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1. Introduction. A continuum means a compact connected metric
space. For a continuum X, H(X) denotes the space of all homeomorphisms
of X with the compact-open topology. It is well known that H(X) is a com-
pletely metrizable, separable topological group. J. Kennedy [8] considered
a compactification of H(X) and studied its properties when X has various
types of homogeneity. In this paper we are concerned with the compact-
ification Gp of the homeomorphism group of the pseudo-arc P, which is
obtained by the method of Kennedy. We prove that Gp is homeomorphic
to the Hilbert cube. This is an easy consequence of a combination of the re-
sults of [2], Corollary 2, and [9], Theorem 1, but here we give a direct proof.
The author wishes to thank the referee for pointing out the above refer-
ence [2]. We also prove that the remainder of H(P) in Gp contains many
Hilbert cubes. It is known that H(P) contains no nondegenerate continua

([10]).

NOTATION AND BASIC DEFINITIONS 1.1. Let X be a continuum. Let
f:X — X be amap. The graph of f = {(z, f(z)) |z € X} C X x X is
denoted by gr f.

A map f: X — X is called a near-homeomorphism if, for each £ > 0,
there exists a homeomorphism h : X — X such that d(f, h) = sup{d(f(x),
h(z)) |z e X} <e.

The hyperspace C(X) is the space of all nonempty subcontinua of X with
the Hausdorff metric dg. The e-neighbourhood of K € C'(X) is denoted by
N.(K). The map ¢ : H(X) — C(X x X) defined by ¢(f) = grf is an
imbedding ([8], p. 43).

A compactification Gx of H(X) is defined by clo(x x x) im .

The space Cr(X x X) is defined by Cr(X x X) = {K € C(X x
X)|m (K) = ma(K) = X}, where 7; is the projection onto the ith factor
(1=1,2).

A surjective map f : X — Y induces f* : Cr(X x X) — C(Y xY)
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defined by f*(K) = (f x f)(K).

A continuum is called arc-like if it is represented as the limit of an inverse
sequence of arcs. A continuum X is called hereditarily indecomposable if,
for each pair A, B of subcontinua of X such that AN B # (), either A C B
or A D B holds.

A hereditarily indecomposable arc-like continuum is topologically unique
and is called the pseudo-arc (denoted by P). It is known that P is the unique
homogeneous arc-like continuum ([1]).

In what follows, the Hilbert cube is denoted by Q.

The following theorem is fundamental in this paper.

THEOREM 1.2 ([13]). Gp = C(P x P).

2. Gp is homeomorphic to Q). First we prove the following result.

THEOREM 2.1. Let X be an arc-like continuum. Then Cr(X X X) is
homeomorphic to Q.

Proof. Let X = lim(I,,pnn+1), where each I, is an arc and each

Pnn+1 ¢ Ing1 — I is surjective. Let p, : X,, — I,, be the projection onto
the nth factor.

Step 1. First we prove that C (X x X) = lEn(C’,r(In X In), P ns1)
Notice that p}, , 11 0 py 11 = Py, So the limit of p;’s, limpy, : Cr (X x X) —
im(Cr (In X In), Py ny1), 18 defined.

By [6], Proposition 1.2, py .11 : Cx(Iny1 X Ing1) — Cr(L, x I,) and
pi o Cr(X x X) — Cr(I, x I,) are surjective for each n. Using this fact,
we can see that limp; is a homeomorphism.

Step 2. Next we show that if I is an arc, then C (I xI) is homeomorphic
to Q. It is clear that C (I x I) has the following property:

(1) If K and L are subcontinua of I x I such that K C L and K €
Cr(I xI), then L € Cr(I x I).

Using (1), we can see that C(I x I) is an AR in the same way as in
[7], Theorem 4.4 (see also Remark, p. 29 of [7]). Using the method of [5],
Lemma 4.4, we have

(2)  for each £ > 0, there exists a map g : Cr(I x I) — Cr(I x I) such
that d(g,id) < € and im g is a Z-set in C( x I).
Hence C (I xI) has the disjoint n-cell property for each n, so by Torunczyk’s
characterization theorem [14], C (I x I) is homeomorphic to Q.
Step 3. py i1t Cr(Ingr X Ing1) — Cr (I, x I,) is a cell-like map. To
show this, first we prove that

(3)  PJny1 is a monotone map.
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Take K € Cr(I, x I,) and let Ax = p;;ll_H(K). For each A, B € Ay,
AN B # 0, because m1(A) = m(B) = m(A) = ma(B) = L,4+1. So there
exist order arcs ay, Op from A to AU B and from B to AU B respectively.
It is easy to see that a4 U ap C Ax. Hence Ag is an arcwise connected
continuum.

Consider the hyperspace C(Ak) (note that C(Ax) C C(C(I, x I,))).
Since Ak is a continuum, C'(Ag) has the trivial shape ([11], p. 180). Let
o:C(C(I,x1I,)) — C(I, xI,) be the union function defined by o(A) = |J A
for each A € C(C(I,, x I,,)).

Take any A € C(Ak). Then py n41(A) = K for each A € A, and hence
Prnt1(0(A) = Pnns1(UA) = K. This means o(C(Ax)) C Ak, and it is
easy to see that o({A}) = A for each A € Ag. Hence 0(C(Ak)) = Ak
and o|C(Ak) is a retraction onto Ax. The trivial shape is preserved under
any retraction, so Ax has the trivial shape. (See [12], Lemma 2.1, for that
argument. )

Remark. In fact, Ag is locally connected, and so C(Ag) and Ak are
AR’s.

By Steps 2 and 3, each pj,,,; is a near-homeomorphism (see [4],
pp. 105-106). Hence by [3] and Step 1, Cr(X x X) is homeomorphic to
Q.

Combining Theorem 1.2 and Theorem 2.1, we have

COROLLARY 2.2. Gp is homeomorphic to Q.

3. The remainder of Gp

DEFINITION 3.1. Let X be a continuum. A continuous map p : C(X) —
[0,1] is called a Whitney map if it satisfies the following conditions:

1) u(X) =1 and p({z}) =0 for each x € X.

2) If A,B € C(X) satisfy A ¢ B, then u(A) < u(B).

DEerFINITION 3.2. Let X be a hereditarily indecomposable continuum,
and fix a Whitney map p : C(X) — [0, 1].

1) Let p be a point of X. The order arc «y, : [0,1] — C(X) is defined
by a,(0) = {p} and p(ay,(t)) =t for each 0 < ¢ < 1. By the hereditary
indecomposability of X, «,, is uniquely determined ([7], (8.4), or [11], (1.61)).

2) Let a: X x [0,1] — C(X) be the map defined by a(p,t) = a,(t) for
(p,t) € X x [0,1]. Then « is continuous ([11], (1.63), pp. 113-114).

LEMMA 3.3. Let ¢ : H(P) — C(P x P) be the map defined in 1.1. Then
imp ={K € Cr(PxP)| for eachp € P,#(PxpNK) = #(pxPNK) = 1},
where #A denotes the cardinality of a set A.



328 K. KAWAMURA

Proof. It is clear that for each f € H(P) and for each p € P, #(P x pN
grf)=#(px PNngrf)=1. Conversely, take any K € C,(P x P) such
that for each p € P, #(P x pN K) = #(p x PN K) = 1. By Theorem 1.2,
Cr(P x P) = Gp, hence there exists a sequence (f,) C H(P) such that
gr f, — K (convergence in the Hausdorff metric). We claim that

(1) (fn) is equicontinuous.

Suppose not. Then there exists an €5 > 0 such that for each n > 1,
there exist z,,y, € P and a subsequence (f,) such that d(z,,y,) < 1/n
and d(fx, (zn), fr, (yn)) > €0. We may assume that lim z,, = limy,, = p and
lim fy,, (zn) = z, lim s (Yn) = y. Then (p,z) = lim(xnvfkn (zn)) € K and
similarly (p,y) € K. But x # y, which contradicts the hypothesis.

By (1) and the Ascoli-Arzela theorem, the sequence (f,,) converges uni-
formly to a continuous map f. So K = gr f. Since #(P x pN K) = 1, we
have f € H(P). This completes the proof.

THEOREM 3.4. For each ¢ > 0, there exists a homotopy H : Gp x[0,1] —
Gp which satisfies the following conditions.

(1)  H is an e-homotopy and Hy = id.
(2) H(Gpx(0,1]) CcGp — H(P).

Proof. Fix a Whitney map p : C(P) — [0, 1]. Take a small ¢ty > 0 such
that

(3) 0<diamA < ¢ for each A € pu~1(tg).
Then H : Gp x [0,1] — Gp is defined by

H(K, 1) = | fe x a,(t-t0)| (z,) € K.

We prove that H(K,t) € Gp for each (K,t). Take (x,,2,) € H(K,t)
and assume that (z,,z,) — (z,z). There exist (z,,y,) € K such that
(@n, 2n) € Ty, X 0y, (t-to). We may assume that y, — y. Then (z,,y,) —
(x,y) and by the continuity of «, (z,2) € x X ay(t-to) C H(K,t). Hence
H(K,t) is compact. It is clear that H(K,t) is connected and contains K.
So H(K,t) € C(P x P) = Gp. Using the continuity of « again, we see that
H is continuous. By (3), H is an e-homotopy, and by Lemma 3.3, condition
(2) is satisfied.

THEOREM 3.5. For each open subset U of Gp — H(P), there exists an
imbedding i : Q@ — U of Q into U.

Proof. Let V be any open subset of Gp — H(P). There exists an open
subset V' of Gp such that V. N (Gp — H(P)) = U. Since H(P) is dense
in Gp, we can find f € H(P)NV. Take ¢ > 0 sufficiently small so that
Nc(grf)cV.
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Let (p,) be a sequence in P such that p, — p € P. Take a sequence
(K,,) of subcontinua of P such that

(1) f(pn) € K,, and diam K,, — 0 as n — oo.
For each n > 0, let o, : [0,1] — C(K,,) be the order arc such that
(2) Oén(O) = {f(pn)} and an(l) = K.

Let Q' = I*°. We define a map i : Q' — V by
l((tn)) =grfU U {pn} X an(tn) for (tn)nZO € Q/-

n>0

Then in the same way as in [7], Theorem 5.1, ¢ is an imbedding. But
imiNH(P) = {gr f} by Lemma 3.3, and we can take a Hilbert cube Q C @’
such that i(Q) C VN (Gp — H(P)) = U. This completes the proof.

Remark 3.6. H(P) has no interior points in Gp by Theorem 3.4.
Therefore Gp — H(P) is not completely metrizable, and hence is not a Q-
manifold.
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