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Holomorphic non-holonomic differential systems
on complex manifolds

by S. DIMIEV (Sofia)

Abstract. We study coherent subsheaves D of the holomorphic tangent sheaf of a
complex manifold. A description of the corresponding D-stable ideals and their closed
complex subspaces is sketched. Our study of non-holonomicity is based on the Noetherian
property of coherent analytic sheaves. This is inspired by the paper [3] which is related
with some problems of mechanics.

1. Systems of holomorphic vector fields and integral subspaces.
Let M be a complex v-manifold (dim¢ M = v). Let Oy be the structure
sheaf of M and let 7j; be the holomorphic tangent sheaf of M (7 =
Derc Opr). We say that each submodule D of 7, of finite type defines
a holomorphic differential system of first order or a system of holomorphic
vector fieldson M. In fact, D is a coherent (Ojs-coherent) subsheaf of Ty, as
Thrr is a locally free sheaf. The local sections of D are differential operators
of first order with holomorphic coefficients, i.e. holomorphic vector fields.
For each open subset U of M, D(U) is an Op;-module, i.e. if A € D(U) and
f€0y(U) then fA € D(U) ete.

We denote by £D the minimal Lie algebra subsheaf of 75, which contains
D, ie. D C LD C Tp. This means that for every p € M the stalk D, is
contained in the stalk (£D), and the following condition is satisfied: if J
is a Lie algebra subsheaf of 7j; such that D, C J, for each p € M, then
(LD), C J, for each p € M.

Let GG be a subset of M. We say that the differential system D is holo-
nomic on G iff D|G = LD|G. In the case D|G # LD|G & Ty|G, we say that
D is a non-holonomic differential system. In the case D|G # LD|G = Ty|G,
we say that D is completely non-holonomic. Recall that D|G denotes the
restriction of D on G.
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We also recall that a complex space X is called a closed complex sub-
space of M if there is a coherent ideal I of Op;, I C Oy, such that
X = supp(Op /1) and O, = (Op;/I)|X. In this case there is a canoni-
cal holomorphic map determined by the injection and denoted by X C M.
The tangent space of X, denoted by TX, is defined as usual [1]. If G is an
open subset of M and Og is the induced structure sheaf, we assume that the
ideal I is generated on G by fi,...,f, € Og(G). If (z1,...,20,81,...,5,)
are coordinates on G x C”, then T X C G x C¥ is defined as the closed sub-
space generated by fi,..., fu, (0fk/0z1)s1,...,(0fk/0z,)s,, k = 1,...,v,
where f;, and 0fy/0z; are viewed as holomorphic functions on G x C” via
the canonical projection G x C¥ — @G.

We say that X is an integral subspace for D or a singular integral of D if
each vector field A € D admits a restriction to a vector field on X, i.e. to a
vector field of the type X — T'X. The following proposition is well known.

ProrosITION 1.1. The closed complex subspace X defined by I is an
integral subspace for the differential system D iff the ideal I is stable relative
toD, i.e. D(I) C I, which means that A(I) C I for every vector field A € D.

Such an ideal will be called a D-stable ideal.

2. Involutive completion. If Ay and By are submodules of T, U
being an open subset of M, we denote by [Ay, By] the submodule of 7y, (U)
generated by all vector fields A € Ay, A’ € By and all brackets [A, A'].

We shall consider the following increasing sequence of submodules of
Tu(U)

Di(U):=DU), DyU):=[D1(U),D1(U)],...,
D;(U) := [Dj-1(U), D1(U)]; - ..

For each j € N the presheaf D; = {D;(U), p¥} (where p¥ is as usual the
restriction operator from U to V, V C U) is a (canonical) sheaf, which is a
subsheaf of T,;.

Since by assumption D; is of finite type, the same is true for Dy. One

proves by induction that for each j € N the sheaf D; is of finite type. It
follows that D; is also an Ojs-coherent subsheaf of 7.

(2.1)

PROPOSITION 2.2. Every increasing sequence of coherent sheaves {D;}
on a complex space Y is stationary over any relatively compact subset of Y.

The proof is by induction (see [2]). The proposition holds for empty
spaces (of dimension less than 0). Assume it is true for all complex spaces
of dimension less than ;1 > 0. As dim, Y < p is equivalent to there being
an open neighborhood U of y and a finite holomorphic map f : U — D,
where D is a connected open set in C*, by using the reduction steps of [2]
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(Ch. 5) it is enough to verify the proposition for the structure sheaf Oy
and for connected domains D in C¥, i.e. for Op. Finally, we use the fact
that closed complex subspaces of D are nowhere dense in D, which implies
that their dimension is strictly less than u. Indeed, in this case all sheaves
D; are coherent ideals. Let D;, # 0. The complex space Y, of D defined
by the ideal Dj, is different from D and according to the above remark we
have dimY;, < pu. Taking the sequence of all ideals D; such that D; D D;,
we conclude by the induction hypothesis that the family {D;} is stationary
over any relatively compact subset of Y. Of course, we have in mind that
all ideals D; with D; D D;, are coherent over Yj, in a natural way. The
proof is finished.

So, for a compact subset K of M there exist integers j such that for
every p € K, Dj(p) = Dj4+1(p) = ... The minimal such j will be denoted by
h(K). In the case h(K) = 1, the system D is holonomic (or involutive) on
K. If h(K) =1 for all compact subsets of M, the system is holonomic on
M in the usual sense. If h(K) > 1, the system D is non-holonomic on K.
The integer h(K) is called the index of non-holonomicity on K. In the case
(LD), = (Tam)p for every p € K, the system D is completely non-holonomic
on K.

ProposITION 2.3. Let U be an open connected domain in M and let

{D;} be the sequence (2.1), which is by assumption non-holonomic on U.
Then the subset Q,(U,D) = {p € U : h({p}) = n}, where n is a positive
integer, is an analytic subset of U.

Proof. Denoting by {A,..., Ay} = By the base of D1 (U) = D(U), we
consider the following base By for D;(U):
B2 = {A17"'7Ak7[Aj17Aj2] Zjl,jg == 1,,k}

(the order of the vector fields included in Bj is fixed), etc. The base B; is
defined by induction:

B, = {Al, .. .,Ak, [AjnAjz]’ [[Aj17Aj2])Aj3]7 .. .}, leN.

In such a way we obtain an increasing sequence of bases {B;}.
Now, the condition that h({p}) = n can be formulated by means of the
last member of the base B,,+1. In fact, B,,1+1 = B,, implies the equality

(2'4) [ o [[Ajl ) Ajz]? A.jS] s Ajn+1] e ] = Z le---.jnAj1~--jn7
G1seesdin

where A, ;. € B,. Having in mind that (2.4) is satisfied for every f €

O(U), and calculating the explicit coordinate representation of all relevant

vector fields, we conclude that the coefficients on the right and left side are

zero at p. But they are holomorphic functions on U and this zero-set is an

analytic set in U.
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3. Power D-expansions. Locally we shall work with power D-expan-
sions. For this purpose we can assume that U is an open neighborhood of the
origin O in C¥ with coordinates (z1,...,2,). As in the previous paragraph,
Ay, ..., Ay are holomorphic vector fields on U which are generators for the
Opn-module D(U). The notion of power D-expansion or power D-series is
based on the coordinate representation of the generators A;:

~ 9 i
(3.1) Aj = ;Aj(z)azi, (z:) =2 €U, Al(2) € O(U).
For a given multi-index oo = (s, ..., a) we denote by A% the composi-
tion
(3.2) A% = AT LLUARE

In the case A; = 0/0z; we write D* instead of A®.

We assume in the sequel that the vector fields A; appear in a fixed order
in the sequence Aq, ..., Ag.

In the case when U is a polydisc in C” with center at the origin O and
equal radii (r; =... =17, =r) we have the Cauchy inequality

(3.3) |D%g(0)| < Cadl /11!
for every holomorphic function g on U.
LEMMA 3.4 (Cauchy inequality for A%g). Under the above assumptions
we have
(A%g)(0)] < CleThulel(ja? /rlel.

Proof. It is not difficult to prove by induction on the length of the
multi-index a that A%(f) contains |o|!v/*! summands of the type

(3.5) AP (2)(DP AT (2)) ... (D" A (2))DP" ().

tn—1

where n := |a| and 8, ..., 3" is a multi-index such that |3!|+. . .+|38"| = |a/.
From (3.3) it follows that
AR (0) D7 AL (0) ... D Al (0)D £(0)] < ™ falt/rlel,
where C' is the common constant in (3.3) for every pair (i,7), j = 1,...,k
and i =1,...,n, ie. for every g = A;
Combining the above remark on the number of summands of A%(f) with
the last inequality we obtain (3.4).

In the sequel we also need the inequality
(3.6) la|!/a! < Cylalv!el,

where a! = a;!...ag!, which can be proved with the help of the Stirling
formula.
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Having a differential system D on U, we consider the formal power series

A%(£)(0)
(3.7) Tp(f) = Wzm ;
where 2« is the multi-index (2a4,...,2qa,). On the polydisc with common
radius r (i.e. for |z;] <r, j=1,...,v) we have [2a] = 2|/, etc.

In the classical case of the Frobenius system (9/9z1,...,0/0z,) the fol-
lowing remark holds. Since the ordinary Taylor expansion of f about the
origin is

T D*(f)(0)

z b
a!
[0

we see that in the case of convergent series, Tp(f) converges faster than the
ordinary Taylor expansion. In fact, in this case we have

T’D(f) — Z Da(f)(o)z2o¢ )

al
o

LEMMA 3.8 (Convergence lemma). The formal power series (3.7) is con-
vergent near the origin, i.e. on polydiscs with common radius v sufficiently
small.

Proof. The series (3.7) can be represented as an expansion into homo-
geneous polynomials

(2 Fa)

First, we give an estimate for each homogeneous member. Having in
mind that if [Aq| < A then [}, _,, Aa| < n"A (recall that v is the number
of components of the multi-index o)) we get

Clel+a)!
Z ‘ “ Ial ‘ <n”¢r|a| < con’ T (Cur)”
allvlelal
lo|=n

- ol

in view of (3.6).
Finally, the series (3.7) is convergent on the mentioned polydiscs with
r<1/(Cv).

4. Construction of D-stable ideals. According to (1.1) the inte-
gral subspaces of the holomorphic differential system (M, D) are defined by
D-stable ideals of Op;. Denote by (fr41, ..., fi) the ideal generated by v — r
holomorphic functions f; defined on a neighborhood U of the origin in C".
We suppose that this ideal defines a germ of integral subspace which passes
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through the origin (f,+1(0) = ... = f,(0) = 0). Let Jp be the ideal of all
f € Op(U) such that A%(f)(0) = 0 for all multi-indices a.

PROPOSITION 4.1. Every D-stable ideal (fr+1,- .., fu) is contained in the
ideal Jp.

Proof. If (fy41,...,f,) is D-stable, then for every f € (fry1,...,f0)
we have AY(f) € (fr41,-..,f,), which implies that A%(f)(0) = 0 for all
multi-indices a.

In the sequel we need the notion of embedding dimension of a closed
complex subspace X, and also the well known Jacobi Criterion. For every
p € X there exists a smallest positive integer, denoted by emb, X, such
that a neighborhood V' of p is holomorphic to a closed complex subspace of
a domain in Ce™P» X

LEMMA 4.2 (Jacobi criterion). Let X be a closed subspace of a domain
DeC’ Ifpe X and f1,..., fi € O(D) are such that
Oxp =O0pp/(fip,-- fip)Opp
then
emb, X + rank,(fi,...,fi) = p.
(Here fjp, j =1,...,1, denote the germs of f; at p.)
The proof is based on the implicit function theorem.

In general, dim, X < emb, X for all p € X. The following proposition
is also well known.

LEMMA 4.3 (Criterion of smoothness). A point p € X is smooth
iff emb, X = dim, X.

Recall that p € X is smooth if there exists a neighborhood of p in X
which is biholomorphic to an open neighborhood in C* for some pu.

PROPOSITION 4.4. If the rank at the origin of the (globally non-holo-
nomic) differential system (M, D) is r, then

1) there exist v —r convergent power D-expansions g;(z1,...,27), j =
r+1,...,v, such that the ideal generated by w; — gj(z1,...,2r), j =1+
1,...,v, is D-stable only if
A%(gj)(0) = A%(z)(0), j=r+1,....v,

for all multi-indices «,
2) the closed complex subspace defined by the above ideal (w; —
9ij(21,...,2.)) is a complex manifold.

Proof. As the dimension of the stalk D(0) of D does not depend on
the chosen coordinates (21, ... 2r, Wyy1,...,w,), we can suppose that after
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some renumbering, the vectors (A1(0),...,A,(0)) form a base for D(0).
This means that the matrix

1450, 45 =1,....7,

is non-singular. By means of a suitable change of coordinates the following
canonical form for the generators A; can be obtained:

O 0 0

A =—+4+A
LT, T, T vas,
e o S )
A, = AT ar 2
0z, " 9z + Y0z,
(4.5) ) P
Ar — Ar+1 A’“"li
+1 r+1 8Z7~+1 +4, 0z, )
e g k PR
Ak = A,kal'»l azr—i_l + Al/ azy N Z] = wj7
where A;(O) =0foreveryi=r+1,...,kand j=r+1,...,v.
Indeed, taking the inverse matrix of |[A%(0)]], i.e. [JA5(0)[|7" = [|0%]],

we introduce the new vector fields

N =304 =t

J+1
as generators. After easy calculations, we obtain the required form for the
generators.
Now, set
f(zl)' <y Zry Wr 1, - ")wl/) = Zj _gj(zlv"‘ 727“)7 Rj = Wy,
for j =r+1,...,v, where the g; are formal power series

9i(2) = aaC*, P =(3,...,2), (=77,
a:=(ag,...,a,0,...,0) and a, € C. Having in mind (4.5) we obtain
Ai(g;) = 0g; )0z for 1 <i<r.

Then in view of the ordinary Taylor formula, we set
o +...ta, g

acor .. ace

(0) = agal|a|lvol,

It follows that
(4.6) A%(g;)(0) = agalla|llol

On the other hand, A*(f;) = A%(z;) — A%(g;). Thus by (4.1) the ideal
(fr41,- .-, fv) is D-stable only if A%(z;)(0) — A%(g;)(0) = 0 for each c. In
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view of (4.6) g;(z) obtains the form

Z ‘a"a‘ylal Z |a|'a'y‘0‘|

The local convergence follows from (3.8).
For the second statement we consider the product

CY " (Wytts .-y w) X U,

where U is an open neighborhood in C"(zy,...,2,) on which the holo-
morphic functions g; are defined. Denote by Z the closed complex sub-
space of the above product, defined by the ideals generated by f;. Then
ranky (fr41,...,fy) = v —r and dim, Z = r for all x € Z. The functions
fr41y--., fu generate all ideals of Z, i.e. all J(Z), for z € Z, as every ana-
lytic set A is in a canonical way a closed complex subspace with structure
sheaf (Oz/J(A))|A. By (4.2) we get emb, Z +v —r = v —r + r for all
x € Z. Hence emb, Z = r = dim, Z for all z € Z. By (4.3) the statement
is proved.

5. Local holonomicity. Having the differential system (M, D) take
the sequence of subsheaves of 7Ty,
D=Dy, CDy;C ...CDh(K) =

To each system D; we assign the ideal of all germs f at the points p such
that A%(f)(p) = 0, where A® is constructed from D;. We get Jp, D Jp, D
. D JDh(K) =

PROPOSITION 5.1. If an ideal I is D-stable, then it is also D;-stable,
j=1,...,h(K).

Proof. If A, A" € D, we have A(I) C I and A’(I) C I, which implies
(Ao A" — Ao A)(I) C I. So we obtain A”(I) C I for every A” € Dy, etc.

PROPOSITION 5.2. The ideal Jp, ., is Dp(x)-stable.

Proof. It is not difficult to see that

A%(Ai(f)) = A*T(f) + PA(f),

where v = (0,...,1,...,0) (1 is in the ¢th position) and PA is a polynomial
of Ay, ..., Ay of degree less than |« +y|. The above equality is true because
Dk is a Lie algebra.

Now let 51,...,5;6 be a base of Dy (k). It is enough to show that
Ai(f) € Ipyy, @ = 1,...,k, for every f € Jp, . But this follows by
induction, on the length of the multi-index «, from the equality

A%(Ai())(p) = A*F(f)(p) + PA(S) (D),
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since A%H(f)(p) = PA(f)(p) = 0.

From Propositions 5.1 and 4.1 we conclude that (f,y1,...,f,) C Iy k6 -
Using the Weierstrass division theorem we can also prove the inverse in-
clusion. Indeed, if f € Jp, ,, we divide it by fr41. Since fr41 is of or-
der 1 in z,.41 we get f = Qpt1fr+1 + Rrq1, where the remainder R, 41
does not depend on z,.yq. Dividing R,4+1 by fr4+2 and so on, we get finally
[= Qr+1fr+1 + Qr+2fr+2 +...+Quf, + Ry, where R, is 0.

Recapitulating, we find that (f,11,..., f,) is a Dy(x)-stable ideal.

Remark. In general, the obtained result is of local character. It is
interesting to construct a maximal integral subspace.

EXAMPLES 5.3. 1) Consider (C3, A), where A = 8/023 + 210/0z3. This
is a holonomic holomorphic differential system whose singular integral is the
closed subspace defined by z3 — z122 = 0.

2) Now we take the holomorphic differential system (C3, D) where D
is defined globally by the vector fields Ay = 9/0z; and Ay = 9/0z +
21230/0z3. It is easy to calculate that [A;, As] = 230/0z3 and, following
the method of 4.4, that A%(g3) = 23A%(z1). So, we see that on every
compact K in the vector subspace defined by z3 = 0, the series g3 is zero
and f3 = z3 — g3 is even zero on the whole subspace z3 = 0. This means
that h(K) = h(z3 = 0) = 1, or that the maximal integral subspace is the
complex manifold defined by z3 = 0.

3) The system (C3, Ay = 8/0z1, Ay = 8/02z3+210/923) is not holonomic
as [A1, Az] = 0/0z3. The completed system Dy = {Aq, Ay, 0/0z3} defines
a Lie algebra sheaf, i.e. the index of non-holonomicity is 1.
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