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S. TRYBULA (Wroclaw)

MINIMAX PREDICTION OF THE DIFFERENCE OF
MULTINOMIAL RANDOM VARIABLES

A minimax predictor is determined, for the loss function (1), of the
difference of random variables distributed according to the multinomial dis-
tributions with parameters n;, p and ny, p, respectively, p = (py,...,p,).
This predictor is based on the multinomial random variable with parameters
m, p.

Let X = (X1,...,X,), ¥; = (Ya,...,Y:r), ¢ = 1,2, be independent
random variables with multinomial distributions

m!
P(X:x): P(X1 =31,...,X,-=:B,.)= z'—";pflonop:’,
osuslige

1.

P(Y; = y;) = P(Ya = a1, ..., Yir = ¥ir) = ———p{" ... p¥",
Yir: .« Yir:

1=1,2, nq > n,.
Suppose that X = z is observed and that we want to predict the difference
Y=V, -V, Leta= (a1,...,a,) be a prediction of Y and let the loss
associated with the prediction @ (the loss function) be
(1) L(Y,8) = ) ij(ai — Yi)(a; ~ Y;),
i,j=1

Where Y = (Y3,...,Y;) and the matrix C = ||c;;||] is nonnegative definite.

A predictor d°(z) = (d}(z),...,d%(z)) of Y = Y] — Y2 is called minimaz
if

sup R(p,d’) = i:}f sup R(p,d)
P P

Where R(p,d) = E[L(Y,d(X))] is the risk function for the loss function (1).

——
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We are looking for a minimax predictor for Y. We have
(2) E[L(Y,d(X))| X]
= Z ¢ij[(di(X) = (n1 = na)pi)(d;j(X) — (m1 — m2)p;)
+ E[(Yir — n1pi)(Yi1 — n1p;)] + E[(Yiz — n2pi)(Yi2 — n2p;)]l-

Notice that the second and third terms in the above expression are indepen-
dent of d. Let
Xi + Bia

(3) di(X) = (n1 —n2) —

where a > 0, §; 2 0,i=1,...,r, 3 7_, fi = 1. In this case, from (2) we
obtain

= aX; +b;,

R(p,d)
- (1:11?) { Y cijl(@® — m)pip; + (B — 2p)Bil + m Y c“p‘}

ij=1 i=1
+ (1 + nz)[— Z ¢ijpip; + z f—'is‘Pt‘]-
i,j=1 i=1
Let & > 0 be chosen so as to obtain
(n1 = n2)*(e® = m) — (n1 + ng)(m + a)? =0.
This equation is surely satisfied if
(n1 + n2)m + (n1 — n2)4/(n1 + n2)m(m — 1) + (nq — n2)?m

4 )
( ) (nl—nz)z—fh—ng

assuming that

(5) (n1 — ng)2 - TNy —MNg > 0,

and for this a

(n1 — na)m — {/(n1 + na)m(m — 1) + (ny — ng)'*"m

(6) “= m(m — 1)
_ — 12
7 g ny + ng + \/(nl + ng)m(m — 1) + (ny — ny) mﬂi’
m-—1
when m > 1, and
_(ﬂl—ﬂz)z—‘nl—ﬂz ‘_(n1—nz)2+ﬂ1+ﬂ2 .
(8) a= 2(,“1 - ﬂz) E) b! - ﬁ:s

2(?11 — My )

when m = 1.
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Moreover, for this a

(9) R(p,d) = [Mr [i ¢iiBiB; + 9 (eii — 2c.—_,-)ﬂ,-p.-] :

m+a

i,i=1 ij=
THEOREM 1. If there are constants v, fBy,...,0, and a set A C R =
{1,...,7}, |A| > 2, such that

(a) Z(c,—,- - 2C{j)ﬁj =v for i€ A,
JEA

(b) > (cii—2¢i)B;<v  fori€ R- A4,
JjEA

Bi >0 for j € A, Bi=0forjeE R—A, 2 jeaBj =1, then the predictor d
defined by (3) and (4), with B; satisfying (a) and (b), is @ minimaz predictor
Provided that condition (5) holds.

Proof. Assume (a), (b) and (5) to hold. Then from (9)
2
R(prd) = [M} [ Z Cl'jﬂiﬁj + v]dzfc

Lt ijeA
for p; = 0 when i € R— A and R(p,d) < c for any p. Therefore the theorem
i:Ollclws from the fact that the predictor defined by (3) with a; = S;a for
'€ A, a; = 0for i € R— Ais Bayes with respect to the a priori distribution
of the parameter p given by the density
I'a) oy =1 oi, =1 .o -

o _ | Tt Py i 20(k=1,..,9),

p!p-.-,pf)_ Z:=1pﬁ==1(‘4={i1!"'133]’)}

0 otherwise, '

3 may be deduced from (2).

THEOREM 2 (Wilczytiski [6]). If the matriz C is nonnegative definite then
the constants v,py,...,0B, and the set A mentioned in Theorem 1 always
exist,

This result was proved while determining a minimax estimator of a multi-
Domial parameter p = (py,...,p,) for a general quadratic loss function.

THEOREM 3. If

(10) (ﬂ] ™ ﬂ2)2 — N1 — N9 S 0
then
(11) di(X)=(n1—n2)B;, i=1,...,7

s @ minimaz predictor, where the constants f3; are determined in the same
Way as in Theorem 1.
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Proof. For d; = (n; — n2)0;

R(p,d) = Ro(p,B) = D cijl(ma — n2)2(8: — pi)(B; — p5)

1,7=1

= (m1 + na)pipi] + (1 +m2) Y ciipic
i=1
This function is convex with respect to 3 for fixed p and under condition (10)
it is concave with respect to p for fixed 3, p = (p1,.--,2+), B = (B1,- -+, Br)-
Moreover,

min Ro(p, 8) = Ro(p,p)

BEP,
if p € Py, where

»
Py = {p= (pl'!‘“:p‘l'):pi 20,i= 11---17'; Zpg = 1}-
i=1

Now applying the method developed in [6] one can prove that predictor (11)
with B; satisfying (a) and (b) is minimax.

When ¢;; = 0 for i # j the constants §; in Theorems 1 a.nd 3 can be
determined exphatly
Let ¢11 > ¢32 > ... > ¢,y > 0. We now prove that A = {1,..., L}, where

~ 1 _s-2
L=maxqs<lp: ) —2> ;
* { =" ;ca‘i_ cas}
and lp is the greatest index ¢ for which ¢;; # 0.
Let ¢33 > 0. In this case L > 2 and we obtain from (a) and (b) in
Theorem 1
(12) cii(1—26;)=v fori<L,
(13) ¢ii<v fori> L.
From (12) it follows that we must have
L-2 ﬂ_={1_—ﬂlc““ ifISL,
Lo if i > L.

Esp:l 1/ Cii :
We still have to prove (13). First observe that the proof is only necessary

for i = L+ 1. If eg41,L41 = 0 then the inequality obviously holds. If
cL+1,L+1 # 0, it follows from the definition of L that

L+1

1
L—-12>cry1,L41 E "““_1+CL+1 L+1 E E—-
.?J 23

From this we obtain (13).
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When only ¢1; # 0 the problem reduces to that of minimax prediction

of the difference of binomial random variables ¥;, Y; for a quadratic loss
function

Y=

L(Y,a)=(a-Y)?,
Y - Y. It is easy to prove that in this case:
1) If (ny — n3)? > n; + ng, then
dX)=aX +b

is a minimax predictor, where a is given by (6) and

-n1 + n2 + /(71 + n2)m(m — 1) + (n1 — n3)?m

b= 2(m—1)

form>1,and ais given by (8) and

_ (n1 —n2)* + 0y + 12

form = 1.

b
4(nq — n2)
2) If (ny — n2)? < ny + ny, then
_ n — Ng
d(X) = —

18 a minimax predictor.

For minimax and Bayes estimation problems and related theory see

[1]-6).
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