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Approximate differentiation: Jarnik points
by

Jan Maly and Ludék Zajicek (Praha)

Abstract. We investigate Jarnik’s points for a real function f defined in R, i.e. points
x for which lim ap,_,, [(f(y) — f(2))/(y — )| = +oo. In 1970, Berman has proved that
the set Jy of all Jarnik’s points for a path f of the one-dimensional Brownian motion is
the whole R almost surely. We give a simple explicit construction of a continuous function
f with Jy = R. The main result of our paper says that for a typical continuous function
f on [0,1] the set Jy is c-dense in [0, 1].

0. Introduction and notation. For an arbitrary real function f of a
real variable the set of points x where f; (r) = +oc is of measure zero, and
so is the set of x at which lim,_., |(f(y) — f(z))/(y — x)| = 4+00. Surpris-
ingly, the “natural joint generalization” of these facts does not hold. In fact,
Jarnik [4] has constructed a continuous function f such that
limap,_, [(f(y) — f(z))/(y —z)] = +oco for almost all z and a function
g of Baire class 2 such that limap, ., [(g(y) — g(x))/(y —z)| = +oo for
each x.

We shall say that x is a Jarnik point for f if

fly) = f(x)
y—x
and the set of all Jarnik points for f will be denoted by J;. Almost forty
years after Jarnik’s article, in the theory of stochastic processes [1] (cf.
[2]) it was proved that almost every path of the one-dimensional Brownian
motion serves as an example of a continuous function such that J; = R.
In the first section of our paper we construct a continuous function with
J; = R as the sum of an explicitly defined trigonometric series. In fact,
our example is slightly stronger, since we show that instead of the difference
quotient |(f(y) — f(x))/(y — x)| it is possible to consider the quotient | f(y)—
f(@)|/e(Jly — x|), where ¢ is any prescribed increasing continuous function

on [0,400) with ¢(0) = 0.

lim ap

Yy—x

-
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The above fact that for a typical Brownian motion path f we have J; =
R naturally motivates the following question: What can be said about J
for a typical continuous function in C'([0, 1]) 7 A result of the same article [4]
of Jarnik immediately gives that uJ; = 0 for a typical function in C([0, 1]).
Theorem 2 of [10] implies an improvement of this fact: J; is o-porous (and
thus also a first category set) for a typical function in C([0,1]). On the
other hand, the main result of the present paper contained in Section 3 says
that J¢ is c-dense in [0,1] for a typical function in C([0,1]). The proof is
not easy, it is similar to Saks’ [7] proof of the fact that a typical function in
C(]0,1]) is not a Besicovitch function. It has, similarly to Saks’ proof, two
basic ingredients:

(a) The Banach-Mazur game method which was in fact essentially used
by Saks (cf. note on p. 103 of [9]).

(b) A basic lemma concerning general real functions.

Our basic lemma is proved in Section 2. We believe that it is also of
independent interest since it gives an alternative proof of Theorem 9.7 of [8]
which has a connection with the theory of the Denjoy integral.

In the following g denotes the Lebesgue measure on the set R of all
real numbers. We denote by C' the Banach space C([0,1]) equipped with
the supremum norm. We say, as usual, that a typical function in C has a
property if the family of functions which do not have this property is a first
category set. If a # b are real numbers we denote by co(a, b) the convex hull
of {a,b}, i.e. co(a,b) = [a,b] if a < b and co(a,b) = [b,a] if b < a. Recall

that
_ oo} |

1. A continuous function with J; = R. Recall that the first proof
of the existence of such a function is probably contained in [1], where it is
shown that a typical Brownian path serves as an example.

Jp= {az :lim ap

Yy—x

‘f(y)—f(l‘)

y—x

For our simple explicit construction we need the folowing easy lemma.

LEMMA 1. Let I be an interval of length p > 0, M C I and 0 < o < 1.
Suppose that
. 21x . 2my
sin — —sin — | < «
p p
for every x,y € M. Then

u(M) < 3p arccos(l — a).
T
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Proof. Let J be an interval of the form [kp/4, (k + 1)p/4], where k is
an integer. Then clearly

w(MnJ)< 2£,u{9: €0,7/2] :sinz >1—a} = 2£ arc cos(1 — ).
T T
Since [ is contained in a union of 6 intervals of this type, we conclude that

w(M) <6 %arccos(l —a).

THEOREM 1. Let ¢ : [0,00) — [0,00) be an increasing continuous func-
tion with ¢(0) = 0. Then there exists a continuous function f on R such
that

(1) lim apM

=o0 foreachzx €R.
y—z Py —2l)

Proof. Put ¢ = /p. It is easy to see that if
(2)  each z € R is a density point for the set {z : | f(z)—f(2)| > ¥ (|lx—=2|)},
then (1) holds. Now find a sequence (a,)2; such that a,, > 0 and
0o an,
(3) Z a; < 5 for each natural n.
j=n+1

Further, define inductively a sequence (p,, )22, such that p, > 0,

(4) 20((n—Dpa-t) 4 forn=2.3,...,
n—1

(5) 27y, &Sa—n forn=2,3,...,
- Pio

(6) np, \, 0.

We shall prove that the function

= 2nx
f(z) = ap sin —
2o,

satisfies (2). Of course, (3) implies that f is continuous on R. Now write
ful®) = ansin@na/pa), su(@) = S, f5(@), rale) = D,y (@) and
consider an arbitrary z € R. We want to show that z is a dispersion point
for the set S := {z : |f(z) — f(2)] < ¢¥(|z — z|)}. To this end choose an
arbitrary 0 < h < p;. By (6) there is a unique natural n = n(h) > 2 such
that np, < h < (n — 1)p,—1. First we shall prove that

(7)) wpw(INS)/pu(I) < arccos(l —3/n) for each interval I C (z — h,z + h)
of length p,.



90 J. Maly and L. Zajicek

To prove (7), consider arbitrary points z,y € I N.S. Using the definition of
S and (4) we have

(8) [f (@) = F)l < [f(@) = F) + [f(y) = f(2)]
<P(lz = 2)) + ¢y — =)
< 2¢((n = V)pn—1) < an/n.
Using (5), we obtain

[sn-1(2) = sna(y)] < o = ylsup |(sn-1)"()]

n—1 n—1
SQW!w—y122S2ﬂan&f§aﬁ.
iz Pi iz Pi n

Further, (3) gives

ra(@) —ra@)] <2 3 a;< 2.

} n
j=n+1
Since f,, = f — r, — Sn_1, We have
. 21z . 2wy 1
sin — —sin —=| = —|fu(z) — fu(y)|
DPn Pn (079

Slw

< aln(lf(fv) = fW+ [sn-1(2) = sn1 ()| + [rn(z) = ra(y)]) <
Thus by Lemma 1,
uw(Ins) < 3’% arc cos(1 —3/n),

which gives (7). Since limy, o4+ n(h) = +00 and np,, < h, it is clear that (7)
implies
lim w(SN(z—=nh,z+h)) o,
h—0+ 2h

which completes the proof.

Remark 1. If we put
an=1/()? and  p,=1/((n+2)1°,

then the conditions (3)—(6) are satisfied for ¢(t) = t. Consequently, the sum
of the trigonometric series
— 1
flz) = nz::l iz Snm{(n + 2)!)°z)

is a continuous function with J; = R.
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2. The basic lemma. In Section 3 we shall need Corollary 1 below
which estimates the increment of a continuous function on an interval. But
we shall start with a more general Lemma 2 which estimates a measure
of an image of a set and deals with general measurable functions. The
reason is that Lemma 2 is closely connected with a result of [8] concerning
the condition (D) for functions, and consequently may be of independent
interest.

LEMMA 2. Let f be a measurable function defined on a closed interval
I CR,let M C1I be a measurable set, K > 0 and p > 0. Suppose that for
each x € M there exists a closed interval I*, x € I® C I, such that

(9) u{yeﬂ: Fy) = /(@) <K}zp,m.
Yy—x
Then
pf(M) < 42(#1

Proof. For each x € M choose an interval I* as above and set
J = (f(x) — Kul*, f(z) + Kpl®).
We may assume that p*f(M) > 0. Choose § € (0,u*f(M)). Find a
compact set £ C (J, ¢, J* such that uE > 3 and a finite set F' C M such
that the subfamily (J%),cp still covers E. By an easy covering argument

(see e.g. Lemma 2 of [3]) we can find a set T C F such that the system
(J*)zer is pairwise disjoint and

ZuJ"”:M(U Jl’) Z%ﬁ-

zeT zeT
On the other hand, pJ® = 2K ul® and by (9), pf~1(J*) > pul®. Thus

—1 x plB
MIZ;M () = -

Letting 8 — p* f(M) we obtain the desired inequality.

Remark 2. Suppose that the assumption of Lemma 2 is strengthened
in the following sense: for each z € M and ¢ > 0 there exists an interval I*
(depending also on 0), z € I* C IN(x— 4§,z + ), for which (9) holds. Then
we can assert that

(10) W F(M) < A‘fuM.

In fact, it is sufficient for each € > 0 to cover M by a pairwise disjoint count-
able family of closed intervals (H,)qca such that H, C I and pu({,. 4 Ha)

acA o
< uM + ¢ and use Lemma 2 on each H,. This gives a quite different proof
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of Theorem 9.7 of Saks [8] (for measurable functions). Finally, note that
under this strengthened assumption the inequality (10) can be improved to
pw f(M) < (2K/p)uM (cf. Lemma 9.2 of [8]). We can obtain an indepen-
dent proof repeating the arguments of the proof of Lemma 2 and using the
Vitali covering theorem.

In the sequel we shall need the following immediate corollary of Lemma 2.
In fact, in our application B = (), but we prefer a more general formulation
since we believe it is of some independent interest.

COROLLARY 1. Let f be a continuous function on a closed interval [a, b]
and let ¢ > 0, p > 0 and a countable set B C [a,b] be given. Suppose that
for each z € [a,b] \ B there exists x € [a,b] \ {z} such that

ply € col,2)  [f(y) = f(2)] < geply — 2[} = plo — 2|
Then f(b) — f(a) < c(b—a).

3. Jarnik’s points for typical continuous functions. The following
lemma is an easy consequence of Corollary 1.

LEMMA 3. Let f be a continuous function on a closed interval [a,b] and
let p > 0, 7 > 0 and a countable set B C [a,b] be given. Suppose that
|f(b) = f(a)| = 7|b — a|. Then there exists z € [a,b] \ B such that for each
x € la,b], x # z, we have

iy € cow,2) : [F(y) — F(2)| < Lrplz — 2|} < plo — 2I.
The following lemma has a quite easy proof which is omitted.

LEMMA 4. Let f be a measurable real function, z € R, and let a,, /" z,
bn \, z be such that for allmn € N

fly) = f(2)

1
‘<n}§|x—z\,
y—2z n

whenever T € [an, Ant1] o7 T € [bny1,bn]. Then

’f(y)—f(Z)
y— 2

,u{y € co(z,2) :

lim ap

Yy—z

= +o00.

LEMMA 5. Let f, g be continuous functions on an interval [c—3§, c+3£],
£>0, and let m > 2 be a real number. Suppose that

f(x) =3(m—1) if €<z —c|l <3¢,
f'(z) = 300m? if lv —c| <&
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and ||lg — f|| < & Then there is z € [c — &, ¢ + &| such that for each x €
[c — 3, ¢+ 3¢] we have

|z — 2|

1y € colz,2) : g(y) — g(2)| < dmly — 2|} < ——

Proof. We have
fle+38) — fe—3€) > 2£(300m* +6)
and thus
g(c+3¢) — glc— 3¢) > 600m2¢ + 12¢ — 26 > 600m>¢
> 96m2pu((c — 3¢, ¢ + 3¢)).

By Lemma 3 there is z € [¢— 3¢, ¢+ 3¢] such that for each x € [¢—3¢, c+3¢]
we have

96m? |z — z|
: — < — < = =t
u{y € co(z,2) : |g(y) —9(2)| < o1y Z\} < im

It remains to show that |z — ¢| < . Assume the contrary, e.g. that z €
(c+&,c+ 3] (the case z € [c — 3£, ¢ — &) is symmetrical). We can obviously
find an interval L C [c + &, ¢ + 3¢] of length 1£, e.g. one of the intervals of
the form

[c+kE/2,c+ (K+1)E/2], ke{2,3,4,5},
such that dist(z, L) > %5. If y € L, then
19(y) = 9(2)| < |f(y) = F(2)] + 26 <3(m = )]y — 2| + 4]y — 2|
<dmly — z|.
Let z be the endpoint of L for which L C co(x, z). Then

|z — 2|
dm

p{y € co(z,2) : [g(y) — g(2)| < 4mly — 2[} = pL >
This is a contradiction which shows that |z — ¢| < &.

One of the main tools of the present paper is the Banach—Mazur game
(see [5], [6]). It is the following infinite game between two players.

Let P be a metric space and (Q C P a subset. In the first step the first
player chooses an open ball B(g1,d1). In the second step the second player
chooses an open ball B(f1,¢1) C B(g1,01), in the third step the first player
chooses an open ball B(g2,d2) C B(f1,¢1), and so on. If (2, B(f;,e:) C Q,
then the second player wins. In the opposite case the first player wins. We
need the following theorem, essentially due to Banach.

THEOREM BM. The second player has a winning strategy in the Banach—
Mazur game iff Q is a residual subset of P.
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This theorem is proved in [6] in the case P = (0, 1); the proof in the
general situation ([5]) is essentially the same.

THEOREM 2. For a typical f € C, the set Jy of points x for which
fy) — f(z)

y—x

lim ap = +o00

Yy—x

is c-dense in (0,1).

Proof. Obviously it is sufficient to prove that for each fixed interval
(a,b) C (0,1) with rational endpoints the set J¢ N (a, b) has cardinality c for
a typical f € C. Put Q = {f : card(Js N (a,b)) = c}. By Theorem BM it
is sufficient to find a winning strategy for the second player in the Banach—
Mazur game for P = C and @. We shall describe such a strategy. Put
S, = {0,1}" and S = {0,1}V, where N is the set of all natural numbers.
By our strategy the second player will construct in his nth move not only
the functions f, € C and ¢, > 0, but also 2" points (zs)ses, such that
the following conditions hold (where we have put Iy = [z — 3, 25 + 3e,],
Ls = [2s — 26p, 25 + 265], gn = 300(n + 1)?):

(11)  B(fn,en) C B(gn,dn),
(12) {Is:s € S,} are pairwise disjoint subintervals of (a, b),

(13)  for each s € Sy, f)(z) =3nif e, < |z — 25| < 3ey, and f] (z) = gy if
|z — 25| < €n;

if n > 2, then for any t = (s1,...,8,) € S, and s = (s1,...,Sn-1),
(14) I, C Ly,
(15) for each z € Ly, x € I,\I; and f € B(fn,e,) we have

ply € col, 2) : |7(y) — F(2)| < nly —2[} <~ .

If we show that the second player can play according to this strategy in all
moves, we will be over. In fact, (14) and (11) imply that (\°—; B(fn,&n)
consists of a single function f and, for each s = (s1,s2,...) € S, the set
o1 L(s1,....5,,) consists of one point z, € (a,b). Lemma 4 (putting [a,, b,] =
_____ sn)), (15) and (14) easily imply that z, € Jy. Since (12) implies that
Zs, 7 Zs, for s1 # so, we have f € (). Thus suppose that a natural number
m is fixed, the second player has played m — 1 moves and the first player
has played m moves such that the conditions (11)-(15) hold for each n < m.
We know further for m > 1 that B(gm,0m) C B(fm-1,Em—1). Our task is
to construct fi,, e, and {zs}ses,, such that (11)-(15) hold for n = m.

If m = 1, then (14) and (15) are trivially satisfied for n = m and the
construction of f1, €1, 2(g) and z(y) such that (11)-(13) are satisfied for n = 1
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is quite easy. Assume m > 1. By Lemma 5, for every s € S, 1 there is
Cs € [2s — €m—1, 2s + €m—1] such that for each x € I, we have

(16) ply € co(w, cs) : |gm(y) — gm(cs)| < dmly — cs|} < M

Find ¢,, > 0 such that
(17)  (4mgpm + T)gmem < 10m,

(18)  for every z,z € [0,1], if |z — 2| < (4mgm + T)em, then |gn(z) —
Im(2)| < $6m.
Define

4dm

Es = [cs — (dmqpm + T)em, cs + (Amap, + T)em] -

Observe that 6,, < &, and therefore by (17) we have F; C Ls;. We define
fm(x) = gm(x) if z € [0,1] \Usesn,l E,. If s € S,,_1, then we define f,, on
E, by the following conditions:

(19)  f is linear on [cs — (4Mm@Gm, + 7)em, cs — (dmgy, + 6)e] and on [cs +
(Amgp, + 6)em, s + (AMm@Gm + 7)em],

(20)  f(x) = gm(z) if © € {cs,cs — (AMmqm + T)em, s + (4mGm + 7)em

(21) fr(x) =qm if 3e, < |z — cs] < Bem,
fh(x) =3m if either |z — cg| < 3ey,

or bep, < |x — 5| < (dmgp, + 6)ep, .
Ift=(s1,.-.,8m) € S and s = (81,...,8m_1), we set

. — cs +4ey, s, =1,
P  es —4dey, if s, =0.

We want to prove (11)-(15) for n = m. Since the graphs of g, g,
and consequently also of f, g, lie by (17)-(21) obviously in the rectangle
Eyx[g(cs)— % Om, g(cs)+ 16m] the property (11) holds. Recall that E, C L,
for each s € S,,,—1 and thus (12) and (14) are proved. The property (13)
follows from (21).

It remains to prove (15). Fix t = (s1,...,8m) € Sp and set s =
($1,-+8m—1). Write

My ={y € Ls : [gm(y) — gm(cs)| < dmly — ¢},
Ts ={x €[0,1] : (4dmgm + 6)ep < |z — c5| < (dMGm + T)em } -

Suppose that z € Ly, z € I, \ I; and f is a continuous function on [0, 1] with
Il f = fmll < &m. Define

Z ={yeco(z,2): |f(y) — f(2)| <mly — 2|}
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We want to obtain
1

(22) < —la—z.
m

First consider y such that |y — z| > ,,,/m and |y — ¢s| < (4mgpm, + 6)em,.
Notice that the slope of f,, between y and z is estimated from below by 3m.
Hence

1f () = F)] = [fm(y) = fin(2)] — 26m
> 3ml|y — z| —2mly — z| = mly — z|.
Consequently y ¢ Z.
Further, consider y € I, \ (Ms U E;). Then we have

|y - Z‘ > ‘y - Cs’ - ’Z - Cs‘ > (4QO + 7)€m — 6ey > dmamem
and
| fn(2) = fm(cs)] é65771‘.7771<47n(]m€m< ly — 2|.
Since g (y) = fin(y) and g, (cs) = fin(cs) we obtain
@) = fE) = fmy) = fm(2)] — 2em
2 |gm(y) = gm(cs)| = [fm(cs) = fm(2)] — 2em
2 |gm(y) — gm(cs)| = ly — 2 = [y — 2.
Using y ¢ M, we further obtain
9m (y) = gm(cs)| > dmly — cs| = dmly — 2| — 4m|z — ¢
>dmly — z| — 24me,, > dmly — z| — |y — 2|
and consequently
[f(y) = f(2)] > dmly — 2] = 3ly — 2[ > m|y — z].
Thus y ¢ Z. To prove (22), we distinguish two cases.

(i) If |x — ¢s] < (4m@m + 6)ep, then we have proved that either Z C
[z —em/m, 2] or Z C [z,z+ em/m|. Consequently,

wZ <em/m<|r—z|/m.

(ii) If |x — ¢s| > (4mgm, + 6)ep,, then |x — z| > 4mgp,e,n, and we have
proved that

Z C([z—em/m,z+em/m|UTsUM)Nco(x, z)
Clz—em/m,z+em/m|UTsUco(cs, z) U (MsNco(x,cy)) .
Using (16) we have

2 _
0z < ZEm 4o 4 6e, 4 120
m 4m
< 10e,, + |z — 2| +65m < ]a:—z|.

4dm idm — m
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