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1. Introduction. Let (M,g) be a connected n-dimensional , n > 3,
semi-Riemannian smooth manifold. We denote by V, E, R, S and k the
Levi-Civita connection, the curvature tensor, the Riemann—Christoffel cur-
vature tensor, the Ricci tensor and the scalar curvature of (M, g), respec-
tively. We define on M the tensor fields R.R and Q(g, R) by the formulas

(RR)(Xl, X2,X37X4;X, Y)

= — R(R(X,Y)X1, Xp, X3, Xy) — R(X1, R(X,Y) X5, X3, Xy)

— R(X1, X2, R(X,Y) X3, Xy) — R(X1, X2, X3, R(X,Y)X,),
Q(g,R)(X1, X2, X3, X4; X, Y)
=R((XANY)Xy, X9, X3, Xy) + R(X1,(XANY) X2, X3, X4)
+ R(X1, X2, (X ANY) X3, Xy) + R(X1, X2, X5, (X ANY)Xy),
where
(X AY)Z = g(V,2)X — g(X, Z)Y ,

XY, Z, X1,...,X4 € E(M), Z(M) being the Lie algebra of vector fields
on M.

A semi-Riemannian manifold (M, g) is said to be pseudosymmetric ([4])
if at every point of M the following condition is satisfied:

(%) the tensors R.R and Q)(g, R) are linearly dependent.

A semi-Riemannian manifold (M, g) is pseudosymmetric if and only if

(1) R.R=LQ(g, R)
on the set Ugr = {x € M | Z(R) # 0 at x}, where L is a function on Ug and
K
Z(R)=R—- —"
(R)=R o 1)G
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with G defined by
G(X1, X2, X3, Xy) = g((X1 A X2) X3, Xy),

X1,..., X4 € E(M).

If R.R = 0 on M, then the manifold (M, g) is called semisymmetric ([9]).
The local and global structure of Riemannian semisymmetric manifolds was
described in [9] and [10]. The class of pseudosymmetric manifolds is essen-
tially wider than the class of semisymmetric manifolds (cf. [3], [4], [2], [7]).
The study of totally umbilical submanifolds of semisymmetric manifolds as
well as the consideration of geodesic mappings onto semisymmetric man-
ifolds lead to the concept of pseudosymmetric manifolds (see [1], [5], [6],
[8])-

In the survey paper [8] the following theorem is presented.

THEOREM 1.1 ([8], Theorem 3). If (M,g) is a pseudosymmetric semi-
Riemannian manifold admitting a non-trivial geodesic mapping f onto a
manifold (M,q) then (M,g) is also a pseudosymmetric manifold.

Unfortunately, the proof of this theorem is not published. On the other
hand, Theorem 1.1 is very important in the study of pseudosymmetric mani-
folds. In this paper we give a proof of this theorem.

2. Preliminaries. Let (M,g), n = dim M > 3, be a semi-Riemannian
manifold covered by a system of coordinate neighbourhoods {V;x7}. We
denote by Fi}j‘», 9ij R?jk, Ry and S;; the local components of the Levi-

Civita connection V and the local components of the tensors g, fi, R and
S, respectively. Further, we denote by

(2)  (R-R)nijkim = Vi ViRnijr — ViV Ryiji
= _Rm‘ijrhlm - thijrilm - ha‘rkRT]’lm - RhierTklm )
(3) Qg R)nijkim = ghmPBiijrk + gimRnijk + gimBhitke + Grm Rhiji
— gniBRmijk — 9iBhmik — 91 Rhimk — GkiRhijm
the local components of the tensors R.R and Q(g, R), respectively.

For a (0, 2)-tensor field A on (M, g) one defines the endomorphism XA, Y
of Z(M) by the formula

(X AAY)Z = A(Y, 2)X — A(X, 2)Y
where X,Y,Z € Z(M). In particular, we have
XA Y =XAY.

Further, for a (0, k)-tensor field T" on (M,g), k > 1, we define the tensor
field Q(A,T) by the formula

QUAT)(X1,.., X X,Y) = T(X AaY) X1, Xa,..., Xp)
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+T(X1a (X NA Y)X27""Xk) +.o.. +T(X1a . an—b(X ANa Y)Xk)7

where X, Y, X1,..., X € Z(M). Evidently, putting in the above formula
A =g, T = R we obtain the tensor field Q(g, R).

Let (M, g) and (M, g) be two n-dimensional semi-Riemannian manifolds.
A diffeomorphism f : M — M which maps geodesic lines into geodesic lines
is called a geodesic mapping. It is known that in a common coordinate

system {x',... 2"}, Christoffel symbols and curvature tensors of (M, g)
and (M,q) are related by

TFh _ ph sh h
(4) I3 =I5 + 0745 4 07bi
(5) R = R 4 60 i — S
where
(6) Vi = Vb — iy,

1 0 detg

7 i = ———— (log|—=1 ) .
) ¥ 2(n +1) Ox* <og deth

In the sequel such a geodesic mapping of (M,g) onto (M,g) will be
denoted by f : (M, g)L(M, g) and the manifolds (M, g) and Lg]\?, g) will
be called geodesically related. A geodesic mapping f : (M, g)—(M,7q) is
called non-trivial on M if the covector field 1) with the local components ;
is non-zero.

Remark. If f: (M, g)L(]W, g) is a geodesic mapping, then f(Ug) =
Ugz. We can prove this using the fact that the Weyl projective curvature
tensor W, defined by

W(X,Y)Z=R(X,Y)Z —

! 1 SY,2)X -S(X,2)Y),

n p—
X,Y,Z € Z(M), is invariant under geodesic mappings and that W vanishes
at a point of M if and only if Z(R) vanishes at this point.

LEMMA 2.1. Let f : (M, g)L(]W, g) be a geodesic mapping of a pseu-
dosymmetric manifold (M, g) onto a manifold (M,g) and let the condition
R.R = LQ(g, R) be satisfied on Ug. Then in a common coordinate system
{z!,...,2"} on Ug and Ug

_ 1 o
®)  (R-B)nijrim = —1(InBmijk = Gnm Riijn)
+ BiRhmjk — BimRhijk + BjiRnimk — BjmRnitk + BikRhijm — Brm Rhiji
+ FuGrmjk — FimGrijk — Fj1Ghimk — FjmGhritk + FikGhijm — FemGhiji
where

Bij = —Lgij + tij,
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Fij = _%Aiy‘ - %Lﬁrs(%s%j — Grs¥ij),
Aij = irST; — Yrs R,
1=7"(=grsL + rs).
Proof. Using the Ricci identity and (5) we obtain
Vi ViR i = ViV Ry = Vi VIR, — ViV R
+ ViR ik — Yim R + ViR — Yim R + YR — Yrem R
+ 05 (Vir R 1 + e RN 10) — 65 (Vir Ry + Vrr R,
+ 07 Vmr R — O ir R,
which, by making use of (5), (R.R)®

into
Vi ViR = ViV Ry = —L(6]' Rynijic — 61 Ruijn)
+ 00 Bije — 01 Erijr + 07 (Eijim + Ejitm) — 5?(Eiklm + Eitm)
+ wilﬁhmjk - ¢imRhljk + wﬂﬁhﬁmk - wjmﬁhilk + wklﬁhijm - ¢kmﬁhijl
— L(ga(R" 1, + Sptms — 63 Vmk) — Gim (R + 61 — 07 bu)
+ gt (R + 0k bim — Op0ik) = gjm (R, + 0t — 0t
+ gt (R + 00035 — 6Mim) — Grom (R0 + 67055 — 67 ar))

where

= LQ(ng)s”klm and (3), turns

ijklm

T

But this, by contraction with g, gives
(9 (R-R)nijkim = —L(Gni Rmijk — Gnm Riiji)
+ GniEmijk = Ghm Eiijk + Gni(Eijim + Ejitm) — Gnj (Bikim + Egim)
+ YuRhmjk — VimBaije + VjiRuimk — VjmRuitk + VkiBhijm — Vkm Rhiji
— L(git(Rhmijk + Gnimj — Gnj¥mk) — Gim (R + Gribiy — T %ik)
+ 9j1(Rhimk + Greim — Gnm Vi) = gjm (Rnitk + Grxit — Grabix)
+ 9kt (Rhijm + GnmWis — Gnj®im) — Gem (Rhiji + Gl — Gni i) -
Symmetrizing (9) in h,i we obtain
I Emijk — GnmErijk + GuEmnjk — GimEinjk
+ Gni (Eijim + Ejitm) + Gir(Enjim + Ejhim)
— Gnj (Eikim + Ekitm) — Gij(Enkim + Exhim)
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+ Vi Rpmjk — Vim Bhijk + VniRimjk — Ynm Rk
— L(GaRmnjk + GniBimijk — GhmBiijk — Gim Rinjk)
— L(git(Rhmjk + Gni¥mi — Gnjmi) + 9ni(Rimjk + GixCms — Gij¥mk)
— gim(Rnijk + Gnaty — Gng¥ik) — Ghm (Rivjk + ity — Gij0ie)
+ 951 GnxVim — Gim¥hk + GirVrm — GnmVik)
— 9im(GneVit — Gu¥rk + Gix¥ni — Gniik)
+ 9kt (GnmVis = GijVhm + Gim®hj — GnjVim)
— Gkm (GVis — Gij¥nt + Gubng — gn;va)) = 0.
Contracting this with g™ and using the identity
(E'g)imy‘k = - gisﬁsm]’k - gmsﬁsijk = —gisRSmjk - gmsRsijk
— Yis (5j‘wmk — 05 Ymj) — Gms (5j¢ik — 0pvij)
we get
(10) (n+1)Emijk + Ejikm + Erimj
+ GixAjm — GijAkm + NRimjk — nLRmiji
— L(n(gjm¥ix — gkm¥iz) + 9" Grs(GixVms — GijPmk)
+ 9 s (gkmgij — GjmJix) + 9ijDim + Gig Dmj + GimDjr) =0,
where
Dij = 95+ 9 Vsi — 9irg s -

Next, permuting (10) cyclically in the indices m, j, k, we obtain

—3L(9;; Dkm + Gir. Dmj + GimDjx) = 0,
which, by contraction with g¥/, yields

(12) (2n + 1)Amk = —3(77, - 2)LDmk ,
where
Aij = Aij — A]‘i .
On the other hand, (10), together with (11), implies
1~ . o
- m(gikAjm + GimAkj + GijAmk)
n _ _ _
Tt 3L(gikij + GimDijk + GijDiem)

+ NRimjk — NLRmijk
— L(n(gjm¥ir. — Gkmij) + 9" Grs(Girmj — GijPmk)
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+ 7" Yrs(9rmTi; — 9imGj1)) = 0.

Contracting this with g and antisymmetrizing the resulting equality we
find
(2n 4 1)(n + 1) App = —n(3n — 1) LDy,
which, by (12), gives
App = LDypy, = 0.
Now (13) turns into
1

1
Emijk = E(gijAkm = GirAjm) + Eanijk + LRpijk

1 —rs — —
+ L((gjm%'k = Grm¥ij) + 9 9rs(GikVms — GijPmi)

1_ _ _
+ﬁgrs¢7“8(gkmgij - giink)) :
Finally, substituting this in (9), we obtain our assertion.

3. Main result

PropoOSITION 3.1. Let f : (M, g)L(]W, g) be a geodesic mapping of
a pseudosymmetric manifold (M,qg), dim M > 3, onto a manifold (M,7q).
Then the manifold (Ug, g) is also pseudosymmetric.

Proof. Assume that the condition (1) holds on Ug. Moreover, let
{z',...,2"} be a common coordinate system on Ug and Ug. Antisym-
metrizing (8) in h, i and symmetrizing the resulting equality in the pairs h, i
and j, k we find

_ 1 _
(14) 4(R.R)nijkim = — 577@@7 R)hijkim
— 3Q(B, R)nijrim — 3Q(F, G) hijkim -
On the other hand, symmetrizing (8) in h, i we obtain
(15) 0 = By Rhmjk — BimRnijk + BriRimjk — Brm Ritjik
+ FuGhmjk — FimGrijk + FriGimjr — FamGijk »
where
- 1
By =By — —ng; -
n
We now prove that the tensor B with the local components Eij is a zero

tensor. Suppose that B is non-zero at a point. Moreover, let V' be a vec-
tor at this point with local components V* such that ViVjBij =g, e ==+l
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Transvecting (15) with V? and V! and antisymmetrizing the resulting equal-
ity in h, m we obtain

Ehm_jk = _gvsVTFsréhmjk ;

which easily gives Z(R) = 0, a contradiction.
Thus we see that (15) reduces to

FuGrmjk — FimGhijk + FruGimjr — FamGajr =0,
which, by contraction with g"* and g™?, yields Fy; = 0. Now (14) completes
the proof of our proposition.

Let f : (M, g)L(M, J) be a geodesic mapping of a manifold (M, g)
onto a manifold (M, g). We note that if the tensor Z(R) vanishes at a point
x € M then the tensor Z(R) also vanishes at the point f(x) € M. This
remark, together with Proposition 3.1, implies the assertion of Theorem 1.1.
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