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Some applications of minimax and topological degree
to the study of the Dirichlet problem
for elliptic partial differential equations

by LESZEK GEBA and TADEUSZ PRUSzZKO (Gdarnisk)

Abstract. This paper treats nonlinear elliptic boundary value problems of the form
(1) Liul = p(z,u) in2CR”, w=Du=..=D""'u ond,

in the Sobolev space WS" ’2((2), where L is any selfadjoint strongly elliptic linear differen-
tial operator of order 2m. Using both topological degree arguments and minimax methods
we obtain existence and multiplicity results for the above problem.

1. Introduction. In this paper we shall be concerned with the existence
of nontrivial solutions of problem (1). To this end we associate with (1) a
completely continuous vector field @ : WJ™?(£2) — WJ™?(£2) or a functional
I:W(2) — R of class C" in such a way that the set of all generalized
solutions of (1) is the set of all zeros of @ or the set of all critical points of I.
The connection between I and @ is such that the gradient of the nonlinear
part of I is the L-compact part of @. Using Ambrosetti and Rabinowitz’s
Mountain Pass Theorem [3] we prove two theorems on the existence of non-
trivial critical points of I and as a consequence we obtain an existence result
for generalized nontrivial solutions of (1). On the other hand, using both
the critical points of I and some topological degree arguments, we obtain
the existence of multiple nontrivial solutions.

Extensive applications of critical points to problem (1) have been consid-
ered in the case when L is the Laplacian or an operator of order 2 (see, for
instance, [3], [4], [13]; for a full list of references cf. [12]). Our theorems for
an operator L of order 2m give some generalizations of the previous ones,
or are obtained under different assumptions on p(,-).

2. Preliminaries

1. An elliptic differential operator. Let {2 be a bounded domain in R™
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with smooth boundary 9f2 and let
(2.1) L) = Y (~1)"ID%(ans(x) Du(x))
el 18] <m
be a differential operator defined for every C?™-function u : 2 — R. We

shall need the following conditions:

(2.2) L[] is strongly elliptic in {2, i.e. there exists a Cy > 0 such that for
every x € R", £ € R"

Y7 aap(@)ee” > Colem,
lae],|Bl=m
(2.3)  aap @ 2 — R are bounded C™-functions, an3 = ag, for every

la, 18] < m and aqp are uniformly continuous for |al, |5] =

We denote by C§°(£2) the space of all smooth functions in {2 which have
compact support in (2. Integrating by parts yields that for every u,p €
Cg°(12)

f Lu](x)p(x) de = f Z ap () Du(z)DPp(z) dz .
Q

2 |al,|8l<m

Thus with the operator L[] we can associate the bilinear form

fL x)dx  for u,p € C5°(£2).

That form is continuous in C§°(§2) with the norm

ldl = (> f (Dau)2dx)1/2.

la|<m

We denote by W™ (£2) the closure of C§°(£2) in the norm | - ||,. Tt
is well known that WJ"*(£2) is a Hilbert space and we call it the Sobolev
space; we denote the scalar product in W¢"*(£2) by (-, ). By the definition
of W2 (12),

(2.4)  There is a unique continuous, bilinear form B : WI?(2) x
WS””Q(Q) — R such that B(u = [, Llu]pdx for every u,¢ €
C§o(92).

We call B(-,-) the Dirichlet form of L.

A bilinear form B on W{"?(£2) is called coercive if there is C; > 0 such
that B(u,u) > Cy|ul2, for every u € W™ (£2).
In our paper we will use the following three main theorems:

(2.5) (Sobolev Embedding Lemma [5]2 Let (2 be a bounded domain in
R™ with smooth boundary. If u € Wy =(£2) then u € L'(§2) where t €
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[1,2n/(n —2m)] (n > 2m) and there is a constant Cy > 0 such that
lullze(2) < Collul|m
for all u € WJ(2). Moreover, the embedding j : Wi (2) — L'(R2) is

completely continuous.
The same assertion holds for n <2m and t € [1,00).

(2.6) (Garding Inequality [6]). If the assumptions (2.2), (2.3) hold, then
there exist constants C3, Ko > 0 such that B(u,u) > Cs|lul|?, — Kol|u||3 for
all u e WJ*(0).

(2.7) (Lax-Milgram Theorem [5]). If B is a continuous, bilinear and co-
ercive form in the Hilbert space Wg)“’Q(Q) then there exists a unique isomor-
phism A : Wi"?(02) — WJ2(2) such that (A(u), ©)m = B(u, @) for every
u, o € W2 (92).

II. Leray—Schauder degree. Let E be a real Banach space. We call a
continuous map F : E — E completely continuous if for every bounded
subset X C E the image F(X) is relatively compact. A map f : F —
E is a completely continuous vector field if f(x) = © — F(z), where F is
completely continuous. For such f and for every open, bounded U C E
with 0 ¢ f=1(0U), the Leray—Schauder degree deg(f,U,0) € Z exists.

We will use some properties of the degree (for more details see [1], [9]):

(2.8) (Existence). If deg(f,U,0) # 0, then there exists x € U with
f(z)=0.

(2.9) (Additivity). If Uy, Uy are open subsets of E and Uy C U, Uy C U,
UiNUy =0, f(z) # 0 forx € U\ (U;UU3) then deg(f,U,0) = deg(f,Uy,0)+
deg(f,Us,0).

(2.10) (Homotopy). If f1, fo : E — E are vector fields joined by a homo-
topy h(t,z) = x— H(t,x), where H : [0,1] x E — E is completely continuous
and h(t,z) # 0 for (t,z) € [0,1] x OU, then deg(f1,U,0) = deg(f2,U,0).

From (2.9) and (2.10) we have:

(2.11) If f + E — E is a completely continuous vector field which is
differentiable at its isolated zero xog and f'(xo) : E — E is invertible then
there exists r > 0 such that

deg(f, K (xo,7),0) = deg(f'(z0), K(0,7),0),
where K (xg,r) C E is the open ball with centre at xo and radius .
We will also use the following Leray—Schauder formula:

(2.12) If T : E — FE is linear, completely continuous and such that the
vector field I —T : E — E is invertible then

deg(I —T,U,0) = (—1)™
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where m = 3, m(p) and m(p) is the multiplicity of the eigenvalue p
of T.

III. Mountain Pass Theorem. Let I : E — R be a C'-functional, where
F is a real Banach space. We say [ satisfies the Palais—Smale condition if

(PS)  any sequence (u,,) C E for which I(u,,) is bounded and I’(u,,) — 0
(in E*) as m — oo has a convergent subsequence.

We say v € E is a critical point of the functional I : E — R if I'(v) = 0.

(2.14) (Mountain Pass Theorem [3]). Suppose I € C'(E,R) satisfies
(PS). Let I(0) = 0 and suppose that

(I1) there are constants o, > 0 such that Iy 0,0 = 7,
(Iy) there is e € E'\ K(0,0) such that I(e) < 0.

Then I has a critical value ¢ > v and there ezists ug # 0 which is a critical
point of I.

3. Existence and multiplicity results. We shall need the following
assumptions on a function p: {2 x R — R:

(3.1)  pisa Carathéodory function, i.e. p(-,§) is continuous for every § € R
and p(x,-) is measurable for every x € (2;

(3.2)  |p(x,&)| < a1+azlé|® with ay,as > 0and 0 < s < (n+2m)/(n—2m);
p(x, &) /& — 0 as [£] — 0 uniformly with respect to x;
there exist constants g > 2 and r > 0 such that if |{| > r then
0 < uP(x,€) < &p(a,€) where P(x,1) = [y p(z,€) dE;

(3.5) 0 < puP(z,6) <&p(z,€) for 0 <r < [¢] < 2Kr where pp > 2, K > 1
and K#~2 [, P(x,v(z))dx > B(v,v) for some v € W% (2) such
that r < v(z) < 2r, 2 € £;

(3.6) pe(z,-) € C(R,R), pe(x,§)| < az+aq|€|® where az,aq >0, 0 < s—1
and pe¢(x, ) is the differential of p(z,-).

In what follows, for a bilinear form B : W2 (02) x W2(2) — R and
for a Carathéodory function p : 2 x R — R we will consider the functional
I:WJ"?(£2) — R given by

(3.7) I(u) = %B(u,u)— [ P, ux)) de.
(9}

THEOREM 1. If B: WJ?(02) Xi/Vg”’Q(Q) — R is a bilinear, continuous,
coercive form and the function p : 2 x R — R satisfies (3.1)—(3.4), then the



Dirichlet problem for elliptic PDEs 53

functional T - WJ"?(2) — R given by (3.7) is of class C' and it has at least
one nonzero critical point.

The following version of Theorem 1 for a bounded function p : 2xR — R
is also useful for boundary value problems.

THEOREM 2. If B : W (02) x WJ?(2) — R is a bilinear, continuous,
coercive form and the bounded function p : 2 x R — R satisfies assumptions
(3.1)(3.3), (3.5) then the functional I : WJ"*(£2) — R given by (3.7) is C"
and it has at least one nonzero critical point.

We next consider the nonlinear Dirichlet problem

. (L+ )l = plo (@), v € 2,

' D%ulpn =0, la] <m —1,
where L[] is a differential operator satisfying assumptions (2.1)—(2.3) and
acR.

A function u € WJ"?(02) is a generalized solution of the Dirichlet problem
(3.8) if

Bu,g) = [ pla,u(@)p(x)de  for p € Wg™2(02),
2

where B(,-) is the Dirichlet form of the operator L + a (see (2.4)).
THEOREM 3. If the function p : 2 xR — R satisfies (3.1)—(3.4) (or (3.1)-

(3.3), (3.5)) then there exists a constant K > 0 such that for every a > K
problem (3.8) has a nonzero generalized solution.

If the function p : 2 x R — R is differentiable in its second variable, then
with every nonzero generalized solution v € Wy" 2(9) of problem (3.8) we
will associate the linear Dirichlet problem

(3.9) (L + a)[u] = pe(z,v(z))u, z €2,
o D%ulpq =0, la| <m —1.
THEOREM 4. Let p: 2 x R — R satisfy (3.1)-(3.6) and suppose that

(x)  for every nonzero generalized solution v € Wg”’Q(Q) of problem (3.8)
the function u =0 is a unique generalized solution of (3.9),.

Then problem (3.8) has at least two different, nonzero generalized solutions
provided a > Kj.

4. Nemytskii operator. We will use the well known

(4.1) LEMMA (see [12], and also [14] for characterization of the continuity
of the Nemytskil operator). Let 2 C R™ be bounded and open, and let g :
2 xR — R be a continuous function such that |g(z,€)| < a1 + az|€|™/9 for
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(2,6) € xR, r,q>1, aj,az > 0. Then the map G : L"(2) — LI(§2) such
that

(4.1.1) [G(w))(z) = g(x, u(x))

s well defined and continuous.

We call G the Nemytskii operator associated with the function g.

(4.2) LEMMA. If conditions (3.1), (3.2) hold for a function g : 2 xR — R
then the operator G : Wi (2) — LU(2) with ¢ = 2n/(n + 2m) given by
(4.1.1) for every u € W0m72((2) is well defined and completely continuous.

Proof. Consider G as a composition
WI2(02) -1 LH2) S5 L5 (2) 5 L9(0)

where (7 is the Nemytskii operator with the same formula as G, j is the
completely continuous embedding from the Sobolev Lemma (2.5) with ¢ =
2n/(n —2m) and i is the inclusion. From (3.2) and Lemma (4.1) we deduce
that G is continuous, which means G is completely continuous. =

(4.3) LEMMA. Let £2, g and G be as in Lemma (4.1). Let r > ¢ > 1 and
suppose that
(4.3.1)  the derivative ge(z,-) € C(R,R) ezists and there are as,as > 0
such that

19¢(@,&)| < az + aq|¢”,  where p < (r—q)/q.
Then the Nemytskit operator G is differentiable and
[DG(u)]p(z) = ge(z, u(z))p(z) .
Proof. We have to show that
|G(u+¢) = G(u) = [DG(u)]plla <elleller if |l <d.
Using the Mean Value Theorem and the Holder inequality we have

L q 1/q
ol [;[ lg(z, u(z) + p(x)) — g(z,u(x)) — ge(z, u(x))p(z)] dx]
1 q q 1/q
< m [(!‘ |ge (z, u(z) + 9(z)p()) — ge(x, u(z))]|?|e(x)| dx}

Hfg(‘@(&?)’qy/q dl’} Q/T] 1/q
[fg‘go(xﬂrdx]l/r

x [|l|ge (z, u(z) + I(z)p(x)) — ge (2, u(@)| )| Lrre-a] /7.
All we have to show now is

lellr <0 = [llge(z, u(z) + I ()p(x)) = ge (@, u(@) ||| Lr/o-0 <.

IN
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We will use an obvious criterion:
(4.3.2)  |l¢nllnt(2) — 0 as n — oo if and only if for every subsequence
{¢n, } there exists {¢n, } C {¢n,} such that:
1° ¢n,, — 0 a.e,
2° there exists w € L'(£2) such that |py, (z)| < w(z).
Let [[¢nllzr(2) — 0 and let ¢,, be any subsequence of ¢,. Since
ge(z,-) € C(R,R) and ¢,,, — 0 a.e. we have
9e (@, u(x) + 0(2)pn,, (¥)) — ge(x, u(z)) — 0 ae.
Moreover,
|9¢ (2, u(2) + V() pn,, (7)) — ge (@, u(x))]
< |ge (@, u(x) + 9 (2)en,, (2))] + |g¢ (x, u(x))]
< 2a3 + aslu(@) " + aglu(x) + @n,, ()"

< 2a3 + as|u(z) + pn,, (¥) " = w(z) € Lra/(r=a)
because 1 < (r — ¢q)/q. Using (4.3.2) we have

[enllLr =0 = [[lge(z, u(z) + F(z)pn(x)) — ge (2, ul@)) || Lr/-a) — 0.
This finishes proof of the lemma. =

5. Reformulation of the Dirichlet problem. Recall that u €
W{2(£2) is a (generalized) solution of problem (3.8) if u is a solution of the
following equation, which we call the generalized Dirichlet problem for (3.8):

(5.1)  Bluy) = [ plou()e(@)de  for p e WH(92),

Q
where B : WJ?(£2) x WJ"?(£2) — R is the Dirichlet form associated with
the operator L + a.

In the rest of our paper, whenever we use minimax methods we will
associate with the generalized Dirichlet problem (5.1) a special functional
I: Wgn’z((?) — R, which is of class C. If we use topological degree methods
we will work with a completely continuous vector field f : Wi™?(£2) —
Wy (92).

We start with a proposition which is a consequence of the Riesz Theorem:

(5.2) PROPOSITION. Let E be a Hilbert space with a scalar product (-, -)
and let & : E — R be a functional of class C'. Then there exists exactly one
continuous map V® : E — E such that

(5.2.1) [ (u)](v) = (VD(u),v) for everyu,v € E.
We call the map V@ : E — FE the gradient of ®.
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(5.3) LEMMA. Let p: 2 x R — R satisfy (3.1), (3.2), let G : WJ"*(2) —
L1($2) with ¢ = 2n/(n + 2m) be the operator given in Lemma (4.2) and
let j, : Wi (02) — L9(£2) be the Sobolev embedding. Then the functional
J:W2(2) — R defined by

ffpa:tdtdw
20

is C and its gradient V.J : W2 (02) — W?(£2) is completely continuous
with
(5.3.1) VJ=jloG,

where jy : LI(£2) — Wy 2(02) is the adjoint operator to j, (Jg(u) = w &
<w7@>m = <u7]q(90)>0)
Proof. We show first J € C1(WJ"?(£2),R). Consider .J as a composi-
tion: )
WrAe) 2 L)
lj H
R L Y0
where j, : WJ"?(2) — L*(£2) is the Sobolev embedding with t = 2n/(n —
2m), T is the integration operator, T'(w) = [,w(z)dz, and H is the
Nemytskii operator associated with P(:c,u(x)) = Ou(z) p(x,t)dt. H is well
defined because by (3.2), |P(x,€)| < a+ al¢]*T! and s + 1 < 2n/(n — 2m).
By Lemma (4.3) with g¢ = p, g = P, r =t, ¢ = 1 we find that J is
differentiable and J'(u)p = [, p(z,u(z))p(z) dz for every ¢ € W"?(12).

Moreover, we have the commutative diagram

()
lVJ NG
W (2)  — L2

Jq
where G is the operator given in Lemma (4.2) (¢ = 2n/(n + 2m)). By

Lemma (4.1), G is continuous and J' is continuous. By Lemma (4.2), G is
completely continuous, and hence so is V.J. m

Let B : WJ™?(£2) x WJ"?(£2) — R be the Dirichlet form appearing in
(5.1) and let J : Wy**(£2) — R be the C'-functional from Lemma (5.3).

With the generalized Dirichlet problem (5.1) we associate the C'-functional
I:W™?(£2) — R defined by

(5.4) I(u) = 1B(u,u) — J(u) for u € W5 (02).
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If the form B(-,-) is coercive then (by the Lax—Milgram theorem) there
exists a unique continuous linear isomorphism A : W;" 2(02) — Wy 2(0)
such that

(5.5) B(u,p) = (A(u),p)m for u,¢ € ng(()).

Then with the generalized Dirichlet problem (5.1) we can associate the fol-
lowing completely continuous vector field f : W™ (£2) — W™ (£2):

(5.6) f=id-A"to (VJ).

(5.7) LEMMA. Let p: 2 x R — R satisfy (3.1), (3.2). Then:
(5.7.1)  w € WJ"(82) is a solution of (5.1) & w is a critical point of
I:W2(02) - R;
(5.7.2)  if p satisfies (3.6) and B(-,-) is coercive then u € W"*(R2) is a

solution of (3.8) < w is a zero of the completely continuous vector

field f =id—A~L o (V).

Proof. (5.7.1) If w € WJ™*(2) and I'(u) = 0 then B(u,p) =
[ p(z,u(x))p(x) de, that is, u is a solution of (3.8).

(5.7.2) If f(u) =u— AzloVJ( u) = 0 then A(u) = VJ(u), (A(u), ¢)m =
(VJ(u), @)m for ¢ € Wi™*(£2), and

B(u, @) = (J; oG, <P>m; B(u7 90) - f p(m,u(m))cp(x) dx,

where G is the Nemytskii operator associated with p. m

6. Proofs of theorems.

I. Proof of Theorem 1. We will use the Mountain Pass Theorem
(cf. (2.14)). We first list the steps of the proof.

(6.1)  Assumptions (3.1), (3.2) imply that I € C*(WJ"*(2),R).

(6.2)  Assumptions (3.1)—(3.3) imply that 7(0) = 0 and
(I1) there are constants g,y > 0 such that I(u) > v for u € 0K (0, o).

(6.3)  Assumptions (3.1), (3.2) and (3.4) imply that
(Io) there exists u € W{™?(£2) \ K(0, g) such that I(u) < 0.

(6.4)  Assumptions (3.1), (3.2) imply that every bounded sequence {uy} C
W ?(£2) such that I'(uy) — 0 has a convergent subsequence.

(6.5)  The functional I satisfies condition (PS).
We claim that (3B(u,u)) ¢ = B(u, ¢). Indeed,
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= [3B(u,u) + 5B(u, ) + 3B(p,u) + 5B(p,¢) — 3B(u,u) — B(u, )|
=3B, 9)l < 3C1l¢llm < elllm  if llollm < 2¢/Cr.
Since B is continuous, 3 B(-,-) € CY(WJ?(2),R). By Lemma (5.3), J €
CH(W2(£2),R), which means I € CY(WJ"?(£2),R).
We now check the other assumptions of the Mountain Pass Theorem.
1(0) = 0 is obvious.
(Iy) By (3.2), (3.3) for 6 > 0

30, >0Vz € QV|E| >0 |P(z, )] < CylelT.

By (3.3)
Ve>030>0Ve e V|| <6 |P(x,8)] < Cselé)?.
Now,
f|P$u |d:1:<C58f]u \2d$+C’4f|u )1 dx

9
< C5eCilull7, + 0403\\uH;“ < lull (C5Cse + Callull; ) Cs < eflull7,

provided ||[ul,, < (Cs5¢)*/=V/C,. That means J(u) = o(||u||2,). By (3.4),
I(u) = $B(u,u) — J(u) > Ci|lul|?, — o(||lul|?,). Hence there exist o, > 0
such that I(u) > « for every u € 9K (0, o).

(Iz) We first show P(x,&) > by|&|* — b for |£] > r > 0, where by, by > 0.
By (3.4), p/t < p(z,t)/P(x,t) for t > r > 0, and

¢ ¢
1 p(z,1)
2at < dt
;f t f P(x,t)

r

Therefore
p(lné —Inr) <InP(z,£) —In P(z,7).
Hence there exist b1,b2 > 0 such that by[¢|* < P(z,§) for [£] > r and

b1|&|# — b < P(x,&) for every €. The proof is the same when we start with
t < 0. Now,

1
I(tu) = §B(tu,tu) — J(tu) < CIHUHm — byttt f |u(x)|* dz + ba|£2].

Since pu > 2 we get I(tu) — —oo as t — oo. Thus there exists u € WOm’Q(Q),
u ¢ K(0, p), such that I(u) <O0.
Before we show that I satisfies (PS) we must prove:

6.6) LEMMA. If {u} is bounded in W™2(0) and T’ ug) — 0 then {uy
0

has a convergent subsequence.

Proof. Since I'(u)p = (A(u), p)m — J'(u)p for o € W™ (£2), we have
A7 (u) = u— A7V (u) and w, = A7 (ug) + A71I (ug). Since J' is
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completely continuous, and {ux} is bounded, it follows that J'(uy) has a
convergent subsequence, and hence so does {uy}. m

By Lemma (6.6) it is sufficient to show that if |I(ux)| < M for each
k € N and I'(u) — 0 then {uy} is bounded. Let

T = —P(z,ur(z)) + Iip(a:,uk(x))uk(x) .

Then
o s el I
I

> I(Uk) —

| =

1
B(ug,ur) — ;B(uk,uk) + f Tdx
(9}

1 1
> <—>02||uk||$n+ [ Tdz+ [ Tdx.
2

{z€R|ug(z)>r} {zeR|uy(x)<r}

The second term on the right hand side is positive by (3.4), and the third
is bounded. Therefore {uy} is bounded.

We have just shown that all assumptions hold, i.e. by the Mountain Pass
Theorem the functional I has a nonzero critical point. =

II. Proof of Theorem 2. As before Theorem 2 is a consequence of
the Mountain Pass Theorem. Assumptions (3.1)—(3.3), (3.5) imply that I
defined by (3.7) satisfies conditions (6.1), (6.2) and (6.4), hence it is sufficient
to show:

(a) condition (Iy), and

(b) [I(ug)] < M for each k € N and I'(ur) — 0 imply that {u} is
bounded.

To prove (a) observe that, as in the proof of (6.3),

uw(lng —Inr) <lnP(z,§) — In P(z,r),
&/r)FP(x,r) < P(x,§) forxe 2, r<E<2Kr.
Let v € WJ™?(£2) be a function as in assumption (3.5). Then r < Kv(z) <
2Kr and so by (3.5)

v

I(Kv) < -K’B(v,v) - K* [

2

K? [;B(v,v) ~ k"2 [ P(x,r) da:} <0.
2

P(x,r)dx

N |

r

IN

Therefore condition (I) is satisfied for u = Kwv.
To prove (b), as before in (6.5), we start with the inequality

M A+ |lugllm /1 > I(uy) — [I'(ug)] (ur) /1
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(for k sufficiently large) or in the equivalent form

a4 el [ [ pa.t)dtdz
H 20
1 1 1
> <2 — >B(uk,uk) + = f p(, ug(z))ug(z) do .
7 ”o

Since p is bounded: |p(z,&)| < N for z € 2, £ € R, we have
M + [[ug|lm (N/p+ 2NC1) > (1/2 = p)Collugl3,

where N > 1 and ||u||: < Cr||u|lm. Therefore {uy} is bounded. Now we
see that all assumptions of the Mountain Pass Theorem are satisfied and
the proof is complete. m

III. Proof of Theorem 3. By the Garding inequality (2.6) if a > Ky
then B is coercive. By Theorem 1 the functional I has a nonzero critical
point u € Wy™?(£2), which (by Lemma (5.7)) is a generalized solution of
problem (3.8). m

IV. Proof of Theorem 4. Since by assumption the function p :
2 x R — R is bounded, so is the map VJ = j3 o G (cf. (5.3.1)). Now in
virtue of (5.7.2) the set I'(I) of all solutions of (3.8) is compact. On the
other hand, the vector field ®(u) = u — [A™! o V.J](u) is differentiable and
for every w € I'(I)
[@'(w)](v) = v = [A7" 055 0 G'(w)](v).

By Lemma (4.3), [G'(w)v](z) = pe(x, w(z))v(x), so in virtue of assumptions
(%), (3.3), and Lemma (4.3), ¢'(w) is invertible and therefore every zero of
¢ is isolated. Hence the compact set ['(I) is finite. Put I'(1) \ {0} =
{u1,...,us}. By Theorem 2 this is a non-empty set. Next we make use of
the Leray—Schauder degree:

1° Choose R > 0 such that Im(A=1oV.J) C K(0,R). Then we have the
linear homotopy

H(t,u) =u—t(A" o VJ)(u) forte[0,1], ue Wi (1)
and by (2.10)
deg(®, K(0,R),0) = deg(id, K (0, R),0) = 1.
2° If w; € T'(Z) \ {0} then by (2.11), (2.12) there exists r; > 0 such that
deg(®, K (u;,r;),0) = deg(® (u;), K(0,7;),0) = £1.

3° Since [@'(0)](v) = v — [A71 0 jF o G'(0)](v) = id(v) = v (because
G'(0) = 0) by (2.11) we have

deg(®, K(0,70),0) = deg(®'(0), K(0,79),0) =1,
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where 7 is small. Finally, by additivity (2.9),

> deg(®, K (ui,r4),0) = 0

=1

provided K (u;,r;) C K(0,R) fori=1,...,s and K(u;,r;) N K(uj,r;) =10
for i # j. Now the above equality and step 2° finish the proof. =
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