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On some majorization of derivatives in the class S*(v)

by ANDRZEJ WRZESIEN (L6d7)

Abstract. We give a generalization of some result of J. Janowski and J. Stankie-
wicz [2].

Introduction. Let S*(y) (]v| < 7/2) denote the class of y-spiral-starlike
functions, i.e., functions F'(z) holomorphic in the disc K1 = {z;|2| < 1} and
satisfying the conditions
z2F'(z)

F(2)
Among the many results concerning this class we have the sharp estima-
tion [1]

F)=0, F'(0)=1, Re{e_” }>0, 2e K.

2F'(2)

) () < [0 < e,
where

V/1+2r2cos 2y + 7 — 2rcosy
2 =
( ) ml(rv ’Y) 1 — 2 )

V/1+2r2cos 2y + 7t + 2r cosy
3 -
( ) mZ(Tv 7) 1 — 2 )

r=lzl <1, FeS(y).

Let H denote the class of holomorphic functions in K;. Define §2 =
{we H;|w(z)| <1 for z € Ki}.

Let f1, fo be two holomorphic functions in K;. We say that f; is ma-
jorized by fo in Kr = {z;|z|] < R} and write f; < fy if there exists a
holomorphic function ¢ such that |¢(z)| < 1 and f1(z) = ¢(2) f2(2), z € Kg.

J. Janowski and J. Stankiewicz [2] considered the following problem. Let
A, B be two fixed classes of holomorphic functions in K;. Find the smallest
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358 A. Wrzesien

function T'(r) = T'(r, A, B), r € [0,1), such that for every pair of functions
f €A, F e B we have the implication

f<Fin Ky =|f'(2)| <T(r,A,B)|F'(z)| for |z] =r < 1.

Main result. Let f € H and F € S*(7).

THEOREM. If f < F in Ky and |z| =r < 1, then
4) () <T(r,H,8"()|F'(2)], where
1 for r € [0,r*],
r* + 8r2 cos? y + 2r2 — 4rP(r,7) cosy + 1

4r(P(r,y) — 2rcos?y)
forr e (r,1),

(5) T(Tv H, S*(V)) =

6) r*= \/3—|—4COS’}/—2\/2+6COS’7+4COSQ’)/,
(7)  P(r,y) = /14 2r2cos2y + .
The result is sharp.
Proof. If f < F in K; then there exists ¢ € {2 such that

(8) f(z)=9¢(2)F(z) forze K.
Differentiating (8) and dividing by F’(z) we obtain
f'z o F&)
Applying the well-known estimation for ¢ € {2,
(10) () < LPEE ek
I 1 _ ’2’2 1,

we have from (9), (1) and (10)

f@)|_1-lez)P r(1—r?)
(11) F/(Z) < 1 — 72 \/1+2T2C082’7+T4—2TC057+’¢(Z)’.

Define u = |¢(z)| and denote the right hand side of the above inequality by
G(u). Thus

G(u) =— - 2tu+ -

P(r,y) —2r cos'yu P(r,7v) — 2rcosy

where P(r,7) = /1 + 2r2cos 2y + r4.
The function G(u) attains its maximum at v = 1 when r € [0,7*] and at
_ P(r,y) —2rcosvy

h € (r 1),
5 when r € (r*, 1)

where

r* = \/3+4COS’)/—2\/2+GCOS’Y+4COSQ’}/.
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Therefore
1 for r € [0, "],
(12) max G(u) = r* + 8r% cos? v + 2r2 — 4rP(r,y) cosy + 1
u€l0,1] 4r(P(r,~y) — 2rcos~y)

for r € (r*,1).
Thus by (12) and (11) we have (4).

The result is sharp. For r € (0,7*] and for every pair of functions
{f(2) = €F(2),F(2)}, F € S*(v), 6 an arbitrary real number, we have
T(r,H,S*(v)) = 1.

If r € (r*,1) equality is achieved at zy = re’® for the functions f(z) =
gz?(z)ﬁ(z) and F(z), where

~ 24+« —2r2 — 2rcosy + P(r,7)
¢(Z) =77 > o= )
1+ az r(2+4 2rcosy — P(r,7))
F(z) = - Fe S (v).

(1 + Ze—i90)2e’”"‘/ cosy ’
By simple calculation we can check that
| (20)/ F'(20)| = T(r, H,5"(7))
and this completes the proof.
Remark. For v = 0 we obtain a result of [2] (Theorem 2, p. 54).
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