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New cases of equality between p-module and p-capacity

by PETRU CARAMAN (Iasi)

Abstract. Let Eg, Eq be two subsets of the closure D of a domain D of the Euclidean
n-space R" and I'(Ep, E1, D) the family of arcs joining Ep to E1 in D. We establish new
cases of equality MpI'(Ey, E1,D) = cap,(Eo, E1, D), where MpI'(Eop, E1, D) is the p-
module of the arc family I'(Eo, £1, D), while cap,(Eo, £1, D) is the p-capacity of Ep, E1
relative to D and p > 1. One of these cases is when p = n, Eg N Ey = 0, F; =
E.UE! UE! UF;, E| is inaccessible from D by rectifiable arcs, £/ is open relative to
D or to the boundary 9D of D, E. is at most countable, F; is closed (i = 0,1) and D is
bounded and m-smooth on (Fy U Fy) N ID.

Let D be a domain of the Euclidean n-space R", Ep, E two sets con-
tained in the closure D of D, I' = I'(Ey, E1, D) the family of arcs joining
FEqy to Ey in D, and let

F(I') = {0 : R™ — R*; p Borel measurable and [odH" >1Vy €T},
where Rt = [0, 00] and H' is the linear Hausdorff measure. The p-module
of I' is

M,I' = inf P d >1),
» Qelgmfg m  (p>1)

where dm is the n-dimensional Lebesgue measure.
Let Ey, By C D, Eg N Ey = 0, then the p-capacity of Ey, E; relative to
D is
Ey, F1,D) = inf p
cap,(Eo, E1, D) inf 1! |Vul|P dm,

where
U={u:DUEyUE; — [0,1]; u continuous, u|p locally lipschitzian,
ulEO = O, ulﬁl = 1},
and Vu = (u/dx,...,0u/dz™) is the gradient of u.
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When the sets Ey, E; are closed, we denote them by Fyy and F}, respec-
tively.
In this paper, continuing my earlier research, I establish that

(1) MpF(E07E17D) :Capp(E()vElaD)

in several new cases, for instance when Ey,E; ¢ D, EcNE, =0, E; =
F;UE!UE!, where F; (i =0,1) is compact, E/ is not accessible from D by
rectifiable arcs and E! is open relative to D or to D while D is m-smooth
of order p > n on (Fy U Fy) NoD.

I begin by recalling several preliminary results and some concepts.

A domain D is said to be m-connected at £ € 0D if m is the least integer
for which there exist arbitrarily small neighbourhoods Ug of ¢ such that
Us N D consists of m components.

D is m-smooth of order p > 1 at £ € 9D if:

1° D is m-connected at &;

2° there exist a constant A\, > 0 and a neighbourhood U such that
Ues N D consists of m components Ay,..., A, and if V¢ is an arbitrary
neighbourhood of ¢ contained in Ug, there exists a neighbourhood Vé C Ve
so that M,I'(Ey, E1, Ve N Ag) > A\, whenever Ey, E1 C A (kK =1,2,...)
are connected and E; N OVe, E; N 81/5’ #0 (i=0,1).

If D is m-smooth of order p at each point of a set £ C 9D, then D is
called m-smooth of order p on E. In the particular case p = n, we obtain
the definition of a domain m-smooth at £ or on E (cf. J. Hesse [6]).

PROPOSITION 1 (P. Caraman [4], Theorem 1). If Fy, Fy C D are compact,

Fon Fy =0 and D is m-smooth of order p > 1 on (Fy U Fy) NID, then
M,I'(Fy, F1, D) = cap,(Fo, F1, D) .

Arguing as in Theorem 2.23 of J. Hesse’s [6] Ph.D. thesis, we deduce

PROPOSITION 2. If Ey, E1 C D, Ex N Ey = 0 and either Ey or E; is
bounded, then M,I"(Ey, E1,D) < oo (p > 1).

Let o > 0 be a Borel measurable function on R™ and, for r € (0,1), let
Ei(r) = {z : d(z,E;) < r} (i = 0,1). Then, let L(o,r) = inf, vadH1
and Ly(p,r) = inf, fwgdHl, where the infimum is taken over all v €
I'[Ey(r), E1(r), D], and v € I'[Ey, E1(r), D], respectively. If r; > ry >
...>0and limg_, o 7 = 0, then

F[Eg(’l“l),El(T‘l),D] [E()(T‘g),El(T‘Q),D] Dy,
F[EQ,El(T‘l),D] [Eo,El(Tg),D] Doy,
implying L(o,71) < L(o,72) < ... and Lqi(o,71) < L1(p,7m2) < ... Set
L(p) = limg 00 L(o,7x) and L1 (o) = limg—o0 L1(0, k).

oI
or
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PROPOSITION 3 (P. Caraman [4], corollary to Proposition 1). If Ey, B4 C
D and ¢ € F|I'(Ey, E1,D)], then L(0) > 1 iff Ve > 0 there exists § = 6(e)
€ (0,1) such that fv odH" > 1 —¢ Yy € I[Ey(r), E1(r), D] Vr < 8, where
I, denotes the subfamily of the rectifiable arcs of I'.

Remark. We observe that each of the conditions L(p) > 1 and L(g, )
> 1 — ¢ implies Eg N E7 = (), and that is why we did not mention this last
condition explicitly.

PROPOSITION 4 (P. Caraman [4], Lemma 1). If Fy, Fy C D are compact
and D is m-smooth of order p > 1 on (Fy U F1) N 0D, then L(p) > 1
Vo € A, = {0 € FII'(Fy, F1,D)] N LP; oo continuous and o(x) > af > 0
Vo € F YF compact}, where A =D — (Fy U Fy).

A direct consequence of the preceding two propositions is

COROLLARY. Let Fy,Fy, C D be compact, Fy N F; = 0, D m-smooth
of order p > 1 on (Fy UF1)NOD and o € A,. Then Ve > 0 there exists
0 =10(e) € (0,1) such that o/(1 —¢) € F{I'[Fy(r), F1(r), D]} Vr < 0.

PROPOSITION 5 (P. Caraman [3], Lemma 1). If Dg is a superficial do-
main of the sphere S(zo,7), Eo, By C Dg, Eg N Ey = 0 and there exists
a spherical cap K C Dg of S(xo,r) such that KN E; # 0 (i = 0,1) and
o:R" — R+t is Borel measurable, then Ye > 0 there exists a circular arc
v € I'(Ey, E1, K) so that
2) [ ¢"do> C pgw (S st)

v

S(zo,r)

b Wn2 [ 70 dt ]W
n7p - _ n— —Nn
22p n+1 g tr? (1 T t) pprl

(3) Wnoa [(p—n+2\"""
Z23p—n< p—1 > (n>2),

bap =1/(2m)P 1.

A set FE is said to be open relative to another set E’ if there exists an
open set G such that £ =GN E'.

PROPOSITION 6 (P. Caraman [3], Lemma 2). If Eg,E; C D are open
relative to D or to D, EqNEy =0 and o € F[I'(Ey, E1,D)|NL? (p > n),
then Ve > 0 there exist b > 0 and two domains EP (b) (i = 0,1) such that
if ¥ = y(z0,21) C D has endpoints x; € EP(b) (i = 0,1), then f odH! >
1—e.
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PrOPOSITION 7 (P. Caraman (3], Theorem 1). If Ey, By C D are open
relative to D or to 0D and EgN Ey =, then (1) holds for p > n.

Remark. In the preceding proposition, it seems not to be enough to
suppose that only one of the sets Ey, E; is open relative to D in order to
have (1) Vp > n, at least by the kind of proof used there. Indeed, in the
case n = 2, consider a square ) (see the figure) with side length [ = 2
and a sequence {d;} of parallel linear segments of length 1 4+ 2¢ (¢ > 0)
with one endpoint belonging to the side AB of the square @ such that

d((sl, 52) == 2d(52, 53) == 22d(53,54) = ... and hmk_mo 5k == 50.
A B
Ey
[ ] [ ] [ ] 61
I o |T3
Ey
01 2 ds| 04| o
D
Q

Set D = Q — Ujpe 0 and let Ejy be the rectangle open relative to D,
with one side on AB and the sides perpendicular to AB contained in dg
and d; respectively, and having length €. Next, let F; be the closed linear
segment contained in Jp of length 1 and having its endpoints at distance
2¢ and 1 4 2¢, respectively, from AB. Finally, let oo be the characteristic

function of D:
g(x):{l forx € D,
0 0 forzeCD.

Clearly, o9 € F[I'(Ey,E1,D)]. Now, let ug be the potential of gg, i.e.
up(z) = inf, fv 00 dH', where the infimum is taken over all rectifiable v =
~v(x, Ep) joining x to Ey in D, and let {x} be a sequence of points tending
to & in D, where & is the endpoint of E; at distance 2e of AB, such that
d(xy, Bo) = e. Then ug(ay) = [, eodt = [, dt = ¢, where \y L AB is the
linear segment joining zj to Ep, hence limy_,o uo(xr) = €. On the other
hand, uo(&1) = inf, [ oo dH' = inf, [ dH' = inf, H'(y) > 1, where the
infimum is taken over all rectifiable arcs joining &£; to Ey in D, so that ug
obtained in this way is not continuous in D U Fy U E; and thus it is not
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admissible for cap,(Eo, £, D).

A subfamily A C F[I'(Ey, E1,D)], where Eq, By C D, is called
p-complete if M,I"(Ey, E1, D) = inf,c 4 [ oF dm.

PROPOSITION 8 (J. Hesse [7], Lemma 4.9). If Fy, F; € D C R™ (where R"
is the one-point compactification of R™) are compact, FoNFy = () and there
exists a p-complete family A C F[I'(Fy, F1, D)] such that L(9) > 1, Vo € A,
then the family A, = {0 € F[I'(Fo, F1, D)] N LP; o lower semicontinuous
and o|p continuous} is p-complete.

PROPOSITION 9 (P. Caraman [4], corollary to Proposition 4). If Fy, Fy C
D are compact, Fo N Fy = 0 and D is m-smooth of order p > 1 on (Fy U
F1) N oD, then the family A, = {0 € F[I'(Fo, F1, D) N LP; o)p continuous
and o(xz) > af. > 0 Ve € F VF compact} is p-complete.

_ THEOREM 1. If E is open relative to D or to D, F C D is compact,
ENFEF =0 and D is m-smooth of order p > n on FNOD, then

(4) M,I'(E, F,D) = cap,(E, F, D).

Proof. We observe first that arguing as in W. Ziemer’s [10] Lemma 3.1,
we obtain

(5) M,I'(E, F, D) < cap, (E, F, D),
so that we only have to prove that
(6) cap,(E,F, D) < M,I'(E, F, D).

Proposition 2 yields that M,I'(E, F, D) < oo so that we may assume that
Ve > 0 there exists o € F[I'(E, F, D)] such that

(7) [ & dm < M,I'(E,F,D)+e.
By the same argument as in J. Hesse’s [6] Lemma 4.40, it follows that the
family
Ay, ={0€ F[I'(E,F,D)] N LP; g s continuous and
o(z) > a3, Yz € K VK compact},

where A = D—(FEUF), is p-complete. Let us show that L1(0) > 1Vp € A,,.

Suppose first that F = {¢} € 9D and ¢ € A, = {0 € F[['(E,{¢},D)] N
LP; o(x) > af > 0 Vax € K VK compact}. Assume, by contradiction,
that L1(0) < 1. Then, as in the proof of Proposition 4, let {n;} be a
sequence of numbers 7, € (0,1) (k= 1,2,...) such that >~ nx < oo, {rg}
a decreasing sequence such that limy_,o, 7, = 0 and {v;} a sequence of arcs
v € I'[E, B(§,71), D] so that f% odH' < Li(0,7k)+mx < L1(0)+nk. Then
all v, are rectifiable, so that they can be decomposed as v = xx © @}, © o,
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where

Xk € F[E7 S(gark—2)7D] 3

aﬁe € F[S(£7 rk—l)a S(f, Tk—2>7 B(§7 Tk—2)] ;

ar € I'[B(&, %), S(& k1), B(& m—1)] -
Arguing as in Proposition 4 (with obvious changes), we obtain arcs 7, €
I'(E,F,D) (k = 3,4,...) such that 1 < f% odH'! < 1 for k sufficiently
large. This contradiction yields L1 (g) > 1 in this case.

Now, consider the general case of o € A, and suppose that Li(o0) <

1. Then Li(p) < 1 — 2¢ for ¢ > 0 sufficiently small. From the def-

inition of Li(p,rk), with {ry} as above, there exists a sequence of arcs
v € I'|E, F(ry), D] such that

®) [ edH'<ILi(o,m)+e<Li(Q+e<l-e (k=12,..).
Tk

Consider a sequence {7}, where v, € I'{E,F(ry),D — F(ry)} C I'E,
F(ry), D] and 7}, C y,. Then (8) yields

(9) [ odH' < [ odH' <1-c¢.
Vi Tk
Let v, = v(zk, yx) (k=1,2,...). Then we have several possibilities:

I. There exists a subsequence of {7} (denoted again by {;.}) such that
limy, =& € 0D. Since p € A, C jp, the hypotheses of the preceding case
(F = {¢} € OD) are fulfilled so that Ly () = limy_o0 L1 (0,7%) > 1, where
Zl(g, r) = inf, f7 odH" and the infimum is taken over all v € I'(E, B(§,7),
D). Hence, by the same argument as in Proposition 3, we deduce the
existence of a § = d(¢) € (0,1) such that o/(1 —¢) € F{I'[E,B(,1),
D]} ¥r < §. On account of (9), it follows that, for k so large that y, €
B(¢,0), we should have 1 — ¢ < f%; odH' < 1 —e. This contradiction
implies Lq(0) > 1 in this case too.

II. There exists a subsequence of {7} } (denoted again by {~; }) such that
limg ooy = Yo € D. Then, arguing as in the corresponding part of the
proof of Proposition 6 (with obvious modifications), we infer that Ly (¢) > 1
also in this case.

Now, using the same notations as in Proposition 6, let

bn, (%)n log 2 for p=n,

n,p

20(p —n)(1 —¢)?
where b,, = by, , by p, > 0 are the constants appearing in Proposition 5. As in
Proposition 6, we show there exists a constant b > 0 such that 2b < d(E, F')

for p > n,
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and fB(z,b) o?dm < cVz € D. Let E = |J;—, Ex, where E (k=1,2,...)
are the components of E, and let EP(b) = {z € D;d(z,E) < b and there
exists y € F such that d(z,y) = k < k' <b, S(z, k)N E, # 0, B(y,2") N
(0D — E) U F] = 0}, where E, is the component of E containing y and
where k' = 2k for p =n and 1/kP~" — 1/(K')P~™ =1 for p > n. It is easy
to see that EP(b) is open.

In the first part of the proof, we have seen that Li(g) > 1 Vp € A,, and
arguing as in the preceding proposition, we conclude that the family

A ={o€ FII'(E,F,D)|NLF; 0|p_p continuous,
o(x) > a% > 0Vz € K VK compact}

is p-complete. Next, from Proposition 3, we derive that there exists § =
0(e) € (0,1) such that o/(1 —¢) € F{I'|[E, F(r), D]} ¥r < 6. Now, define,
for r < 4,

(o) = { /1= for€ DB UF()L

Then, as in the proof of Proposition 7, Vy € I.[EP (b), F(r), D],

o
fgldle f L dH' > 1,

where v € IL{EP®),F(r),D — [EP(b) U F(r)]}, hence, 01 €
F{I[EP(b), F(r),D]}. Next, let u(z) = min(1, inf, f,y 01 dH'), where the
infimum is taken over all arcs v joining x to F in D. By the same argu-
ment as in the corresponding part of the proof of Propositions 1 and 7, we
find that w is locally lipschitzian in D and lim,_.,, zep u(xz) = 0 Vo € E,
while lim, ., zep u(x) = 1 Vo1 € F, implying the admissibility of u for
cap,(E, F, D). Finally, arguing as in Theorem 1 of [2], we deduce that u is
differentiable a.e. in D and

(10) Vu(z)| < o1()
a.e. in D. From the definition of p; and (7), we obtain

1 M,I'(E,F,D)+¢
1o (1o

[ o dm <

Hence (10) yields

f of dm <

M,I'(E,F,D) +¢
(1—¢)p ’

cap,(E,F.D) < [ |VuPdm< [ of <
D

and letting € — 0, we obtain (6), which, together with (5), implies (4), as
desired.
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COROLLARY. If E is open, F is compact and ENF = (), then
M,I'(E,F) = cap,(E,F) (p>n),

where My,I'(Ey, E1) = M,I'(Eo, E1,R"™) and cap,(Eo, E1) = cap,(Eo, E1,
R™).

Now, let La(o,7) = inf, f,y odH"', where the infimum is taken over all
v € I'[Eo U E{(r), E1 U E{(r),D]. Hence, for a sequence {ry} as above,
LQ(Q) Tl) S L2(93T2) S .. S LQ(Q)’ where LZ(Q) = hm’rﬂo L2(er)’
_ PropostTioN 10 (P. Caraman [4], Proposition 2). If Fy, Fy C D, EynN
Ei =0 and M,I'(Ey, E1,D) < 0o (p > 1), then A, (of Proposition 4) is
p-complete.

THEOREM 2. If Eg N Ey =0, E; = E' U F;, where E' (i =0,1) is open
relative to D or to 0D, while F; is compact, and D is m-smooth of order
p>n on (FyUFy)NID, then (1) holds.

Proof. We observe first that, arguing as in Ziemer’s [10] Lemma 3.1,
we obtain the inequality

(11) MpF(EO7E17D) Scapp(E07ElaD)7
so that we only have to establish the opposite inequality
(12) Capp(EO)EhD) < Mp(E07E17D)'

If M,I'(Ey, E1,D) = oo, then (1) is a direct consequence of (11), so that
we may assume that M,I"(Ey, E1, D) < oo. But then, from the preceding
proposition, we deduce that the corresponding family A4, is p-complete so
that Ve > 0 there exists p € A, such that

) M,I'(Ey, Ey, D)
(13) f o dm < T2 )

Next, La(0) > 1 Vo € A,. Indeed, Li(p) > 1 corresponds to
I'[Fy(r), EY,D] as well as to I'[E{,Fi(r),D], while L(p) > 1 to
F[FO(T)aFl(T)’D}' If FO = F(E[/),,E{/,D), I = F(FOaEilaD)y r’ =
[(E},F,D), I'" = I'(Fy,F,D) and L(o) = lim,_oL(o,7), L(o,7) =
inf., f7 odH?", where the infimum is taken over all y € I'=TI'ur"ur”, then
L(g) > 1 since Vo € A, = {0 € [F(I") N F(I'") N F(I")] N L?; 0, p_ 5.0 Bv)
continuous, o(z) > ap > 0 Vo € F VF compact}, we have

E(Q, r) = inf f odH!
yel’

:min( inf [ odH*, inf, [ odn', inf [ gdH1>
v il il

NED" ~Er

=min[L (o, 7),L"(0,7),L" (0,7))
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VYr > 0, so that
L(o) = min[lim L' (o, 7), lim L" (g, r), lim L" (g, r)]
r—0 r—0 r—0

=min[L (9), L" (o), L""(0)] .
Hence, Ly(p) > 1 because the family Iy does not modify this result since
f7 odH' > 1Yy € I'(E}, EY, D), and, by the same argument as in Proposi-
tion 8, the family A}, = {0 € F[I'(Ev, E1, D) N L?; 0\ p—(ByuE,) continuous,
o(z) > ap > 0 Vo € F YF compact} C A, is p-complete, so that, arguing
as in Proposition 3, it follows that there is § = d(¢) € (0, 1) such that

T € F{IE{ U Fo(r), B U Fi(r), D]}
Vr < 6. Now, define

o1(2) = { A2 g0 e D [BEP() U Folr) U B{P () U F(1),
0 otherwise.

As in the corresponding part of the proof of Proposition 1, we deduce
that o1 € F{L.[EJP(b) U Fy(r), EYP(b) U Fi(r), D]} so that u(z) =
min(1,inf, fw 01 dH') (where the infimum is taken over all v joining = to
Ey in D) is admissible for cap,(Ey, E1, D). Hence, as in the last part of the
proof of the preceding theorem, we obtain (12), which, together with (11),
yields (1), as desired.

COROLLARY. If E; = E]'UF;, where E}' (i = 0,1) is open, F; is compact
and Eg N Ey =0, then M,I'(Eo, Ey) = cap,(Eo, E1) (p > n).

Next, we give criteria for equality between p-module and p-capacity,
where we only impose conditions on one of the sets Fy, F;.

ProPOSITION 11 (W. Ziemer [9], Theorem 2.5.1). If I1 C I3 C ... and
I =Up2, I, then M,I" = limy_,oc M, I} (p > 1).

PROPOSITION 12 (J. Viisald [8], Theorem 2.3). p-Almost every bounded
curve (p > 0) is rectifiable.

We recall that an arc family I is said to be minorized by an arc family
It (denoted by Iy < I%) if Vo € Iy there exists a y; € I so that 71 C ..

PropPOSITION 13 (B. Fuglede [5], Theorem 1). If Iy < I, then M,I"} >
MpFQ (p > 1)

THEOREM 3. If EgNE, = () and Ey is not accessible from D by rectifiable
arcs, then

(14) MpF(Eo, Eq, D) = Capp(Eo, Er, D) =0 (p > 1) .



46 P. Caraman

Proof. Clearly, Ey C 0D. Set E(r,oc0) = {x;d(E,x) > r} and
E(r1,7r2) = {x;r1 < d(E,z) < ro}, where d(E, x) is the distance between the
set E and the point z. Since I'[Ey, Eo(r1,72), D N Ey(r2)] < I'(Ey, E1, D),
it follows that if Ey is bounded and 1 < d(Ey, E1), then, by the preceding
two propositions,

(15) MpF(Eo,El,D) § MpF[Eo,EU(Tl,TQ),D M Eo(’l"g)] = O
If Ey is unbounded, set Er = Eg N B(R). Then
M,I'(ERr, E1,D) < M,I'[Egr,Er(r1,72), DN Eg(r2)] =0.
Hence, letting R — oo and taking into account Proposition 11,
M,I'(Ey, E1,D) = Rlim M,I'(ER, E1,D)
— 00
< Rllm MpF[ER,ER(Tl,Tg),D N ER(’I‘Q)] =0.
—00

Next, let us show that
Capp[E(),E()(’l“l, TQ), D N E[)(?”Q)] = MpF[Eo, Eo(T‘l,Tg), D N Eo(T‘g)] s

where 0 < 71 < 19 < d(Ey, E1).
Suppose first that Ey is bounded. Then Ve > 0 there exists R = R(e)
such that if p is the characteristic function of Ey(R) N D, then

fgpdm: fdm:mEo(R)<£.
Eo(R)

If Ey is unbounded, we may consider its intersection with the annuli
A0,k k+1)={z;k <|z| <k+1} (k=0,1,...) and define

_ 1 ifxe Ey(Ry) NDNAQO,k,k+1) (k=0,1,...),

o(z) = )
0 otherwise

where {Ry} is a non-increasing sequence such that Ry < r;, Ry — 0 as

k — oo and

[ rdmn=>" [ oPdm=> m[Eo(R)NDNAO0kE+1)]<e.
k=0 A(0,k,k-+1) k=0

Next, let u(x) = inf, fv[x,Eo(n,rz)] odH"', where the infimum is taken over all
arcs 7 joining x to Eo(r1,72) N D. Clearly, u(z) — 0 as x — Ey(ry,7r2) N D.
Indeed, Ey(r1,r2) is open and Vo € Ey(r1,72) N D each x sufficiently close
to zg belongs to Ey(ri,m2) N D so that it may be joined to Eg(ri,72) by an
arc of length 0 (joining z to x), hence u(x) = 0 for any z in a sufficiently
small neighbourhood of zg. Set v(x) = min[l, u(x)]. Then v(z) — 0 as z —
Ey(r1,72)ND in D and we may extend v by setting v = 0 on Eq(ry,72)NCD,
so that v|g,(r, ) = 0. Next, since Ejy is not accessible by rectifiable arcs,
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and p(z) = 1 in a sufficiently small neighbourhood of Ejy, it follows that

u(z) = inf f odH*
7]z, Eo(r1,72)]

_ ianl{’Y[ﬂf,EO(TlaTQ)] N [ [j Eo(Rg) N DN A0, k, k+ 1)} }
k=0

becomes as large as one wishes as * — Ey in D. Hence u(z) — oo and
v(z) — 1 as x — Ey, so that, if w(x) =1 —v(z), then w(z) — 0 as = — Fy
in D and w(z) — 1 as ¢ — Ey(r1,r2) in D. But, since g is bounded in R, it
follows that u, and hence also w, is locally lipschitzian in D N Eg(r2). Now,
arguing as in Theorem 1 of [2], we obtain |Vw(z)| < o(z) in D N Ey(r2),
hence w is admissible for cap,[Eo, Eo(r1,72), D N Eg(r2)], so that

cap,|Eo, Eo(r1,72), D N Ep(r2)] < f |Vw|P dm < f ofdm < e.
DNEy(rz)
Letting ¢ — 0 yields cap,[Eo, Eo(r1,72), D N Eg(r2)] = 0. Finally, letting
ro — oo and taking into account the monotonicity of the p-capacity (cf.
Lemma 6 of [2]), we get

(16)  cap,(Eo,En1, D) < cap,[Eo, Eo(r1,00), D] = uiélz/f;l bf [Vwl[? dm

=inf [ [VwlPdmn=inf [ |[Vw[Pdm
ueU, ueEU:
DﬂEo(TQ) DﬂEo(Tz)
= capp[EO, EQ(’I“l,’I“Q), DnN E()(Tg)] =0,
where
Uy ={w: DU EyU Ey(r1,00) — [0, 1]; w continuous,
wip locally lipschitzian, wyg, =0, wyg, =1},
Us = {w : [DU Ey(r2)] U Eg U Eg(r1,7m2) — [0,1]; w continuous,
W|p By (ry) locally lipschitzian, wig, = 0, wigy(r, r) = 1}-
Now, (15) and (16) imply (14), as desired.
PROPOSITION 14 (P. Caraman [2], Lemma 6). If Ey C Up—; Ef, E1 N
Ui—, E¥ =0 and Ey, E1 C D, then

Ca‘pp(E(JaEl)D) < anpp(Eg7E17D) (p > ]-) .
k=1
COROLLARY. If Ey C Ej and Ey N Ej = 0, then cap,(Eo, By, D) <
cap,(Es, B, D) (p > 1).

THEOREM 4. If EoNEy = () and E; = E! U F;, where E! (i = 0,1) is
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not accessible by rectifiable arcs, F; is compact, and D is m-smooth of order

p>1on (FyUF)NID, then (1) holds.
Proof. Indeed, by the preceding theorem and Theorem 1 of B. Fuglede
[5],
M,I'(Fy, Fy,D) < M,I'(Ey, Eq, D)
< M,I'(E{, E1,D)+ M,I'(Ey, E{,D) + M,I'(Fy, Fy, D)
= M,I'(Fy,F1,D).

Hence, taking into account Proposition 1 and the corollary of the preceding
proposition, we obtain

M,I'(Ey, E1,D) = M,I'(Fy, F1,D) = Capp(Fo,Fl,D) < Capp(Eo,El,D)
< cap,(Ey, E1, D) + cap,(Eo, Ey, D) + cap,(Fo, F1, D)
= cap,(Fo, 1, D),
hence,
M,I'(Ey, Ey1, D) = cap,(Fo, F1, D) = cap,(Eo, E1, D),
as desired.

Arguing as in the preceding theorem, on account of Propositions 1, 7
and of the preceding theorem, we deduce

COROLLARY 1. If EoNEy; = 0 and E; = E! U E! U F;, where E! is
inaccessible from D by rectifiable arcs, E!' is open relative to D or to 9D,
F; is compact (i = 0,1), and D is m-smooth of order p > n on (FoUF;)NOD,
then (1) holds.

COROLLARY 2. With the notations of the preceding corollary, if EoNE, =
0 and E; = ELUE! (i =0,1), then (1) holds Vp > n.

THEOREM 5. If cap,(Eo, E1, D) = 0, then M,I'(Eo, E1,D) =0 (p > 1).

_ Proof. From the definition of the p-capacity, it follows that Eo N E, =
EoNE; = EqNE;ND =1{. Thus the theorem is a direct consequence of

(11).
LEMMA 2. Eq N Ey = 0 = cap,(Eo, E1, D) < cap,(Eo, E1) (p > 1).
Proof. Define
Up ={u:DUEyU E; — [0,1]; u continuous,
up locally lipshitzian, u|g, =0, upg, =1},
U= {u:R" — [0,1];u continuous and locally lipschitzian,

U\Eo :0, U\El :1}
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Then U p C Up, where Up = {u)p;u € U}. Hence,

— Pdm < i P
cap,(Eo, E1, D) ulergp Df |Vul dm*ugz}tf[, f |VulP dm

< inf P dm = Ey, E
—igqu‘vM m = cap,(Eo, E1),

as desired.

PROPOSITION 15 (P. Caraman [1], Lemma 13). If D is bounded, Fy C D
and Fy C D are closed, FoNFy =0, o € F[['(Fy, F1,D — Fy)] N L", then
Ve > 0 there exists 6 = d(e) € (0,1) such that o/(1 —e) € F{I'[Fo(r), F1,
D — Fl]} Vr < 4.

Hence and on account of the corollary of Propositions 3 and 4, we have

COROLLARY 1. (D bounded, Fy C D and F; C D closed, Fy N Fy = (),
0 € F[I'(Fy, F1,D)]NLP (p > 1)) = Ve > 0 there is 6 = d(e) € (0,1) such
that o/(1 — ) € F{I'[Fy(r), F1, D]} Vr <.

Arguing as in the preceding proposition, we also obtain

COROLLARY 2. (D bounded, E C D, F C D closed, ENF = () and
o€ FII'(E,F,D))NLP (p>1)) = Ve > 0 there exists a 6 = §(e) € (0,1)
such that o/(1 —¢) € F{I'[E, F(r), D]} Vr <.

By the same argument as in the preceding corollary, we get

COROLLARY 3. (Fy, Fy compact, Fo N Fy =0 and ¢ € F[I'(Fy, F1, D] N
LP (p > 1)) = Ve > 0 there is 6 = 0(¢) € (0,1) such that /(1 —¢) €
F{I'[Fy, Fi(r),D]} Vr <94.

LEMMA 3. (D bounded, E C D, F C D closed and ENF = ()) =
a7) M,I(E,F,D) = lim M,I[E,F(r).D] (p>1).

Proof. Clearly,
(18) M,I'(E,F,D) < llir(l) M,I'[E,F(r),D],

so that we only have to prove the opposite inquality. By Proposition 2,
M,I'(E,F,D) < oo so that Ve > 0 there exists ¢ € F[I'(E, F, D)] satisfying
(7). Now, by Corollary 2 of the preceding proposition, there is 6 = d(¢) €
(0,1) such that o/(1—¢) € F{I'|E, F(r), D]} Vr < 6. Therefore, on account
of (7),

o’dm  M,[(E,F,D)+e¢

<
(=2 (=2

M,I'(E,F(r),D] < [ Vr <6,
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Hence, letting r — 0,
M,I'(E,F,D) +¢
(1—g)P ’

lim M, I'[E, F(r), D] <
T—
and letting ¢ — 0,

lim M, I[E, F(r), D] < M,I'(E, F, D),
which, together with (18), yields (17), as desired.

Arguing as in the preceding lemma and taking into account the preceding
corollary (instead of Corollary 2 of the preceding proposition), we obtain

COROLLARY 1. (Fy, Fy compact and Fy N Fy = 0) = M,I'(Fy, F1) =
limr_)o MpF[FO,F1<T)] (p > 1)

COROLLARY 2. Under the hypotheses of the preceding corollary,
MpF(Fo,Fl) = limr_>0 MPF[Fo,Fl(T)] (p > 1)

LEMMA 4. (Fy, Fy compact, D m-smooth of order p > 1 on (FoUF;)NOD
and FoNFy =0) =

(19) M,I'(Fy, F1, D) = lim M, [Fo(r), Fi(r), D] (p>1).

Proof. Clearly,
(20)  M,I(Fy, Fy, D) < lim M, [[Fo(r), Fi(r), D] (p> 1),

so that we only have to prove the opposite inequality. On account of Propo-
sition 2, M,I'(Fo, F1, D) < 00, so that we may assume that o € LP. Hence,
by Proposition 4, L(p) > 1 Vp € A, and so, by Proposition 3, Ve > 0 there
exists 0 = d(¢e) € (0,1) such that o/(1 — ) € F{I}[Fo(r), F1(r), D]} ¥r < 0.
Consequently, we may choose a g satisfying (7) and

MpF(Fo,Fl,D) +é

1—cp Vr > 0.

MyI'[Fo(r), Fi(r), D] < u_lg)p [ v dm <

Letting r — 0 and then € — 0 shows that
lim M, I[Fo(r), Fi(r), D] < M,I'(Fy, F1, D),
which, together with (20), gives (19), as desired.
Arguing as in Lemma 8 of [2], we obtain

PROPOSITION 16. (Fy, Fy compact, Fy N Fy = 0 and D m-smooth on
(Fy UF)NoD) = L(p) > 1 Yo € Ay = {0 € F[I'(Fv,F1,D)] N L";
o(z) > a% > 0Vx € FVF compact}.

Hence, we deduce
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LEMMA 5. (Fy, Fy closed, Fo N Fy = 0, D bounded and m-smooth on
(FoUF1)NOD) = L(o) > 1 Vo € A, = {0 € F[I'(Fy, 1, D)|NL*; ocp =0,
o(x) > a% > 0Vz € FVYFE compact} (p>n).

Proof. It is enough to show that the hypotheses of the preceding propo-
sition are satisfied, especially the condition ¢ € L™. Indeed,

f o"dm = f o"dm = f o™ dm + f o™ dm
D Eq Es
§fdm+f gpdemEl—i—f demng+f oP dm < o,
B Es
where Ey = {x € D;o(x) < 1}, B3 ={z € D;o(x) > 1}.
By the same argument, we also obtain
COROLLARY 1. (F closed, ENF = (), D bounded and m-smooth on
FNoD)= Li(p) >1Voe A, (p>n).

By the same argument as in Lemma 4 and using the preceding lemma
(instead of Proposition 4), we get

COROLLARY 2. (Fy, Fy closed, FoNFy =0, D bounded and m-smooth on
(FO @] Fl) N aD) = MpF(Fo,Fl,D) = limr_>0 MpF[Fo(’I“),Fl(T),D]
(p>n).

A similar argument to the one used in Theorem 4 yields

COROLLARY 3. (E; = E/UF;, F; (1=0,1) compact, FobNF; =0 and D
m-smooth of order p > 1 on (Fo U F;)NoD) =
(21) M,I'(Ey, Ey,D) = lirr[l) MpF[E6 U Fy(r), By U Fy(r), D] .

T —

COROLLARY 4. (E; = E/UF;, F; (i = 0,1) closed, Fo N F; = 0, D

bounded and m-smooth on (Fo U F1) NOD) = (21) holds for p > n.

In the particular case p = n, Proposition 4 yields

COROLLARY 5. (Fy, Fi compact, Fo N Fy =0 and D m-smooth on (FyU
F1)NOD) = L(p) > 1Vo € A, = {0 € F[I'(Fy, F1,D)]NL"™; g|a continuous,
o(x) > a% >0Vr e FVYF compact}.

By the same argument as in the preceding lemma, we obtain

COROLLARY 6. (Fy, Fy closed, Fy N Fy = 0, D bounded and m-smooth
on (Fo UF1> ﬂé?D) = L(Q) >1Voe€ .A;; = {,Q S F[F(Fg,Fl,D)} ﬁLp;Q|A
continuous, ojcp = 0 and o(x) > ap >0 Vo € F VF compact} (p > n).

Arguing as in Proposition 1 and using the preceding corollary, we deduce

COROLLARY 7. (Fy, Fy closed, Fy N Fy = 0, D bounded and m-smooth
on (Fy U F1)NOD) = M,I"(Fy, F1, D) = cap,(Fo, 1, D) (p > n).
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ProPOSITION 17 (J. Hesse [6], Theorem 5.21). If {F\}, {F]'} are two
decreasing sequences of compact sets, F' = (. Fy., F" = (. F}/ and F| N
FI' =0, then limy_.oo M,T(F., F'y = M,['(F', F").

ProprosiTION 18 (B. Fuglede [5]). If Iy = {v;x0 € v}, then M,y =0
(p <n).

THEOREM 6. (Eq N Ey = 0 and Ey at most countable) =
(22) cap,(Eo, E1, D) = M,I'(Ey, E1,D) =0 (p<n).

Proof. Suppose that Ey = {zp} and that F; is bounded. Let {ry}
be a strictly decreasing sequence such that limy_ .o, 7 = 0 and let ro,r; <
d(zo, F1). By the corollary of Proposition 14, Lemma 2, Proposition 1 and
the preceding two propositions, we obtain

Capp(.%'o, E;, D) < Capp[$01 Ey (r0)> D] < Capp[$0, Ey (TO)]

< 1im capp[B(xo,Tk)vEl(T‘O)]

= lim M. F[B(l‘o,?“k),El(To)} = Mpr[xo,El(To)} =0

k—oo
since F1(rg) is closed and bounded, hence compact. On the other hand, by
the preceding proposition,
(23) M,I'(zo,E1,D) < MpI'(x,R" —20) =0,
hence
cap,,(zo, E1, D) = M,I'(wo, By, D) =0

when FE7 is bounded.

Now, let us get rid of this restrictive condition. We have Ey = (J,—, E¥

where Ef = E1NA(0,k, k+1), and we may assume without loss of generality
that 0 € E1. By Proposition 14 and the first part of the proof,

cap,, (o, £1, D) < anpp(xo,Ef,D) =0 (p<n).
k=0

Since (23) is valid in the general case, we have
Ca’pp(x()?El)D):MpF(‘TOrEl)D):O (an)

Finally, write Fy = {xx}. Then, by Proposition 14 and the first part of
the proof,

cap,(Eo, £, D) = cap,({wx}, E1, D anpp z, E1, D)
k=1

=> M,I(zy,E1,D) =0
k=1
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and since

M,I'(Ey, E1, D Z I'(xy, E1,D) =0,

we obtain (22), as desired.
COROLLARY. Under the hypotheses of the preceding theorem,
cap,(Eo, E1) = MpI'(Ey, E1) =0 (p < n).
THEOREM 7. (Eo N Ey = 0, E; — E; (i = 0,1) at most countable, D
bounded and m-smooth of order p <mn on (EoUE;)NOD) = (1) holds.
Proof. From the preceding theorem and Proposition 1, we deduce that
M,I'(Ey, E1, D)
= MpF(EO — Eo, El,D) + MPF(EO, El — El, D) + ]\4'1,‘F(.E'07 El, D)
= MpF(E07E17D) = Capp(E()vEl)D)
= cap,(Ey, E1, D) + cap,(Eo — Eo, E1, D) + cap,(Eo, E1 — E1, D)
= Ca‘pp(E07 E17 D) .
_ COROLLARY. (E; bounded, E; — E; (i = 0,1) at most countable and
EO N E1 = @) = MpF(Eo,El) = capp(EO,El) (p < TL)
LEMMA 6. If Eo — Ey is at most countable, then M,I"(Eo, E1,D) =
MpF(EQ,El,D) (p < n)
Proof. By Theorem 6, since Ey C Ej implies M,I'(Ey, E1,D) <
M,I'(Ej§, Eq, D), we have
M,I'(Eo, E1, D) < M,I'(Ey, Ey1, D)
< M,I'(Ey, E1,D) + M,I"(Ey — Eo, E1, D)
= M,I'(Ey, Er, D).
As a consequence of Lemmas 3 and 6, we deduce
THEOREM 8. If D is bounded, Ey C D, Ey C D, EgNE, =0 and Ey —
Ey is at most countable, then M,I'(Ey, E1, D) = lim,_,q M,I'[Ey(r), E1, D]
(p<m).
Proof. Lemmas 3 and 6 yield
M,I"(Ey, E1,D) = M,I'(Ey, E1, D)
= 1111(1) M,I'[Ey(r), E1, D] = hH(l) M,I'[Ey(r), Eq, D].
PROPOSITION 19 (P. Caraman [1], Lemma 14). If D is bounded, Fy, F1 C

D are closed, Fy C D and Fy N\ Fy = (), then A = {p € F[I'(Fy, F1,D)]; 0
continuous in D — Fy} is p-complete.



54 P. Caraman

By the preceding theorem, arguing as in the preceding proposition we
obtain

COROLLARY. (F compact, E C D, E — E C D at most countable
and ENF =0) = A = {o € FII'(E,F,D)]; 0 continuous in D — F} is
p-complete.

THEOREM 9. If EoNE; =0, E; = ELUE/UE/" UF; (i =0,1), E/ is
inaccessible by rectifiable arcs from D, E! is open relative to D or to 0D,
E!" is at most countable, F; is compact and D is m-smooth on (FoUF;)NOD,
then

MTI'(Ey, Ey, D) = cap(Ey, E1,D) .
Proof. Corollary 1 of Theorem 4 and Theorem 6 yield
MTI(Ey, E1,D) = MI'(EjUE{ U Fy, E;y UE{ UFy, D)
= cap(F, U E{ U Fy, E] U EY U Fy, D) = cap(Ey, F1, D).

COROLLARY 1. With the notations of the preceding theorem, if EgNE, =
0, and E; = ElUE!" (i =0,1), then (22) holds.

Now, let us recall the following definitions of a topological cylinder (with
respect to the euclidean metric).

A triple (By, B1,Z), where Z is a domain and By, By C 0Z, is called
a topological cylinder with closed bases if there exists a homeomorphism
¢ : ZoUBJUBY — ZU ByU By such that ¢(BY) = B;, Zy = {x; (z")? +

o+ ("2 <1, 0 < 2™ < 1} is the unit cylinder and BY = {z; (z1)? +
oA (@2 <1, 2™ =i} (i = 0,1) are its bases. The B; are the bases of
the topological cylinder.

A triple (By, B1,Z) is called a topological cylinder with open bases if
the unit cylinder corresponding to ¢ has the bases BY = {z; (z})* + ... +
("2 <1, 2" =i} (i=0,1).

As a direct consequence of Proposition 1, we have

COROLLARY 1. If Z = (By, B1,Z) is a topological cylinder with closed
bases and Z is smooth of order p > 1 on By U By, then M,Z = cap, Z.

As a direct consequence of Corollary 7 of Lemma 5, we obtain

COROLLARY 2. If a topological cylinder with closed bases is smooth on
By U By, then M,Z = cap, Z (p > n).

Remarks. 1. The condition for Z to be smooth (i.e. 1-smooth) on
By U B is not more restrictive than to be m-smooth because a topological
cylinder is locally connected on its bases (i.e. 1-connected), hence, if it is
m~smooth, it has to be smooth.

2. Observe that we cannot have B; = F; U E] U E/" (i = 0,1), where
F; is closed, E! is inaccessible by rectifiable arcs, E!” is at most countable
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and F; # B;. Indeed, assume otherwise. Since B; — F; is then open in
the topology induced on B;, each & € B; — F; is an interior point (for
the induced topology), i.e. there exists a superficial neighbourhood of ¢&;
obtained as the intersection of a spatial neighbourhood of &; with B; and
which is disjoint from F;, e.g. Vg, = B(&, 1) N By, where r; < d(&;, F);
hence, Vg, C B, — F; C E] U E}”, so that E/ U E!” may not be countable.
Define BZ- = B; — 0B; (where 0B; is the relative boundary of B;). Clearly,
Ve,NB; # 0. Indeed, let U, = B(&;,;)N(ZUB;) and Ueo = o Y (Ug,). Since
¢ is a homeomorphism, Ugg is open in the topology induced on Zy U B?,
where &) = ¢71(&;), while Veo = ¢~ 1(Vg,) is open in the topology induced
on BY. Hence, Veo NBY # (), where B = BY —dBY is an (n—1)-dimensional
ball. Let nY € Veo NBY and 7; = (). Since Veo NBY is open in the relative

0
i

topology induced in B ,cp(Vgg N B?) C B; is open in the relative topology
induced in B; and n; € B, is an interior point of E!UE!.

Now, consider the ball B(n;,r.), where r; < d(n;, F; UJB;), a point
x; € B(n;, ;)N Z and the relative neighbourhood U,, = B; N B(n;,r}). The
family {\} of all linear segments joining z; to U,, is uncountable, while the
subfamily of linear segments containing points of E!” is at most countable.
Let A = (x4,1:;) C B(n;, ;) be a linear segment in {A} such that AN E}" = ()
and ¢ is the first point of B; on Z;7; from x; toward n;. Then the segment
N = (z4,§)) C Z is a rectifiable arc joining z; to E! in Z, contradicting the
hypotheses.

However, we want to point out that the bases B; may contain points
inaccessible from Z by rectifiable arcs.
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