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1. Introduction. In his fundamental paper [22], Stein announced that
a Lipschitz o holomorphic function on a C? domain in C*,n > 1, is actually
Lipschitz 2« in complex tangential directions—the extra smoothness comes
for free. Details of the proof appear, for instance, in Krantz [12].

It is apparent (see Krantz [12]) that Stein’s result is optimal only in the
strongly pseudoconvex case. Near boundary points where the Levi form
degenerates, one expects even greater tangential smoothness. And near
strongly pseudoconcave points the Hartogs extension phenomenon tells us
that any holomorphic function will continue analytically past the bound-
ary, and hence be in every Lipschitz class. In the paper [16] Krantz uses
Kobayashi metric language to find a general version of Stein’s theorem which
contains all the aforementioned phenomena as special cases.

In the present paper we use results of Catlin [4] and Nagel-Stein—-Wainger
[19] to work out what the theorem of Krantz [16] says in the case of finite
type domains in C2. In view of recent development concerning estimates
for the O-problem on such domains (see Fefferman—Kohn [8], Christ [6],
Nagel-Rosay—Stein—Wainger [20], Chang [5], Belanger [2], Range [21], it is
important to have detailed information about the relevant function spaces.
This paper is a first contribution to the theory.

Section 2 contains basic definitions and recalls the result of Krantz [16].
It also contains the statements of our main results. Section 3 contains a few
technical facts about the non-isotropic geometry of domains in C2. Section
4 contains the proofs of the main results. Section 5 has some applications
to the regularity properties for the solutions of the d-equations and some
concluding remarks.

Work of both authors supported in part by the National Science Foundation.
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2. Definitions, terminology, basic properties of finite type do-
mains in C? and statement of theorems. If 2 C R” is a bounded,
connected open set (a domain), define

Lip, (£2) = {f continuous on {2 :

sup  [f(z+h) = f(@)|/[M* + [ flle= = [ fllLip, < oo}
@,2+h€EN,h#£0

for 0 <a <1and
Lip, (£2) = {f continuous on {2 :

sup |f (@ +h)+ fx—h) = 2f (@)|/|h]* + ]| f]l e
z,x+h,x—h€e€ 2 ,h#0

= || fllLip, < oo};
for @ > 1 we say that f € Lip,(92) if f € C1(2),f € Lip,_,(£2), and
Vf € Lip,_;(£2) (with an obvious norm). See Krantz [13] for detailed dis-
cussion and motivation concerning these spaces. This reference also contains
a thorough discussion of the finite difference operator A¥, whose definition
we now recall:

If f is a function on a domain {2 C R™, x € (2, and h is sufficiently small
then

A f(z)= flx+h) = flz—h),
Aff(z) = AL(A (@), k>2.

For a continuous function f on a domain 2 C R” with C? boundary and
0 <a<l1, feLip,(£) if and only if

sup | f(z)| +sup AL f@)l/Ih* < C.

(Of course the latter supremum is taken over x, h such that AF f(x) is well
defined on (2.) Again see Krantz [13] for a proof that this finite difference
characterization of Lip,, is equivalent to the original definition.

Now fix a C? bounded domain 2 C C", i.e., assume that there is a
real valued C? function r on C" such that Vr # 0 on 02 and 2 = {2 €
C™ : r(z) < 0}. Let B C C" be the unit ball and let ({2, B) denote the
collection of all holomorphic maps from B to {2. For z € {2 we define the
Eisenman—Kobayashi volume form (see Krantz [12]) to be

M$(z) = inf{1/|det Jacc ®(0)| : & € (12, B), &(0) = z}.
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Once (2 is fixed and z € {2 chosen there is (by a normal families argu-
ment) a function @, € (2, B) such that

Mi2(z,€) = 1/|det Jacc @.(0)] .

The function &, is not necessarily unique. Nevertheless, another normal
families argument shows that the maps

2= 2Ol and = — [[(8/02)72.(0)],

for any multi-index /3, can be taken to be upper semicontinuous. (Here ||-|| is
the standard Euclidean norm.) By the Cauchy estimates, they are bounded
on compact sets. In particular, we may compose these functions with curves
in B and integrate.

Let D C C be the unit disc. If z € 2 and £ € C™ then define the
infinitesimal Kobayashi metric to be

FZ(2,6) = mf{[¢]/¥'(0)]| : ¢ € (2, B), 0(0) = 2,
©'(0) is a multiple of £} .

Notice that the formulas for Mi2(z), F(z,€) are analogous, but F32(z,&)
treats one direction at z at a time while M$Z(2) treats all directions simul-
taneously. Because in many examples it is very difficult to compare the two
quantities, we will mandate their comparability by replacing M§Z(z) with

Mg (2) = inf{1/| det Jacc &(0)| : & € (2,B), ®(0) = z,
|(Jace @71(2))(v(2))| < 2F (2, 0(2))},

where v(z) is the unit outward normal which will be defined in a moment.
In short, we calculate M I‘(z(z) by restricting attention to @ with the prop-
erty that | Jacc 1 is, in the normal direction, comparable to F2(z,v(z)).
Given a domain (2, we assume that a semicontinuous assignment z — @, of
optimal @’s has been selected once and for all.

Now we describe our new Lipschitz classes. Fix a bounded domain {2 C
C™ with C? boundary and associated functions @,. For z € §2, let §(z)
denote the Euclidean distance of z to 9f2. Choose ¢ = ¢(f2) > 0 such
that U = {z € C™ : 6(z) < 2} is a tubular neighborhood of 9f2. Let
v : 2 — C" be a C' function which satisfies the condition: For points
ze€ 2N{z € C":4(2) < 2}, v(z) is the (well-defined) outward unit
normal at z.

Define C*(£2) = C*(£2,Cy) to be the class of all C* curves
v:10,1] = 2Nn{z e C":4(z) < 2¢}
such that
dy(t)/de <1, Vi e (0.1,
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and
(d/dt)'y(t)] < Co,  VEE0,1], 2<5 < k.
Here C is a positive constant, fixed in advance.

We now attach a number 3y(7), its smoothness index, to each v € C*(£2).
We will see in what follows that Gy(y) > 1 always. Generically, a holomor-
phic Lipschitz a function on {2 will turn out to be Lipschitz of order 5y(7y)-«
along a curve . The Lipschitz norm will of course depend on the constant
Cy in the definition of C¥(§2, Cy).

The following notation will simplify formulas in the sequel: once a do-
main §2, a semicontinuous assignment of functions @, and a curve v € C*(2)
are fixed, we set

~ 1
Dn®yy = )

nm%¢@<@m

=)

Note that when v is complex normal with |dvy(¢)/dt| = 1 then of course
Dy (1) = Drso)-
For any curve v € C* define

DT(EW(t) =

Ao(7) = sup 1ogs(+(1)) |IDND1) -
t€[0,ho]

Elementary estimates (see Krantz [16]) show that 1/2 < Ag(y) < 1. For a
given curve v and 0 < ¢ small we define
Y (t) = () = Co(v(2)).-

When we study the Lipschitz smoothness of a function f along a curve
v € C*, we need only consider A¥(f o) for h small. Thus we restrict
attention to 0 < h < & = (£2). For v € C*(£2) and h fixed, define

os(t) = 1Og[f)zv%w ﬁ(r)][Dqu'Yhﬁ O

o) =5~ 1- 20| f% jie—1]. 1<p<o.

Elementary estimates on the Kobayashi metric (see [16]) show that 0 <
og(t) < 1, Vt € [0,ho]. It follows that ¢(1) > 0 and, for § large enough,
©(B) < 0. We select

Bo(y) = inf{f € [1,00) : p(3) <0} .

When no confusion is possible we write A\g = Ag(7), Bo = Bo(7)-
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DEFINITION 2.1. Let 0 < o < 00. A continuous function f : 2 — C is
said to be in the space £, (£2) if

(i) For any v € C*(£2), t € (0, ho), h sufficiently small, and k sufficiently
large,
AL (f o v(1))] < CfpfPorolamttbo,

(Here k > BoAo(ae — 1) + Bo, |h| < min{|t], |ho — t|}/(2k) will do.)

(i) If v : [0,1] — £2 satisfies |dy(t)/dt| = 1,|(d/dt)Iy(t)] < Cp,2 < j <
k, Vt € [0, hol, then

|AL(f o (t)] < Clh|*.
Krantz’s principal result in [16] is:

THEOREM 2.2. If 2 C C" is a bounded domain with C? boundary and
f: 2 — C is holomorphic and in Lip,(§2) then f € L,(£2).

Now we turn to domains of finite type in C2. We begin by recalling some
notions connected with the complex structure in 902. If 2 = {(21,22) € C? :
r(z) <0}, P €082, U is a small neighborhood of P, and 0r/0zy # 0 on U
then we define the vector fields

or 0 or 0 or 0 or 0
1= —— — —— d Zo=2| ——+ —— .
! 0z9 021 0z1 029 an 2 <82’1 021 + 0% 822>

Set Z; = X; +1Y;. It is easy to see that Xi,Y7,Y2 span the three di-
mensional real tangent space Tp(92) at each point P € U N 9. The
vectors {X1,Y1}, equivalently {Z;, 71}, span the maximal complex sub-
space T'5(002) C Tp(002) at each P € UNOS2. Following convention, we set
Yo =T, Xy=N.

For each P € 012, we define the Levi form

A(P) = (0, [Z1, Z:])(P)

where [Z1, Z1) = Z1Z1 — Z1Z; denotes the Lie bracket.

Let £1 be the module spanned by Z; and Z; over the C'*° functions, and

for k > 2 let £; be the nlodule spanned by elements of £;_1 and elements
of the form [X, Z1], [X, Z1] with X € £5_1.

DEFINITION 2.3. A point P € 92 is said to be of type k (k > 2) if
(or(P),X(P))y=0, VXe€gL1,
while
(Or(P),X(P)) #0, for some X € £.

Remark. In some references our points of type « are called points of
type k — 1.

DEFINITION 2.4. If 2 € C? is a domain and P € 912 is of type s, then
we say that 02 is of type k at P. We say that {2 is of type x if there exists
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at least one point in 92 of type x and all other points in 942 are of type not
greater than k.

Remarks. (1) It can be proved (see Kohn [9]) that the type of a given
point P must be an even integer if the boundary of {2 is pseudoconvex near
P.

(2) If P € 012 is a strongly pseudoconvex point, then P is of type 2.
Among pseudoconvex points, the converse is true as well.

For convenience, let L; = Z;,Ls = Z;. Now, for z € 912 near P and
i1,...,1; = L or 2, define \;; _;, (P) by the equation

i, (P)Tp modT“(U).

,,,,,

[Lij, [...[Liys Liy]--lp = Ny
We define

,,,,,

where j > 2 and the sum ranges over all 41, ..., with k < jand i1,...,1 =
1 or 2. Note than when j = 2, the function \j2(P) is the usual Levi form
of 02 at P.

Remark. Here we give another definition for finite type. A point
P ¢ 012 has type & if for every choice of vector fields Z;,Z; and T, all
commutators of Z; and Z; at P of length less than s have zero T' component,
yet there is some commutator among Z; and Z; at P of length x which has
a non-zero T component. This definition was first given by Kohn [9] and
is equivalent to Definition 2.3. We note (see Kohn [9], Bloom-Graham [3])
that in C? this definition of type is equivalent to a definition in terms of order
of contact of one-dimensional non-singular complex varieties. The situation
in C™ is much more complicated, and there is no such simple description of
points of finite type (see D’Angelo [7]).

Following the results of Nagel-Stein—Wainger [19], [20], we now define
the “higher Levi invariant” Ap(z,0) for z € 92 near P and § > 0 by

where k is the maximum type of any point on 9f2.
We also define another version of the “higher Levi invariant” pan(z,d)
for z € 3f2 near P and 6 > 0 by

(2.6) poa(z8) & min (6/4;()"/ .

Remark. The functions Ay, pao depend on the choice of vector fields
Z1,Z1and T. A different choice of r and hence of 71, Z1 and T will result
in new functions Apq, pton. However, elementary considerations show that
the ratios Apn/Asq and fipn/pes will be bounded and bounded away from
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zero near P. Thus our results will be independent of the choices that have
been made. Although we will generally work locally near a fixed point
P € 012, we can, if necessary, patch the locally defined functions together to
obtain global functions Asn(z,9) and pan(z,d) defined for all z € 92 and
0> 0.

The finite type hypothesis implies that for every compact set K in 92
there are constants Cy and C5 so that for z € K and 0 < 4§ <1

C16" < Apa(z,0) < Cad®,  C1V6 < pon(2,6) < C2 V3.

From this remark we see that at points of type 2, Agn(z,0) ~ §2 for small
0 while at a point of maximum type k, Agn(z,d) ~ 0" for small 6. For
larger §, the quantity Asq(z,d) provides a transition between points of type
2 and points of higher type. On the other hand, if we consider the function
pao(z,0), then at points of type 2, pon(z,0) ~ v/ for small §. And at
points of type k, pan(z,0) ~ {/6 for small §. This explains why, in the
proof of Stein’s theorem, we can embed a polydisc which has “size” § in the
normal direction and “size” v/§ in the tangential directions. We can also see
that in the example |21]? + |22|>® < 1, along the curve of points of type 2k
on 92 (i.e., the equator (e?,0), § € [0,27]), we can embed a polydisc which
has “size” 0 in the normal direction but has “size” */§ in the tangential
direction.

Observe that the vector fields X;,Y;,T are well defined in U N 2. We
define the subspace CF(£2) = CF(£2,Cy) = CH( R NU,Cy) C Ck(92,Cy) by
the condition

d(t)/dt € Spang (X, (1(1), Vi (1(1). T((1)},  0<t<1.
(Curves supported away from 92 are of no interest so we content ourselves
with defining CF only on U N £2.)

Now we recall the definition of a certain non-isotropic metric on 942
and metric space constructs which are associated to it. First, let C¥ denote
continuous curves which are composed of the union of finitely many elements
of C¥ (that is, “piecewise” C} curves).

DEFINITION 2.7. (i) For P,Q € 012 set
o(P,Q) = inf{é > 0 : Iy € CF(2) with v(0) = P, v(1) = Q, and

DO — a(t)X0 + 50 + ()T where

la(t)] <8, [b(t)] <6, |e(t)] < Aoa(P,0)}.
(ii) For P € 042 and § > 0 set
Bi(P,0) = {Q € 002 : Q = exp(aX; 4 bY; + cT)(P)
with |a| < 8, |0 < 8, |e| < Apa(P,d)},
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B(P,§)={Q € 802 : 3(P,Q) < d}.
(i") For P,Q € 012 set
o(P,Q) = inf{6 > 0: 3y € CF(2) with v(0) = P, 4(1) = Q and

deStt) = a(t) Xy + b(t)Y1 + ¢(t)T where

la(t)] < poe(P,0), |b(t)] < poa(P,0), |c(t)| < 4}.
(ii”) For P € 92 and § > 0 set
B1(P,§) ={Q € 992 : Q = exp(aX; + bY1 + ¢T')(P) where
|a| < NaQ(P7 6)a |b| < MaQ(P7 5)7 |C| < 5}’
B(P,§) ={Q € 902 : o(P,Q) < ¢}.
We have the following facts about the functions g, 0 and Ase and pog
and about the families of “balls” {B(P,d)} and {B(P,0)}:

(2.8)  There are positive constants C,Cs so that for all P € 02 and all
0>0
Bl(P, 015) C B(P, 5) C Bl<P, 02(5) ,
.Bl(P7 015) C B(P, (5) C Bl(P, CQ(S)
We shall also need to consider certain non-isotropic subsets of the domain
(2. First recall that a projection m : U — 042 is a smooth mapping such that
for every P € 82, w(P) = P and 7 !(P) is a smooth curve in U which
intersects 02 transversely at P. Projections always exist if 942 is C? and
the open set U is sufficiently small. For a projection 7 there are positive c;
and ¢y such that if z € U then
alr(z)] < |m(2) — 2| < ealr(2)]
If m and 7y are two projections there is a positive constant ¢ such that for
zeU
m1(2) — ma2(2)] < clr(z)].
Now fix a projection 7 : U — 9f2. We make the following
DEFINITION 2.9. For z,w € 2NU set
o(z,w) =inf{r > 0: o(w(z),7(w)) < 7, |r(z)| <7, |r(w)] <7}.
Note that if z,w € 0f2 then this definition of ¢ agrees with our earlier
Definition 2.8. Now our theorem is

THEOREM 2.10. Let 2 C C? be a domain with C**1 boundary. If 2
18 pseudoconvex and of finite type k and f : 2 — C is holomorphic and in
Lip, (2) with 0 < a < 1/k, then

[f()0) = fF(M(h)] < CAZo(m(+(0)), 2(7(0),7(h))) ,
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Vy €Cy(£2,Cy), Vh €[0,ho/(2r)].
We can also prove a dual result:

THEOREM 2.11. Let £2 C C? be a domain with C*T1 boundary. Assume
that {2 is pseudoconvex and of finite type k and f : {2 — C is holomorphic
and satisfies

1f(z) = f(w)] < Co®(z,w)
for some o € (0,1), and all z,w € 2NU. Then

£ (2) = f(w)] < Cugo(r(z), [z —wl).

Remark. It is a straightforward exercise, using the metric calculations
of Catlin [4] (see also Aladro [1]), to see that the spaces described in The-
orems 2.10, 2.11 are precisely the spaces £, of Krantz [16]. (More will be
said about this in Section 4, where the theorems are proved.) The philoso-
phy of [16] is to do function theory in an abstract metric setting; in specific
situations one calculates the relevant metric to arrive at an integration of
the theorems. In the present paper we use the important machinery of
Nagel-Stein—-Wainger [19] and Nagel-Rosay—Stein—Wainger [20] to describe
the L, for domains of finite type in C2. We restrict ourselves to considering
small « for the sake of both brevity and clarity. The treatment of o > 1/
would entail the development of a rather elaborate calculus, which we defer
to another time.

3. Some technical facts and notation. We note here some technical
information, all of which is derived from [20]. We refer to [20] for further
details. B

Set B#*(P,8) = {z € 2:7(z) € B(P,6), |r(z)| < 6}. Observe that

B#(P,§) =~ {2 € 2nU:o(z,P) <3}, Vol(B*(P,d))~ 6*u3,(P,0).

Next, there are positive constants dg, g, c1,co such that for P € 012
there is a biholomorphic Hp : C? — C? with Hp(0) = P and Hp({z : |2| <
£0}) C U such that Hp is the composition of a translation operator Tp, a
unitary operator Up and the mapping

Pp(o1,02) = (91,92 + Zdj(P)Q{) )
=2

where d; : 02 — C, j = 2,...,k, are smooth. In particular, we have
|det Jacc Hp(P)| = 1.
For each P € 02 there is a smooth h¥ : C x R — R such that

(3.1) {2 €C?:|z] <eyand Hp(z) € 2} = {z € C? : |z] < g and
Jzo > hP(zl,S){,zQ)}.
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(32)  hP(0,0) =0, VAT(0,0) = 0, (7h"/2])(0,0) = (87h" /02])(0,0)
=0for 2 <j<k.

(3.3)  The set of functions {h}pesn is a bounded subset of the space
C=({(2,1) : |2] < 2e0, [t] <2e0}).

Now h” has the following properties: For every P € 0f2 and 2 < j < k

9°tBRP (0,0
Cl/lj(P) < Z 6°‘<ﬁ)
a+B<j 2107

For every P € 0f2 and all § > 0

9o FBRP(0,0) )] T\ V™
< i - 7 < .
o f’”(P";)—?irﬁ%rin({a;m‘ 02407, ‘} 5) < capon(P0)

For every P € 0f2 and all § with 0 < § < 4§
B(P,16) C Hp({(z1, t4ih" (21,1)) : |21] < pa(P,6), [t| < 8}) C B(P, c20) .

‘ S CQAJ'(P).

Once a projection m : U — 942 is fixed we have: There are constants
do, c1, and ¢y so that for every P € 92 and all § with 0 < § < §g

(3.4)  B#(P,c10) C Hp({(21,t + iy +ih¥ (21,1)) :
y 20, |z1] <pae(P,0), |t+iy| <d}) C B(P,c2d).
If we normalize 7 so that m(z) = P if and only if (Hp)~*(2) = (0,it) for
some ¢ € R, then we have: There are positive constants do, c1, and cz with
the following properties: let z,w € 2N U with o(z,w) < §y and assume
Ir(2)| < |r(w)|. Write P = m(z) and suppose
(3.5)  (Hp) '(2) = (0,it), (Hp) '(w) = (wi,s+iy+ih" (w1, s))
with ¢,y > 0,s € R,w; € C. Then
(3.6) at <|r(z)] < eat;
(3.7) ay < [r(w)] < cay;
(3.8) c1dan(P, o(z,w)) < |s+iy| + Agn(P,|wi|) < cadon(P, o(z,w)).
If we define
BE(®) = {(z1,t +iy +ihF (21,8)) 1 y > 0, 21| < pan(P,0), |t + iy| < 8}

then, by (3.4) and (3.5), (Hp)~'(B#(P,8)) ~ B%(6).

The biholomorphic map Hp allows us to pull back the vector fields
Z1,71,Z4, and Z5 defined on U to vector fields Z¥, Z¥ ZFP and Z¥ defined
on {z € C%:|z| < gy} by the formulas

Zi(f o Hp)(2) = (Z1f)(Hp(2)),  Z3 (f o Hp)(2) = (Z2f )(Hp(2)), etc.
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4. Proofs of the theorems. In Stein’s work, the key fact (for small
«) is that, for a holomorphic Lipschitz « function f,

IVf(2)] < Co(2)*71,
while for a tangential derivative D,
D7 f(2)] < C8(2)* /2.
For us it is more convenient to formulate these matters differently.

LEMMA 4.1. If f is a holomorphic Lipschitz a function on £2 and (0/9¢)P
1s any differential monomial then

(0/0¢)°(f 0 ®.)(0)] < C|DN®-(0)|" .

Remark. It is a bit surprising that the estimate on the right is inde-
pendent of 8. But examination of the chain rule on the left alleviates the
surprise.

Proof. This is contained in Krantz [16].

Now we turn to the proof of Theorem 2.10. Before we prove the theorem,
we first state a result of Nagel-Rosay—Stein—Wainger [20] which we need to
use in our proof:

LEMMA 4.2. Suppose 2 is a smooth, pseudoconvex, finite type domain
in C? of type k. There are constants Cy and Cy depending only on k such
that if o(z,w) < 9, then

Ci < Apa(2,0)/Ago(w,0) < Cq,

where p(z,w) denotes the non-isotropic distance between z and w defined in
Definition 2.7.

Proof of Theorem 2.10. We can use the same techniques as used
in the proof of Theorem 2.2 (see Krantz [16]). But this time we need to plug
in the non-isotropic distance function Ayg. Fix a holomorphic function f in
Lip,,(£2) with 0 < a < 1/k. Here & is the type of £2. Suppose v € CrH(12)
is a curve satisfying the property in Definition 2.7(i), with domain [0, h],
0<h<e=¢g(f). Since 0 < a < k™! is small, we just need to estimate
|Ar f(7(0))]. We define three auxiliary curves as follows: For 0 <t < h,

71(t) = v(0) — Age(m(v(0)), t)v(v(0)),
Ya(t) = y(h) = Aga(m(y(R)), t)u(y(h)),
Y3(t) = (t) — Aoa(m(y(t)), h)v(~(t)) .
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Then, as usual,

[Anf(V(O)] = [f(v(Rh)) = F(7(0))]
< [f((h) = F(nON] + [f(v2(h)) = F(72(0))] + [Anf (73(0))]
=1+ I1+1II.

Terms I and II are just the estimation in the normal direction, hence we
may apply directly the property that f € Lip, (£2):

[f (71 (h)) = F(1(0)] < CAGo(m(11(0)), ) ;

[f(72(h)) = F(72(0) < CAGo(7(72(0)), h) .
By Lemma 4.2, we know that

C1 < Apa(m(7(0)),h)/ Ao (m(y(h)), h) < Cs.
Hence our last estimate is
< CA3o(w(7(0)), h),
where C' = C'max{Cy, C3}.
To get an estimate for I1I we write
h

(4.3) Anf(13(0) = [ (f(73)) (h — s)ds

0
and estimate the integrand pointwise by
(£ ) (O] = [(Vf - Vo (8) - (V1)) - 75)(8)]
= |(FPrs(9) (VDo) ™" - 13) ()] = CIDND ()| [ Doy )|~ -
By the remark after Definition 2.4, the problem reduces to knowing the size

of the largest polydisc with center 73(¢) which can be embedded in 2. In
our case, it is easy to see that (see also Nagel-Stein—Wainger [19])

IDN®., )| & C' Apa(m(13(t)), h) ~ C* Aaq(m(15(0)), h)
~ C* Aoa(m(7(0)), o(v(0),v(h))) ,
and
| Dy, 4| & C"h ~ C*5(7(0),7(h)) -
Plugging all this information into (4.3), we obtain Theorem 2.10.

Remark. As noted before, it is the shape of the polydisc that can
be imbedded in the domain near a given boundary point that controls the
geometry and the function theory. By the calculations in [1] and [4], this
polydisc is comparable to a Kobayashi metric ball. These observations are
the key to passing back and forth between the language of [16] and the
language of the present paper.
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In order to prove Theorem 2.11, we need to apply the biholomorphic
mapping Hp defined in Nagel-Rosay—Stein—Wainger [20] and another ver-
sion of “higher Levi invariant” pgn(P,0).

Proof of Theorem 2.11. Let us consider a small boundary neigh-
borhood V' C 2 NU. We shrink V if necessary so that x1,zs,x3,7 is a
coordinate system on a neighborhood W of V' with (@) being the “height”
of a point @ in W, ie., r(Q) >0ifQ € V, r(Q) =0if Q € VN 9IS and
r(Q) < 0if @ € W\ V. Consider z,w € V and o(z,w) < §. We also set
0 = c||z — w|| where ¢ is a fixed small constant. Since p(z,w) < 4, there
are two different cases: (i) ||7(2) — m(w)|| = pon(w(z),0) > J, and (ii)
||7(2) — m(w)|| < 0. To handle case (i) is easy:

() = F)| < 1) — Fr()] + | £(r(2) — Flr(w)] + | f(m(w) — F(uw)]
=1+ 1T + III.
Since o(z,w) < 0, we therefore have o(z,7(2)) = |r(z)| < 0 ~ ||z — w|| and
o(w, m(w)) ~ |r(w)| < J =~ ||z — w|]. Then
I=1[f(2) = f(7(2))] < Co®(z,7(2)) < Cllz —wl|*
< Cuga(w(z), [z —wl),
I = [f(w) = f(7(w))] < Co™(w,m(w)) < O]z — wl||*
< Cugo(r(w), ||z —wl)) = Cugo(r(2), |z — wl),
II = [f(7(2)) = f(m(w))] < Co*(w(2),m(w)) = Cuzo(r(z),9).

To handle case (ii), we need to use the biholomorphic map defined in

Section 3. Let Hy(.) be the biholomorphic map in (3.5). Then we have

(He(z) " H2) = (0,it),  (Hn(z) H(w) = (w1, s + iy + ih™ ) (wy, 5)) .
Then
£ (2) = f(w)]

|(f o HTI'(Z)) © (Hﬂ'(z))_l(z) - (f © Hﬂ'(z)) © (Hfr(z))_l(w)|

|(f o W(Z))(O?it) - (f © ﬂ'(Z))(w175 +iy + Z'hﬂ(z)(wbs))’
|(f
+

IN

0 Hr(2))(0,it) — (f o Hr(2))(0, iy)|

|(f o Hr(2))(0, iy)

— (f 0 Hy(2))(0,0 + iy + ih™ ) (wy, 5))|
+|(f 0 Hu())(0, 5 + iy + ih™ (wy, 5)

— (f 0 Hy(2))(0,0 + iy + ih™ ) (wy, 5))|
+|(f 0 Hu))(0, 5 + iy + ih™ (w1, 5)

- (f © Hﬂ(z))(wlv s+ 'Ly + th(Z)(whs))’
=I+1I+1I+1V.
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Using the fact that Hy(,)(0,it) = z € V N B#(7(2),0), Hype)(wi,s + iy +
ih™®) (w1, s)) = w € VN B#(n(z),6) and the relation

BY (0) ~ H_ (B¥(n(2),9)),

it is easy to see that H.(.)(0,0 + iy), Hr(-)(0,0 + iy + ih™®) (wy, s)), and
Ho ()0, s+iy+ih™*) (w1, s)) are points in VN B#(w(2), §). Now we estimate
the terms I to IV.

To estimate I, we just need to use the fact that if f is holomorphic in {2,
then

I= ’(f % Hﬂ(z))<07it) - (f © Hw(z))(oaiy”
0

< -

> Hl‘?X 84-2 (fOHﬂ'(Z))

< Ctr(z) = r(w)] < C7fr(2) — r(w)|

< Cupo(r(2),[r(z) —r(w)]).
Here we have applied the properties (3.6) with ¢ ~ ¢|r(z)| and (3.7) with
y ~ ”|r(w)|. The last inequality holds for |r(2)|, |r(w)| small and 0 < o < 1.

The constant C* depends on the function f but is independent of Hy . For
the second term we write
= ’(f © Hw(z))(()?iy) - (f © Hﬂ(z))(()?iy + ihﬂ(z)(wla S))‘
= |(f © Hr())(0, iy +ih™(0,0)) = (f 0 Hr())(0, iy +ih™) (wy, 5))|
0
87@(‘]00 7r(z))
< C*uoa(r(2),0) .
Here we have applied property (3.3) together with the fact that {h"}pcon
is a bounded subset of the space C™({(z,t) : |z| < 2e0, |t| < 2¢0}). The
last inequality holds because z,w € V N B#(n(2),6) and (0,4y), (w1,s +
iy +ih™) (w1, 5)) € B (9).
To estimate III and IV, we need to use the fact f is Lipschitz in the
non-isotropic sense. Thus

III = |(f 0 Hu(2))(0, s + iy + ih™ ) (wy, 5))
— (f 0 Hy(2))(0,0 + iy + ih™ ) (w1, 5))]
< Co%(Hr(z)(0,5 + iy + ih”(z)(wl, s)),
Hy(1(0,0 + iy + ih™3) (wy, 5)))
IV = |(f 0 He(:))(0, s + iy + ih™ ) (wy, 5))
— (f o Hy(o)) (w1, s + iy + k™3 (wy, 5))|
< Co%(Hr(2)(0,5 + iy + ih”(z)(wl, s)),

|t =yl < C||r(2)| = "r(w)]|

IN

max
|4

max [VA™)] | (wy, 5) — (0,0))
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Hey(wi, s + iy + ih”(z)(wl, s))).
Once again we apply the fact that Hﬂ(z)(Bf(z)(é)) ~ B#(m(2),6), so that

0% (Hr(2)(0, 5 + iy + ih™ ) (w1, 5)), He() (0,0 + iy + ih™ ) (wy, 5)))
~ 0% < pgo(n(2),0),
0% (Hp(2)(0, 8 + iy + ih™ ) (w1, 8)), He(zy (w1, s + iy + ih™ ) (w1, 5)))
~ 150 (m(2),6).
Combining the estimates of I to IV, we have
(44) IT+IO+I+IV < C*(udn(m(2),|r(z) — r(w)]) + pgo(r(z),0)) .
Now we set § = ¢||7(z) — w(w)|| to obtain

1f(2) = f(w)] < Cuga(n(z), |z —wl);
the constant C' depends on the function f but it can be absorbed into the
Lipschitz norm of f. This completes the proof.

5. Application to the regularity properties for the solutions of
the Cauchy—Riemann equation. In this section we apply the techniques
of non-isotropic geometry and the results in Section 2 to look at the Holder
estimates for the solutions of the d-equation on finite type domains. Theo-
rem 5.1 below and its corollary give estimates on the non-isotropic Lipschitz
smoothness of both the Henkin and Kohn solution of du = f when f has
coefficients which are LP, p sufficiently large. Examples (see below) show
that the estimates are sharp.

In [5], the first-named author studied the Henkin solutions H and the
Kohn solution & N = H — PoH for the Cauchy—Riemann equations on the
domain

K
HK:{(Z/,zn+1)€C"+1 2 J2p11 > ( Z ]zj]2> }, Kk €N.
1<j<n

These domains, while more complex than strongly pseudoconvex domains,
have the property that they are no more difficult to study for n > 1 than for
n = 1. In particular, the non-isotropic geometry is the same in all directions.
Thus, while Theorems 2.11 and 2.12 have been proved in full generality only
on domains in C2, their proofs apply without change to the domains H,.
We will apply these observations systematically as we proceed.

We computed in [5] that the kernel for the Henkin solution H has the
form )7, ,~o ErxFe, where Ej is a homogeneous kernel of degree —k in the
Euclidean sense, i.e.,

ErN 't — 550+ 1) = Ex(A!, X!, (s — 5 Ao + 1))
=ATPE (Y W s —to+p),
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and the kernel Fy is a homogeneous kernel of degree —¢ in the “finite type”
sense, i.e.,
FiANZw' t — 8504 p)) = Fo( A", A, N2 (s — £); A2 (0 + )
=\E (s —to+ ).

To simplify the computations, we just assume n = 1 and x = 2. Since H
is not a convolution operator, we now need to go through many tedious
calculations to look at the Holder estimates for H on the domains H,..

Once again, we need to deal with the non-isotropic geometry on H,.
Let = = (n(2),v) = (,t0), w = (n(w)ip) = (w',sip) € Hy with
m(z) = (,t), 7(w) = (w',s) € OH,. Here v = Tzp11— (D 1<j<p |z;]?)" and
p=Twnp1— (1< j<n |w;|?)* are the “height functions” defined on H . Fol-
lowing the results in Chang [5], we define the “quasi-metric” g(m(2), 7(w))
on the boundary 0H, as follows: (7 (z),m(w)) < d if and only if

O —ﬁ[ff(;'wm'ﬁ“_léw)“
< c{(zn: wnl?) 6+ 57}

and (Z?Zl |z — wj|2)1/2 < 4.

Now the main result of this section is

THEOREM 5.1. For k € N, let H, = {(2/,2p41) € C""1 ¢ Jz,41 >
(Zl<j<n z;|?)*}. Let U be a boundary neighborhood of any type 2k points.

If f is a O-closed (0,1) form on H,, with LP(U) coefficients, then the Henkin
solutions H(f) for the 0-equation satisfy

[H(f)((0)) — H(f)(v(h))]
< { C[If 1| o0y (@(4(0), ()1~ Cran)/e if 2n + 4K < p < o0,
— O fllzee @yo(v(0), v(R)) log(2(7(0),v(h))) if p = oo,
where vy € C~f(U)

Since the Bergman projection preserves the non-isotropic Lipschitz
spaces (see Chang [5] for the case H,, and Nagel-Rosay—Stein—Wainger [20]
for finite type domains in C2?), we can get the following corollary immedi-
ately:

COROLLARY. With the same hypotheses as in Theorem 5.1, the Kohn
solution 0 N =H — PoH for the 0-equation satisfies

[0"N(f)(7(0)) = 0 N(f)(v(h))]
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< { Cllfll o @) (2(7(0), y(h))) !~ Erram/r if 2n + 4k < p < oo,
= LCNf Nz @w)e(7(0),7(h)) log(e(7(0),~(h))) if p = oo.
Remarks. (1) When we restrict our attention to the case n = 1,

then H, is a finite type domain in C2. From the results of Christ [6],
Fefferman—Kohn [8], and Nagel-Rosay—Stein-Wainger [20], we know that
the Kohn solution for the Cauchy—Riemann equation maps L*(U) into the
intersection of the standard Lipschitz space Lip; ¢,y (U) (see [8]) and the
non-isotropic Lipschitz space I'1(U) (see [20]). From Theorem 2.10, it is
easy to see the Henkin solutions H satisfy

[H(S)(7(0)) = H(f)(v(h))| < CA50(n(4(0)), 2(7(0),7(h))),

vy € CR(U), Yh € [0,ho/(2k)],

for f e L>=(U).

(2) Theorem 5.1 is not only true for the case n = 1 but also true for
general n, which in some sense is more general than the results in [6], [8],
and [20]. Also our theorem not only deals with the case p = co but also
with 2n + 4k < p < 0.

(3) Theorem 5.1 deals with the non-isotropic Lipschitz spaces which de-
scribe the correct geometric phenomena on these domains H,;, (hence on the
domains E,;, = {(21,22) € C? : |21]|**+|22|? < 1}, k € N). Therefore in some
sense our result is more general than the results of Belanger [2] and Range
[21].

(4) It should be noted that the paper [17] gives methods for constructing
examples to show that estimates for the 0 problem which are presented here
are sharp.

Proof of the Theorem. As we discussed in Sections 2 and 3, we
consider the problem only on the tubular neighborhood {z € C? : §(z) <
2¢} N H,. Suppose that U is a small boundary neighborhood of 0 € 9H,
and that U C {z € C?: §(z) < 2¢} N H,. Now, given f € C.1)(U) which

satisfies Of = 0 and v € CF(U), we need to study
(5.2) H(f)(v(h) = H(f)(7(0)),  Vh € [0,ho/4].

As we have seen in [5], the crucial term for H = (K7, K5) + elliptic term is
EyFg. Let Op(H) be the standard integral operator defined by the kernel
H. To simplify notation, set

Yap = Y(v(a) - bv’y(a)vw) .

We are just considering the “dominated” kernel as follows:

Op(H)(£)(7(h)) — Op(H)(f)(7(0))
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ST T A s |

¥
(w)dV
" { Uf P2 (v(h) = Aaa(m((0)), h)vsny, w)hn,h

), h
+ snm- Aan(ﬂ{’iz;))i‘}/l)%(o) w)
<61 (h) — vy oy w) — Yo
" Uf {902(7(0) —Am(w{%) h)vy(0)> w)to.n
N OO

=h+ L+ I3+ I4.

Here v, is the unit outward normal to 0f2 at z as defined in Section 2 aIEl
dV = gdw dwy dsdp with g € C*°(U) the Euclidean volume form on U.
We have

Fd f(w)dV (w)
f d9{ f 2°(v(h) — Ao (m(7(0)), 0)vy (), w)tn.6 } d9’

h
A:‘m 7(7(0)), 0)| f (w)| dV (w) dO
f f = Apa(m(7(0)), 0)vy(ny, w)[Pn.e

1] =

[ (w)|dV () df
*Cof S PO~ o000V

< Ollflle

. ) / 1/p
Ao (m(7(0),0))P dV (w) do
<] { = v(h)—Aan(ﬂ(’Y(O))ﬁ)”v(hﬁw)wzlﬁ}

+ C\ flle

f dV (w) 4
X ; do
Of { (}f @ (v(h) — AaQ(TF(’Y(O)),9)%(h)7’w)|¢;2f9 }
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=11+ 1o,

where p' = p/(p — 1) with 2+ 4k = 10 < p < oo. Thus estimating Iy

amounts to estimating I1; and I12, which we do in a moment. It is also easy

to see that the estimates for the term I, are just the same as those for I;.
On the other hand, the term I is dominated by

f(w)aV (w)
do { f |7 — Ao (m(v(0)), h)vy(g), w)[Yn,n } d9’ '

Now the curve 0 — v(0) — Ag(m(7(0)), h)vy(g) is in Cr(U). We use this,
together with the fact that a complex tangential derivative of ¢ is not greater
than Clz — w[ to majorize (5.2) by

(5.3) || =

{Aan m(7(0)), ) + [7(0) = wl}f(w)[ dV (w)
¢ f J B0 a0 Aoy s
Since Ago(m(7(0)), k) = C|(m(7(0)))1|*h? + Ch* < Ch, it is easy to see that
Ao (m(7(0)), k) + [7(0) — w| < C(h+ [7(0) — w]) < Ch(y(h) = hvy(n), w).-

So (5.2) is not greater than (we omit again the trivial term C| f||rrh =~
Cllfllzro(m(v(0)), w(v(h))))

" v (w) }W”
54) C p ; de
69 Uloor | { | G a7 o7

Thus to estimate I it is enough to control (5.4). Finally, the term I3 is
dominated by

(5.5) [Is] =

f(w)aV (w)
d9{ f =& — Apa(m(7(0)), h)vy 0y, w) Y. n } dg‘ '

Once again the curve 6 — (0) — hvyg) is a curve in C~f(U) - C~“(U), SO
the complex derivatives of v are dominated by a constant C'. Thus the term
(5.5) is dominated by

(5.6)  Cllfller@)

AV (w) v
* f{ f 2% (7(0) = Aga(m((0)), B)vy (o), w )%h} '

Estimating (5.6) is essentially the same as estimating I75.

In conclusion, all terms I1, I, I3, and I are controlled once we have
estimated Iy1,I12, and (5.4). We proceed to this task. If we look at the
Henkin kernel for the -equation on the domains H, (see [5]), we can choose
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a local coordinate system so that we may rewrite I1; and I as follows

h s R VRZ—p?

I < Cl[flle@nyh + Clfll e o) f{ fdﬂ f r? dr
o ‘o 0

X 0deo ,

: ds 1/
!‘ [(0 4 p+ p% + 0 +14)2 + 1r22]30/2(r2 + 62 + 0% + p2)P'/2 }

h s R R?—p?

Il2SCHfHLP(U)h"i_CHfHLP(U) f{ fd/.t f 742(17”
0 0

: ds 1/p
; ; 0do
_{ [(o+ p 4 p2 + 0% +174)2 + 72820 (r2 + 6% 4 0® + p2)P }

X

with ¢ = dist(r(h),0H,), 0 < R <1 is a constant depending on H,,. Here

we use the obvious estimates

d(Aon(n(7(0)),0))
de

Aga(m(7(0)),0) < ch? and < ch'.

Now we calculate the term I;; first:
h R \/ R?—p?

ey [ { [an [ ar

0 0

0

: ds 1/p’
6o
—{ [(0+ ptp? + 0 +14)2 + r2s2307/2(r2 + 02 + 0% + p2)P'/2 }

R

§f{fdu6fr2dr

0

1 ’
[« ds}l/p 0do

h R Vi 1 ’
+ f{fdu fMTer [ *ds}l/pedﬁ
0 0 w —1

R 1

h R /
+ f{fd,u erdr f *ds}l/p 0do

0 0 Vi -1
=A+ A+ As.

Write A; as follows:

h 04 “w 1

Ay = f{ f dp erdr f *ds}l/plﬁdé?
0

0 0 -1
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1

h 20 I 1/p'
+ f{ f du erdr f *ds} 0do
0 gt 0

-1

1

h R “w 1/p'
+ f{ f du erdr f *ds} 0do
Y

0 1
=A; + A2+ Ais.

Then

0

<C f{(92)‘3p'9—p’}1/p/{ j“ 34 }W 0do
6 0 e

< Ch—4+12/p/ < Ch—4+12(1-1/p) < Cp1-10/p
~ C(3(7(0),7(1)) 17 i 10 < p < oo,

h 20 @ 1 ds 1/p’
d 2d
IRy ——

0 0

h 20 /
<c [{[u™ du}l/p 0710d0 < Ch—>+3"

_ Ch72+3(171/p) < Chl*lO/p
~ C(2(v(0),y(m)) 1% if 10 < p < oo,

h, R n 1 1/p
<Of{29f duofr dr{ 94+r4+u3pu } 6d6

< R34p /p/
< f{%fu au} " ody

0

<C f o—4+3/7" gap < Cp—2+A/P

— Ch—2+4(1—1/p) S Chl—l()/p

{mC@mw»wm»Pw@ if 10 < p < oo,
< Chlogh =~ Co(7(0),v(h))log(o(v(0),(h))) if p=oo.

h o, 0% © , 1 ds 1/p’
< f{ [ du [r dr_! (7382+92+M2)3p//2(02)p,/2} 0do
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Next we estimate the term As:

Vi

h, R
{fdu f r2dr
0 M

X

: ds 1/p’
0deo
errmarerr e araE) )
Vi 1

h 0 ) ds 1/p’
< f { f d'u f redr f [M2 + 7«282]3p’/29p/ } 0do
0 0 w

-1

h R VI 1 1/p’
+6]’{0fdyﬁ[ rm«jl“ e +r2523p/2(9p} 0do

= Ao + Aoy

We have
Vi

h 0 1 1/p
— 2 —1p1
(5.10) Azl—cof{éfdu [ drjl" W +T2823p/2} 019" do
o

h (% , 1/p’
<C f{ f ,u3/2—3p /2 d,u} do
0 0

h
<C f 95/ (2p")=3/2 gy < Op—1/2+5(1-1/p)/2

— OR25/20) < opl-10/p
~ C(@(y(0), (M) 717 if 10 < p < oo,

(5.11) A <

h R v 1 1/p’
2
{efdu [ r*ar f 2 +T2823p/29p} ede‘
I

—1
h R , 1/p
<c| [{ [wr2au} " as)
0 0
h
< C‘ [{R/CPD=3/2 1 g5/ 2r)=8/2) dg‘
0

< Ch+ Ch~—1/2+5(1=1/p)/2
< C'h~ Co(~(0),7(h)) if10<p<oo.
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Now we represent the term As as follows:

R 1

hoo6 ,
As = f{fdu [ r2ar [ *ds}l/pede
0 0 Vi -1
h R R 1 1/p/
+f{fdﬂ [ rar [ *ds} 0do
0o 0 Vi 1
= Az + A3z
We have
h R , 1 ds 1/p’
(512)  As < f “\/{ " dr_{ [M2+T252]3p’/29p'} Hde‘

f ds 1/27/
dr , } ade‘
- [,u2 +T2S2]3p /20p

0 R oo 1 ds 1/p
{fdu fr_?’pdrfw} d@‘

=
S
ﬁl\’)

0 Vi -1

0 , / 1/p'

f (R3—3p +M3/2—3p /2) du} de‘
0

> T /—s TY—-

<C f (R3/p'—391/p’ + 95/(217’)—3/2) dg‘
0
< C'RMP L OR3P =1/2 — o pL/pt L 25/ (2p)
< Ch=~C"9(v(0),v(h)) if10<p<oo.
When p = oo, i.e., p’ = 1, then

I

R

f P23 dr}l df

Vi

h 6
< f (log R + log ) dp df
0 0
h h
<" [logR-6df+C" [ (0log6 + 0)do
0 0
< Ch+ Ch?logh < Ch+ Chlogh
~ C"0(7(0),v(h)) + C"a(~(0),~(h)) log(2(+(0), v(h))) -
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1/p’

R R 1
du r2 dr } 9d0‘
ef \/{ { (1 +r252 3 /20p"

1

R R l/p'
d 2-3p’ 4 ds —1p1
f K f r T f [52 _|_U2]3p’/2 076" do
0 Vi -1

h R ’ ’ 1/}’)/
< C‘ f { f (R3—3p +,UJ3/2_3p /Q)du} d&‘
0 0

h
< C‘ f {R4—3p’(R+9) L RS/2-30/2 4 6,5/2—3p’/2}1/p’ dH‘
0

< C'h + Ch~1/245/(20")
< C"h+ Ch275/CP) ~ C(4(0),v(h)) if10 <p < oo.

When we calculate the term 72, we also need to consider the integral in
three parts:

h, R JR-p2
Clflwar [{ [an [ s*ar
0 0

0

ds

1 1/p’
X ; ; df
_{ [(0+ p 4 p? + 0% +14)2 + 72827 (12 + 6% + 0* + p?)P }

h R n 1 "y
SC{f{fdufr2drf *ds} do
0 0 0 -1
h R Vi 1 /
+ f{ f dp fNTer f *ds}l/p de
0 0 nw —1
h R R 1 n
+f{fdu [ 2ar [ *ds} d@}
0 0 Vi -1
EBl+BQ+B3.

Write B; as follows:

w 1

h 62 /
B1:Cf{ f du f’r2dr f *ds}l/p do
0 0 0

-1
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26

+Cf{f

0 92

1 ,
dp fHTer f *ds}l/p db
0

-1

1

h R N l/p'
+C’f{ f duferr f *ds} de
0

20 0 1
= DBy1 + B2+ Bis.
We have

02 I 1

h 1/p’
ds

5.14 B < du | r?dr . } do

o419 ! Of{of ”Of _{ (2 + ) + o7 2P

02 /

h
<C f{ f M—2P’M—2p/+3 d,u,}l/p do
0 0

h
<C f 9—8+8/2" gp < Cp1-8/p
0

< OR' =10 = C(3(7(0), ()17 i 10 < p < oo
if p=o0 (p' =1), then

h
(5.14') By <C [ logfdf < Chlogh
0

~ Co(7(0),~(h))log(2(7(0),~(h))) -

Estimating the terms Bis and Biz is almost the same, so we just look at
Blgi

26 I 1

h ) ds 2 20
o1 B s Of{ef e Jriar ] (rEErd

-1

h 20 , , 1/17/
C f{ f M—Zp N—Zp +3 du} do
0 92

IN

h
<C f g—4+4/P" gp < cp1—4/p
0

Chl—10/p if 10 < p < o0,

h
< C [loghdo < Chlogh ~ Ca(v(0),~(h))log(2((0),y(h)))

if p = oo.
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It is easy to see that the estimation of the terms Bs and Bj is almost the
same, so we just look at the term Ba:

ho 26 Vi 1 /
By, =C f{ f dp fﬂ r2 dr f * ds}l/p de
0 0 nw —1

h R Vi 1 1/p
—i—Cf{ f du f r2dr f *ds} df = Ba; + Bas .
0 26 o

-1

We have

h 1 dS 1/p/
(5.16) Bn <C [ r?dr [ } de
-1

o

<C [P0 TN0TRdo < C(hBHY 4 p TR
0

< 5(h—3+4(1—1/p) + h—2+3(1—1/p))

< Ch' VP = C(3(4(0),v(R)) 107 if 10 < p < 0.

For the term Bss, we have

h R Vi 1 ds 1/p
5.17) By <C d 24 df
10 azc f{ ] o J | e
h R Vi oo 1 0o ds 1/p’
< —4p —<p .
_C’Of{zef duuf r dr ri 1—1—32} do
h R p / 1/p’
SCf{ (= +M1‘2p)du} 9
0 260
h
SC! f(R4/p'—4+R3/p'—2+94/p/—4+03/p/—2)d9
0

< ChY 1 = C(5(~7(0),v(R) 17 if10<p < 0.

Finally, we turn our attention to the term (5.4). In fact, (5.4) is domi-
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nated by

h AV (w) 1/p
. P y 0
@B)CW““%JLJW@@@—Amwv@mwwwm} ;

R R2_u2

h
Sqﬂmmf{fwi.f " dr
0

0 0

ds

g 1/p
do
" _”1[ [(0+ pu+ p? 4 64 + 14)2 4 r252]30/2 }

h R o 1 1/p'

:C||fHLp(U){f{fd,u fr2dr f *ds} " a0

0 0 0 -1
h R VI

+ [ [ [r2ar fl *ds}l/p/de

0 0 I -1
h R R

1 /
+ f{fd,u f r? dr f *ds}l/p dG}
0 0 Vi —1
= D1 + D2 + D3 .
Write D; as follows:

02 “w

D1=C’{fh{ fdu erdr f *ds}l/p/dﬁ
0 0

0 -1
h 20

1 /
+ f{ f dﬂfr2dr f *ds}l/p de
0

0 92

h R m 1 1y
—i—f{fdufrzdrf*ds} dG}
DY 0 -1
=Dy + Do+ Dis.
We have
h 02 m 1

ds 1/p
' < 24 do
(5.19)  Du < C(gf { Of du Of ne _{ [(n+0)? + r282]3p’/2}

02

’ h
{ [ du}l/p do < C [ 6575 dp
0 0

<C

O%;‘
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é C/h—5+8/p' S éhl—l()/p
~ C(2(7(0),y(m)))' 1% if 10 < p < 0.

Estimating the terms Dq5 and D3 is almost the same, so we just look at
D12Z

h 20 " 1 ds 1/p’
5.20) Dy < C d 2d do
(5:20) Drz < Of { 9! : 5f e _{ (14 0)% + r232]37"/2}

ho, 20 1/p h
J { I dﬂ} d‘)' < [0 4070 dg

0 02 0

<C

< C/h4/p’—2 + C//hS/p/—5 < C/h—2+4(1—1/p) + C//h—5+8(1—1/p)
< Ch 17 = C(3(7(0), y(W))' 1P if 10 < p < 00.

Next,
R 20 Vi 1 ,
_c{f{ [ dn fNTer [ *ds}l/p df
0 0 I -1
h R Vi 1 ,
+ f{ f du fur2dr f *ds}l/p d@}
0 260 W —1
ED21+D22.
We have

h 20 Vi 1 ds 1/p
521) Doy <C d 2d de
o s of{ AR (el

N

0
h 20 1 ds 1/p’
2—3p’
I —

20

h ,
Scf{éfﬂa/z—sﬂ/zdlu}l/p a0

0

h
<" f 5/(2p")=3/2 gp < "5/ (2p")=1/2

< ORI & C(E(3(0), (k) IO i10 < p < oo,
h{ R Vi 1

1/p’
2
622 D0 [ [an [ e [ ro )
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h R Vi 1 ds 1/p’
2—3p’
gcf{ [ du [ r*%"ar [ [s2+u2]3p’/2} do
0 26 o —1

<’ f{ fﬂ3/2_3p,/2du}l/p/ d0<c//fR5/(2p')_3/2d0
- 0 20 B 5

< C"h < C(@(7(0),y(W))1P if 10 < p < c0.

Combining the results from (5.7) to (5.21), we can see that our estimates
are complete.

Remark. In our calculations (5.7) to (5.21), it appears that our es-
timate for the Lipschitz class is always better than the critical index, i.e.,
a = 1-10/p. But when we consider v € Cf and parallel to the type 4
points (i.e., the Rzq-axis), then d(Ase(7(7(0)),0))/ d0 = 63 # 6*. Then the
computations really give us the critical index. For example

N
Ay = { du r2dr - ; } 63 do
J g (rt + 0% + pt + )3 (92)7'/2

0 -1

h o, o N 1 ds 1/p’
>’ d 2d 63 de .
N f{f e <92+94+94+9>3p'<e2>p’/2}

Let o = 0 (i.e. consider the boundary 0H,;). Then

R0t 1/p/
Ay > Iod f{ f M3/2 dﬂ} 939—13 A6
0 0

h
-’ f 910/;}’710 do = éth/p’79 _ 5h79+10((171/p) _ 6h1710/p
0

~ C(8(1(0), v ()17 i 10 < p < o0.
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