of type (1,0)
and (0,1), the classical result that the flows commute if and only if the
vector fields commute holds with the appropriate modifications. One must
use flows of real time for the first type of derivations and flows of odd time
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for the second, while the notion of commutativity is computed using the
superbrackets of derivations.

Our corollary then goes as follows: suppose {X1,..., X, Y1,..., Y} is
a basis for a real superdistribution of rank (n,m) which in a supercoordinate
system (¢, z,7,§) can be expressed as

0 0 0 05 O

(2 12) Xk — 3t’f +a’k a:]js +bk 65] )
. Y—i—i—als ? —i—blji
P ark TR g TR gl

We assume further that
(2.13) (X, X;]=0, [X,Vi]=0, [V,Y;]=0.
These conditions together suffice to conclude that each even derivation X;

is rectifiable of type (1,0) while each odd derivation Y; is rectifiable of type
(0,1). We thus have flows of even and odd time, respectively.

COROLLARY 1. Let Xy, Y; be superderivations which locally in U can be
expressed as in (2.12) and satisfy (2.13). Then the initial value problem

8955 s 8§S s

Otk :a2 (t,.’B,T,f), otk :bg (tax77—a§)>

8335 s ags S

5 = ap(t,x,7,8), 5ok = bis(t,x, 7, &),
2(0,0) = x0, €(0,0) = &,

has a smooth unique local solution x(t,xo,7,&0), £(t, o, T, &0)-

Proof. Each of the conditions [Xj, X,] =0, [X;,Y;] =0and [V;,Y;] =0
gives rise to two conditions; the six of them are:

O al® — Opral® + ad,a% — ad,ad + szagj ay® — b 9;a° =0,
O b — 0 b + aPl 0,097 — %9, by + b 91 b% — b9 b)Y =0,
Opral® — nal® +ay 0ysap® — a)? Oysal® + by Ogial® — b7 Oesa)® =0,
Opeby? — 0pb? + ap? Opoby? — af0pe by + 0)°Deeb)? — b}*Oesby! =0
tkl le+ak msl al xsk—i-kgsl 1 gsk_—7
8Tzajl-5 + 050, + allkamkaf + a}kﬁzkalls + b}kagkalls + b}’“agka;s =0,
Db 4+ 0,5b1* + a* 0, b + a}° 00sb}* + b]°0g-b}F + b} Db = 0.

These conditions correspond exactly with the integrability conditions of the
system of equations stated in the corollary. With the flows defined above,
the rest of the proof follows the classical argument.

Second we shall need the super analogue of the Newlander—Nirenberg
theorem with parameters. We carefully formulate this notion for two rea-
sons: one is that we need it to prove our results and the other is that it
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will shed light on the way the parameters come naturally into our work. By
analogy the reader can formulate the parametric version of the super real
Frobenius theorem alluded to in Remark 1.

Recall the notion of a super integrable almost complex structure on a
real C* supermanifold (Y, B, ) of dimension (2n,2m). This is just the
prescription of a locally direct subsheaf F of the sheaf Derc Be of Bc-
modules over Y, of rank (n,m), which satisfies

FNF=0, [F,F|cCF.

Locally in V' the prescription of F is equivalent to prescribing a basis for
F(V) of the form {Ly,...,L,, My,..., My}, where the L; are of degree 0,
the M; are of degree 1, and which satisfy conditions (1.4) and (1.5) with
coefficients that are sections of Bc.

Let (X, A, @) be a real C*° supermanifold of dimension (N, M), where
N =2n+1and M = 2m + k, with [,k > 0. Let U be an open set in

X where supercoordinates (t!,...,t2" 1 ... rl 7t 0 72 ol oF) are
given and suppose we have complex derivations {L1,..., Ly, My,..., M}
of Ac which on U can be written as

2n ) P 2m ) 9
R J . J
L1 _;ai(t7r777g)atj +jzlbi(t7r77—7@)a7,j )

2n 8 2m a
M; = ZC’Z(t,T,T,Q)@ +Zd§(t,r,7,g)%,
j=1 j=1
where the coefficients are sections of Ac. We say that this family forms
a super integrable almost complex structure with parameters (r,p) on
(U, A(U), ) if the span of this collection is closed under supercommuta-
tors and the family {L1,..., Ly, L1,..., Ly, My, ..., My, My,..., M} is
linearly independent. Note that such a collection defines a super integrable
almost complex structure on the super submanifold (U, A, ,, @), where U,
is the submanifold of U defined by freezing the value of the function 7,
A, is the Zy graded algebra generated by 1 and 7 = (71,...,72™) over

CeU) o N\ R’Z, and @ is the corresponding induced augmentation map.

THEOREM 4. Let {Ly,..., Ly, My,..., M.} be a super integrable almost
complex structure with parameters (r, ) on (U, A(U),«). Then, on a pos-
sibly smaller open set U, there exists a C'° change of the real supercoor-
dinates of the form {x = x(t,r,7,0),y = y(t,r,7,0),7,& = £(t,r,7,0),n =
n(t,r,7,0),0} such that (x,y,&,n) are real supercoordinates on (U, A, 5, Q).
If we set 20 = a7 ++/—1y?, (7 = & + /=1, the derivations 0/0z7, 0/OC*

form a basis for the original structure spanned by the L;, Mj,.

The nonparametric version of this result was proven in [8]. The authors
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[3] have given a proof of the nonparametric version of the above result in
the much more complicated case in which the work must be done on one
side of a weakly pseudoconvex boundary near a boundary point p. But
when one is working in a full neighborhood of an interior point p, as we are
now doing in this paper, all of the technical up-to-the-boundary difficulties
encountered in [3] disappear. Hence the method of proof used there implies
Theorem 4 immediately, since every step in the proof depends smoothly on
parameters; e.g., we need only use the Dolbeault lemma for, say, a polydisc
in C", which can clearly be made to depend smoothly on parameters. Thus
Theorem 4 is implicitly contained in [3], although it was not explicitly stated
there.

3. Proof of Theorem 1. Consider a local basis {Py,..., Pyym} =
{L1,..., Ly, My,...,M,} for the sections of H with properties (1.4)—(1.6).
The coefficients in (1.5) and (1.6) are elements of Ac(U). Using only addi-
tion, subtraction, and complex conjugation, we see that the supercommu-
tators [Re P;, Re Pj], [Re P;,Im P;] and [Im P;,Im P;] are all linear combi-
nations of the Re P;, Im P; with real coefficients in A(U). Thus the sub-
sheaf J spanned by these derivations is a super integrable distribution on
(U, A(U),a) of type (2n,2m). By Theorem 3, given a point p € U, there
exists a neighborhood V' and supercoordinates (t',... t2% vl ... rl 71 ..
72m ol ..., 0") such that J is spanned by the derivations 9/0t!, 901",
1<i<2n,1<k<2m.

From the definition of J it then follows that there are C*° complex
superfunction coefficients for which

2n ) 8 2m ) 8
L J . J _
[ Za’i(tar’Ta Q)ﬁtj +Zbi(tara7—7g)a7_j )
j=1 j=1
2n ) 9 2m ) P
J— . ) =
M; = ]Zlcz(t,r,w)atj +]Zldi(t,m 057

This means that on (V,.A(V), a) we have a super integrable almost complex
structure with parameters (r,0). We now apply Theorem 4 to obtain real
supercoordinates (x,y,7,&,7, 0) such that the 9/9z7, 9/9¢* span the same
subsheaf as the one spanned by the Lj;, M. This completes the proof of
Theorem 1.

4. Proof of Theorem 2. Recall that locally there is a basis for the
super complex Frobenius structure D of the form {Lq,...,L,, X1,..., X¢,
My, ..., M, Y1,...,Yyq} where the L;, X; are even, the M;, Y; are odd, and

the X;, Y; are real. From the integrability conditions [D,D] C D, [D,D] C
D + D and their complex conjugates, it readily follows that
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[D+D,D+D]CD+Dand [D+D,D+D] CD+D. This means that
the real derivations {Re L;,Im L;, X;, Re M;,Im M;,Y;} span an integrable
super real distribution J on (X, A, a) of type (2n + e,2m + d). Hence by
Theorem 3 there is a neighborhood U and a real supercoordinate system in
U with even supercoordinates (¢, ...,¢*>"¢,r!,...,r") and odd supercoor-
dinates (!, ..., >4 ol ... o) such that the 9/9q¢°, 3/0¢’ span J. In
term of these coordinates we can write

0 o, o, o,
L; =AY~ 4 BY_—_ X,=CY_~— 4+ p¥_—_
i an + ¢ 830'77 k k an + k 8(10]7
R +Blji., Yk:clji pi 2

i a j 7 890] k aqj k TW,
with superfunction coefficients depending on (g,r, ¢, 0) and with the C,ij ,
Dzj real. In effect we have solved for a local “big leaf” corresponding to
constant “values” of the parameters (r,0) = (r',..., 7!, 0!, ..., 0").

For each value of these parameters we have the super distribution D N
D C D+ D spanned on U by {X1,...,X,,Y7,...,Yy}. It is integrable
of type (e,d) because our given integrability condition implies that [D N
D,DND] c DPND and [DPND,DND] C DND. Thus we have a real
super distribution with parameters (r, 0), so by Remark 1 we can find new
real even supercoordinates (p!,...,p*" t! ... t¢) to replace the ¢’s, and
new odd supercoordinates (7!,..., 72" 71,... 7%) to replace the ¢’s, so
that we can take as a new basis for D N D the supercommuting coordinate
derivations

X, =0/0tF, k=1,....e, Y/ =08/or', 1=1,....d.

In this new supercoordinate system (p,t,r,m, 7, o) the L;, M; are expressed
in the form

L= ?]aﬁj + ?Jaat] + b 68] +d?j£j,
0 0 0 ;0

M, =a 15 b 1y j_=
Zaﬂ+latﬂ+b@83+dl ori’

with superfunction coefficients depending on (p,t,r, 7, 7, 0). We can replace
the Li, Mj by

! . 0k v/ Ok~ / ! ) 1k v/ 1k~

and obtain a new basis {L},..., L], X{,..., X, M{,..., M, Y/, ..., Y]} for
D as well as a new basis {L’l,...,L;l,fll,...,f;,X{,...,Xé,M{,...,M,’n,
M;,...,M;,Yf,...,Yé} for DND. It is now convenient to drop the primes
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and write
0 .0 0
L= a% 0j 0 0
a; a j +bz i ) k otk ;
0 0 0
Mi=a’ = +b'—, Yi=_--.
“op T o 1T o

The advantage of this new basis is that, while the Xy, Y; supercommute
among themselves, the supercommutators of the L; and M are linear com-
binations of the 8/dp® and 8/d77 solely. From the integrability conditions,
we conclude that [L;, L;], [M;, M;] and [L;, M;] are linear combinations of
the Ly, and M), only; whereas the [L;, L], [M;, M ;] and [L;, M ] are linear
combinations of the Ly, My and Ly, M} only, with (¢,7,7, 0) playing the
role of parameters. Thus we have a local integrable super almost complex
structure of dimension (n,m) on each “small leaf” corresponding to con-
stant “values” of the parameters (t,... t¢, 71 ... vl 71 .. 79 ot ... oF).
Therefore we can apply Theorem 4 to obtain real new even supercoordi-
nates (z',..., 2" y',...,y™) to replace the p’s, and new odd supercoordi-
nates (£1,...,6™, 0, ..., n™) to replace the 7’s, so that the new superderiva-

tions
(4.14) L;=0/02", i=1,...,n, M;=09/0¢, j=1,...,m,

span the super complex structure on each subleaf. Here the X, Y; are
not changed, but they have new expressions in the new supercoordinates
(x,y,t,7,&,n,7,0) of the form

X =

(4.15) 83’“
Y, =

or ok

for some complex superfunction coefficients a? , ,ij , which may depend on
all the coordinates (z,y,t,r,&, 1,7, 0).

Consider a mixed bracket, such as [L;, Xj|. From [D,D] C D and the
form of the X}, Y;, we see that it must be a linear Comblnatlon of the L;,
M; only, from which it follows that L;a *O] = 0 and Llﬁk =0 A smnlar

consideration of the bracket [M;, Xj] shows that Miak =0 and M; ﬁ e = 0.
Likewise with X} replaced by Y}. It follows that all the coefficients a? , 6,?
are superholomorphic with respect to (z,&). Note also that the Xy, Y] still
supercommute. In order to complete the proof of the theorem we need the
following

+ oYL+ @V T+ BY M+ By M,

+oy) L+ @) L+ 3, M; + By M,

LEMMA 1. Consider L;, Xy, Mj, Y, as in (4.14), (4.15) where the Xy,
Y, supercommute, and the coefficients «’, B are C* holomorphic
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superfunctions with respect to (z,(). Then there is a C*° change of super-
coordinates of the form

=S5, Z:Z(vaaraaawag)v r=r,
T=0, C:C(s,w,r,a,w,g), =0,

such that all the z’s and (’s are superholomorphic with respect to the w’s
and w’s, and satisfy

927 . o¢d ;
(4 16) @:agj(87277‘70-7<-)g)’ @: 2](5,27T,U,C7Q)7
: 927 A ol ;
W:O[]]%](S,Z,T,O',C,Q), W: Ii‘](S?Z?T’U?C’Q)’
with initial conditions
(4.17) 27(0,0) =w!,  ¢7(0,0) = w’ .

Here s = (st,...,s%), o = (d,...,0%).

Assuming the Lemma for the moment, we proceed to finish the proof
of Theorem 2: we calculate the X, Y in the new supercoordinate system
(w, s,r,w,0,0) and find that

0 0 s} 0 0 B
5% = 5 O 57 ’faJJrﬂ’“ 8c1+ﬁkai<j_Xk’
0 0 15 0 _1j 0 15 0 =13 0
Dot~ ek T a T gz T g O g =
We also have
0 _8zj A o7 A 0 _sz ‘ o¢t A
i W A e R WAl WO W

by the superholomorphicity, and the above linear combinations preserve
linear independence. Hence we may take {9/0w!,...,0/0w™,d/0s',
0/0s°,0/0wt,...,0/0w™, 0/dc, ... 0/00%} as a new local basis for D, and
the proof of Theorem 2 is complete.

Proof of Lemma 1. Using
L =0, L8 =0, M,y =0, MJB’ =0

and the fact that the Xj, Y; are real with X, even and Y; odd, we see
that each of the relations [Xy, X;] = 0, [ Xk, Y)] = 0, [Yi, Y:] = 0 yields the
vanishing of two expressions. Thus we are led to calculate the following six
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integrability conditions:
Oy’ + ¥ Loy’ +625M5a?] = dpa)y +al*L, ozgj + B Ma 2],
O B + Lo + By MB) = 8tzﬂk +al* Ly + B M, B
Oy’ +a¥ Loy + ¥ Moo}’ = .0 + a}* L agj + B Myo?
atkﬁll]+ OsL U+B,38Mﬂ1]=31ﬂ 1sL "’ﬂlsMsﬁk
ﬁTkal '+ alLg ozlj + BLE M, a =— Tzozk —of*L, oz,lg] ﬂllsMsa,lgj,
0,68 4+ af Lo + B M BY = —0.8Y — ol LBY — Bl M.BY

We now may use the holomorphicity to add to each of the above expressions,
in respective order, the zero terms

aP Lol + 5, Mol =)Ll +5," Mol
AL, + By M3 =G LBy + 5" M,67
a¥ Loy’ —1—325]\750411j = a}* Loy’ +Bllsl\75agj,
a¥ L, j+stMs/Bllj = abT, j+3118]\7 BY
aksLsalj +B,1€S]\75allj = —a;°L, ak ﬁl "M ak )
Al LB + By M.BY = —al*T.pY — B,"M.3Y .
Recall that 2/ = 27 + /—1y/ and (7 = & + /=117, Let
ay) = ak: + Fb;cj ; ﬁlzcj = Ck: + de

be written in terms of their real and imaginary parts. The system to solve
assumes the real form

da’ 0j Ay’ 0j 3 0j o 0j
(ig 0 M7 s g T g T
da’ — Y oy’ —pl og’ — U o’ — gy
Aok ko 9ok ko 9ok kv 9ok ko

with right hand sides superfunctions of the real supercoordinates (x,y, s, 7,
&,1n,0,0), and with initial conditions

27(0,0) = Rew?, 37(0,0) = Imw’ ,

(4.19) , , : .
€’(0,0) =Rew’, 77(0,0) =Imw’.

If we take the real and imaginary parts of our six integrability conditions
with the terms added, as indicated above, we get twelve real integrability
conditions, which, by inspection, are seen to be exactly what is needed to
solve (4.18), (4.19) according to Corollary 1. This gives us the C* solutions
z=z(s,w,r 0,w,p) and ( = ((s,w,r,0,w, ).



The super complex Frobenius theorem 155

We claim that these are superholomorphic with respect to the w’s and
w’s: consider for example the variable w! and set v/ = O 2 vl = 01 ¢,
By differentiating we find that the u’, v7 satisfy the homogeneous system

4 , N , . .
87?,62 _ 80[2] o 8ak] o ’ 87'02 _ aﬂk] u” + 8B].;j " ,
Js 0z" ocr 0s 0z" ocr

oui ol . dal . owl 9By . apl
i P TN Pl L TOa

with the initial conditions
u?(0,0)=0, v7(0,0)=0.

Hence w4/ = 0 and v/ = 0 by the uniqueness part of Corollary 1. A similar

argument applies to the variable w'. Proceeding in this way by induction

we obtain the result. This completes the proof of the Lemma.
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