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The divisor problem for arithmetic progressions
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by
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Notation. The symbol “:=” indicates that the statement is a definition.
The notation f!(x) means (f(z))!. The symbols “<&” or “(—)” mean the
same thing as “<” or “O(—)” except that the implied “constant” may
contain e-powers of the variables involved; e.g. logx <« 1. If E(a) is an
expression involving a, then the expression F(a~) means lim._.o E(a — €).

1. Introduction. Let d;(n) denote the Ith divisor function, that is, the
number of ordered [-tuples of positive integers whose product is equal to n.
Then we define

Dy(z;a,q):= Y, di(n).

n<zx
n=a mod ¢q

This can be written in the form
Di(z;a,q) = Mi(z;a,q) + Ai(r;a,q),

and the divisor problem for arithmetic progressions involves estimating the
remainder term. The elementary bound A;(z;a,q) < A S L T
given in [C]. Nowak [No] estimates A;(z;a, q) for fixed ¢, while Petecuk [P]
allows ¢ to be an arbitrary power of a fixed odd prime; in both papers the
emphasis is on obtaining the smallest possible bound for the error term,
just as in the usual divisor problem. Most of the work on this problem,
however, concentrates on finding upper bounds for g for which the remainder
is smaller than the main term; see for example Smith [S], Matsumoto [Ma],
Heath-Brown [H3] and Friedlander and Iwaniec, [FI1] and [FI2]. Lavrik [L1]
gives an estimate for A;(x; a, q) with a parameter so that one can adjust the
contributions from x and ¢. In many of these papers the bound given is
worse than the elementary bound when ¢ is small compared with z.

The main term M;(x;a,q) can be expressed in a number of ways. It
can be written in the form zP(logz) where P(z) is a polynomial of degree
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I — 1. Using Perron’s formula, it can be expressed as a residue of a certain
meromorphic function, as in [H3], [FI1], [FI2] and [S], and there is yet an-
other interpretation given in [L1]. In the case | = 2, Kopetzky [K]| gives
an expression in terms of Euler constants for arithmetic progressions and
Motohashi [Mo] gives one involving Ramanujan sums. In the case ¢ = 1,
Lavrik [L2] writes M;(x;a,q) in terms of the Laurent coefficients of ((s).

The purpose of this paper is to give an analogue of the result of [L2],
and to estimate the remainder term for ¢ relatively small. Our results are
as follows:

THEOREM 1. The main term has the form

-1

M (z;a,q) = Z cny1(a, @)Ly (z)
n=0

where the coefficients c,(a,q) are given in (2.13), satisfy c,(a,q) << ¢~ 1,
and

note that L (z) = (log" x)/n!.
THEOREM 2. Let | > 4 be an integer, and suppose (a,q) = 1. Then
Ay(z;a,q) < g 0/2) 4 p1/2,(0=/4

Note that the second term here is worse than the trivial bound zq~! for
2/l
q=xr.

PROPOSITION 3. Suppose
Az a,q) < 278

for g <z, provided (a,q) = 1. Then if (a,q) = k we have
Az a,q) << ¢’ k™00

for ¢ < x"k'="'. Furthermore, if there is no restriction on q in the case
(a,q) =1, then there will be no restriction when (a,q) > 1.

If we apply this to the bound in Theorem 2, we obtain the bound

(1-1)/(+2) 1/2 (1-4)/4

x x q
Az - - = :
(x50, q) K <k> +<k‘) <k:> ;

the first term dominates the second when ¢ < z:2/(+2)f/(+2)

The proof of Theorem 1 is done in Sections 2, 3 and 4. In Section 2
we derive the expression for M;(x;a,q) given in the theorem; the c¢,(a,q)
are expressed in terms of the Laurent coefficients of a “Hurwitz-like” zeta
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function

1
((s;a,q) := Z prk
n>1
n=a mod q

In Section 3 we write the Laurent coefficients of ((s;a,q) in a form which
we can estimate, and in Section 4 we derive the stated bounds for ¢, (a,q).
In Section 5 we prove Theorem 2 by imitating the argument of [T], §12.3,
obtaining a bound for A;(x;a,q) on condition that a and ¢ are relatively
prime; in Section 6 we extend a technique given by Heath-Brown in the case
[ =3 ([H3], §8) for removing this condition to prove Proposition 3.

This paper consists mostly of results from my doctoral dissertation, and I
wish to acknowledge the inestimable help of my advisor, P. X. Gallagher, and
express my deepest gratitude. I must also acknowledge helpful suggestions
made by William Duke, David Witte, and an anonymous referee, all of which
contributed to this paper in its final form.

PROOF OF THEOREM 1

2. A residue computation. Smith gives the expression

(2.1) Ml(x;a,q):Res{Zl(s;a,q)f;s:l}
([S], Theorem 3) where
(2.2) Zi(s;a,q) == Z leEZl) .

n>1
n=a mod q

We write this in terms of

(2.3) ((sia,q) = ) L

n>1 n’
n=a mod q
namely
(2.4) Zi(s;a,q) = Y ((sian,q).. . C(siar,q),

aj...a;=a mod q

and then express M;(x;a,q) in terms of the Laurent coefficients of ((s;a, q).
By an argument completely analogous to the one used for the Riemann zeta
function, we obtain a Laurent expansion of the form

LS @ a)s - 1
m=0

(25) sia0) =

see the proof of Proposition 3.1.



38 C. E. Chace

First we write 2°/s as a power series around s = 1:

(2.6) T =N L) s - 1™,
5 m=0
where
= . log? x
(2.7 Ln(a) =2 3 (-1 25
§=0

note that L/ (x) = (log™ z)/m!.
We now compute M;(x;a,q); the following notation will make the result
easier to state. We define the “convolution mod ¢” of f and g by

(2.8) Fragla)=" > fla)g(as).

ajas=amod q
1<a1,a2<gq

The operation *, is clearly commutative and associative, and so we have

(2.9) 9 (a) = frq...%q fla) = > flar)... flag).

j times ai...a;=amodq

From (2.4) and (2.5) we have

Zi(s;a,q) = Z (cljsil + va(al,q)(s—l)m>...
ap= m=0

(5 +§ nana)s - ")

=0

and multiplying out gives, in the notation of (2.8),

1 1*d(a)
2.10) Zi(s;a,q) =
( ) Z(S a Q) (S—l)l ql
+ - . Z
n=1 (s =1) i=n jeD LJ q
+ holomorphic
where 5 = {jo,...,Ji—n} 1S a vector whose components are non-negative

integers,

(2.11) D::{j:i+ijk:l,ikjk:i—n},
k=0 k=1
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and for i + > (jr =1,

l {!
(2.12) [ P
1,9 gl gm!
Multiplying (2.6) and (2.10) we see that

-1
Ml(SU; a’Q) = Z CnJrl(av Q)Ln(gc) s

n=0
where
1*al(q
Cl(av Q) = ql( ) )
(2.13) I—1 . ) N
I\ 159" % yp*a90 s ooy Y 9077 (a, q
cn(a, q) == <Z > 2 Ll (a,9)
iZn jeD »J q

forl1<n<[-1.

3. An expression for 7,,(a,q). In this section we derive an expression
for v,,(a,q) which will allow us to estimate the coefficients ¢, (a,q). Let a
and q be integers with ¢ > 1 and 1 < a < ¢. Then we define

ogn)™ og x)™+t1
(3.1) Con(a,q) = lim< 3 (logn)™ _ 1 (log) >

n<z
n=a mod q

In Lemma 3.1 we show that the limit exists, indeed how rapidly it converges.
The main result of this section is the following

PROPOSITION 3.1. Let vy, (a, q) be as in (2.5). Then

7771(017 Q) = (_ﬂi?mCm(aa Q) .

We require two lemmas, the first of which is a preliminary fact about
approximating sums by integrals, cf. [T], 2.1.2. Let ¢(z) := x — [z] — 1/2.

LEMMA 3.0. Let f be continuous on the interval [u,v]. Then

> fln)=

u<n<v
n=a mod q

[ ) dy

|-

+jw<y;“>df<y>+w(“;a>f<u>—¢(“‘“)f<v>.
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Proof. Denote the sum by S. In S, let n = mq + a. Then
S = Z f(mg+a)
(u—a)/q<m=<(v—a)/q
(v—a)/q (v=a)/q
= f flgz +a)dx — f flgz + a) dy(z) .
(u—a)/q (u—a)/q
We then substitute y = gz + a and integrate the second term by parts. m

LEMMA 3.1. We have

(@) Colayg) = f{¢ (y;a> ‘w<1_q_a> }d@

1-

and for m > 1,

(b) oty = [ (V) a (1B

1-

Further, for all m > 0,

log™n 1 log
© X =

n _q m+1

1
m—i—x

1 m
+ Cn(a,q) + O < o8 x) .

T
n<x

n=a mod q

Proof. First, let m = 0 and apply Lemma 3.0 with f(y) = 1/y to get

1 1 &1
> n=a )W
=

() () () ()5

n=a mod ¢q

Note that

and that

SO we can write
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and hence
1 1 x y—a 1~ —a 1 1
—=-1 — = — .
>oamgeer [ () e () a5 ()

n=a mod ¢q

From the definition (3.1) of C,,(a, q) we have

cwn = J {o(250) - (5)}e(;)

1-

and the lemma is proved.
If m > 1 then Lemma 3.0 gives

Z log:n _; f logymydy

nlwz 1~

n=a mod q
log™ y z—a)\ log™x
P () e ()

The above argument shows that

cuo= Fo(5)o(52)

1-

and also proves the lemma. =

Proof of Proposition 3.1. We imitate the argument of Titch-
marsh; see [T], 2.1.16. First we note that

Tn(,0) = = (1)

where

For Res > 1 we have

C(m)(s;a, Q) — (_1)m Z logmn '

Applying Lemma 3.0 gives

o= {l Pt FoC7)(5)

()




42 C. E. Chace

for m > 0. By integration by parts and induction we have

[e.e]

f logmyd B m!

: y° Y (s — 1)m+1

and so

e = S { T o () (52 oo (52 o}

-

and we are finished by Lemma 3.1. =

4. An estimate for c,(a,q). In this section we give an estimate
for vm(a,q) and for expressions of the form 1* x, G;(a,q) where G, is a
convolution mod g of j factors, each of which is v,,(a,q) for some m; these
occur in the expression (2.13) for ¢, (a,q).

LEMMA 4.1. We have
1 m 1 m—+1
Cm(aa CI) = Oga ? + O, <qu> ;

q
i particular,
Cp(a,q) < at.

Proof. We start from Lemma 3.1(a) or (b) and write
oo a q oo
J =]+

1~ 1~ a q

For the last of these we note that

(4.1) [ ’d(Og y)’<<m qu q,
q

Y

We now use the fact that

Cfa41/2 if-1<z<0,
(42) w(x)_{x—lﬁ if0<a <l

Suppose m > 1. Then from Lemma 3.1(b) and (4.1) and (4.2) we have

cion= (5225 ] (52-3)0(52)

1 m
1o, ( 0g q)
q

log™ 1/ log™ log™
— “+fyd<°g y>+om<°g q>
a q Yy q

1
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on expanding and collecting similar terms, and absorbing what we can in
the O-term. One then verifies by direct calculation that

q m
1
fyd(Og y> < log™ g
Yy

1

A similar argument, using Lemma 3.1(a) instead of (b), proves the lemma
when m =0. m

Remark. From this and Proposition 3.1 we see that
Ym(a,q) <Km a™ .
LEMMA 4.2. Let 1(a) denote the function whose value is 1 for all a. Then

(a) '?a)= Y  1«q

ajaz=a mod q

(b) Lty Ca,q) = Y Cwla1,q) < 1.

ayjas=amod q

Proof. We use the fact that the equation a;as = amod ¢ has solutions
in ag if and only if (a1, ¢)|a. Let ag be the least solution satisfying 1 < ag <
g; then there are exactly (a1, q) solutions, namely

. q
ap +J7——
(alaQ)
for 0 < j < (a1,q) — 1. Hence we can write

q Q/d
Yo=Y @@=y 1= d (%)
ajagz=a mod q a1=1 dlaq c=1 dlaq
(a1,9)]a

< qd((a,q)) < q

and
q/d
Z 'm(a1,q Z dz Cm(cd, q)
aiaz=amod q dla,qg c=1

q/d
Km Zdz ed)™t < d((a,q))logq << 1.

(Lemma 4.1) dlag c=1

Remarks. (I) In (b), we can replace Cy,(a,q) by |Cn(a,q)|.
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(IT) In the proof we use a special case of the fact that

q/d
Leg fl@)= > fla) =D dY fled);
ajas=amod q dla,q c=1

note from this that 1%, f(a) depends only on (a,q). =

PROPOSITION 4.1. Let © and j be integers with i > 1 and j > 0, and let
Gj(a,q) be a convolution modq of j factors, each of which is v (—,q) for
some m. Then

1

1% %, Gj(a,q) <i; ¢ "
Proof. Assume j = 0. If i = 1, the statement is trivial. If we assume
1*q(i—1)(a) << g2
then
1%4i(q) = Z 140=D (q) <&; g2 Z 1<<; ¢
aras=amod q aras=amod g

by Lemma 4.2(a) and the lemma is proved.
We now estimate G(a, q) using Lemma 4.1:

Gj (a’7 q) = Z Yma (al? q) e Pij (aja Q)

ai...a;=amodgq

> al.?aj > dj;m).

ai...a;=amodq

m<g’
m=a mod q

Using the fact that d;(m) <<, 1, Lemma 3.1(c) with z = ¢ and Lemma 4.1
give
1
Gj (CL, Q) <<<j E y
and so
1
1%, Gj(a,q) K; Z —.
aias=a mod q 1

From Remark (II) at the end of Lemma 4.2 we have

q/d
1
Lxg Gja,q) <5 Y _d> — <1
dla,g c=1

To finish we proceed by induction as above. =

Applying Proposition 4.1 to the expressions for c¢,(a,q) at the end of
Section 2 gives the bound stated in Theorem 1.
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5. Proof of Theorem 2. In the author’s thesis [C], Theorem 1, the
elementary bound
(5.1) Ay(xia,q) << ot 4 gt

was derived by mimicking the argument in [T], §12.1. In the case (a,q) =1,
Matsumoto’s result [Ma] implies that

(5.2) Az a,q) K PAUREMAG S

if ¢ < 2?/(+1) | By imitating the argument in [T], §12.3, we prove Theorem
2, which we restate:

THEOREM 2. Let [ > 4 be an integer, and suppose (a,q) = 1. Then
Al(x;a,q) <« l_(lfl)/(l+2) + x1/2q(l74)/4 ]

This improves (5.2) for | > 4 wherever that bound is non-trivial. The
proof requires the following lemma, due to P. X. Gallagher.

LocaL CONVEXITY LEMMA. For f analytic in the rectangle o < o < 3,
|t| <7 we have

f(O') <<a 38 A(B_U)/(IB—OC)B(J—Q)/(IQ_Q) 7
where
A:maX|f(Oé+'Lt)|, B:max|f(ﬁ+’bt)| ;

[t <t lt|<7
provided e > C/min{A, B}; here C = maxa<q,<g | f(o £ it)|.

Proof. Let g,(w) = f(w)waae(“’*")z, with y > 0 to be chosen later.
Then f(0) = g,(0) and for w = u + v,

¥ A for u = a,|v| < T,
go(w) < ¢ y*77B for u =3, |v| < T,
2
max{y® =7,y 7le " C fora<o<p,|v=r.

By the maximum principle,
fo) < max{y*~7A,y? =7 B, max{y*~,y” 7 }e"" C}.

Taking y®~® = A/B balances the first two items here, and under the final
proviso in the statement of the lemma the third term is smaller. m

Proof of Theorem 2. Following the argument of [H2], §8, we have
(5.3) Ai(z;a,q)

1 1/2+:T e 14+e+:iT o
— —1
1/2—iT 1/2+:iT
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where
d;(a d;(b
Z(S) = ZI(SQG,Q) - gs) - lb(s)’

b being the nearest integer to z satisfying b = amod q.
Consider one of the “horizontal” integrals
1+e+4iT e
H := —ds;
f z(s) . ds;
1/2+4iT
the argument for the other will be the same. We will apply the local convex-
ity lemma to z(s) on the translated rectangle 1/2 <o <1+4¢, [t—T| <.
For (a,q) =1 we have

gb(lq) S X(@)L(s, )

x mod g

From Heath-Brown’s hybrid bound [H1], Corollary 2, and Linnik’s fourth
power moment bound (see [Mn], p. 74) we have

2(3 +it) < B(t)! 7,
where B(t) = (qt)*/% + ¢'/*, and
2(1+e+it) < q !,

following the analogous argument for f(s) in [H2], p. 412. If 7 << 1 then
L(s,x) < (qT)? on the top and bottom of the rectangle, and so z(s) <&

(¢T)? and the final proviso of the lemma is satisfied when 7 =; /logqT.
Hence we have

(5-4) Z(s;a,q) =

2(0 +4T) < B(T)2(=Hi=o)p2(i=0) 120
and so
H < z(qT)~t + 22B(T)
Now consider the “vertical” integral
1/2+iT s
V::% f Zl(s;a,q)%ds.
1/2—iT

The difference between V' and the first term on the right in (5.3) is

1/2+44T
1 dl(a) dl(b) x?° T 1/2
— fT ( + Tds << <E) .

a® bs

We use (5.4) and the hybrid bound again to write, for [ > 4,

V<<<1—B ()t f (L +it,x)[*

e <« ?2B(T) 4,

+1

xmodgq —



Divisor problem for arithmetic progressions 47

for the second estimate here we integrate by parts and apply Montgomery’s
fourth-power-moment bound [Mn], Theorem 10.1.

Recalling the definition of B(T') above, note that for T > ¢'/2, B(T) <«
(¢T)*/6. Under this restriction, combining (5.3) and the bounds on H and
V we have

Az a,q) K ;IJ(qT)*1 + $1/2(qT)(l74)/6 '
Choosing T' = x3/(l+2)q—1 gives
(5.5) A(z:a,q) << 20~D/1+2)
and the restriction on 7T is satisfied when ¢ < 22/(#2)_ If instead we assume
T < ¢'/? then
Al(zsa,q) << z(qT) 4 zt/2q(-0/4

1/2

in which case we take T'= ¢'/< and so

Ay(z;a,q) K xq_3/2 + xl/Qq(l_4)/4

and we finish by noting that the second term here dominates the first term
and the bound in (5.5) precisely when ¢ > z2/(+42)_ u

6. Proof of Proposition 3. We use a technique given by Heath-Brown
in the case | = 3 (see [H3], §8) to remove the condition (a,q) = 1. The result
is the following

PROPOSITION 3. Suppose

Az a,q) K z"q?

or q < x", provided (a,q) = 1. en if (a,q) = k we have

< g~ ided 1. Then i k h
Az a,q) << 2¢ k= +0)

for ¢ < x*k'="'. Furthermore, if there is no restriction on q in the case

(a,q) =1, then there will be no restriction when (a,q) > 1.

Remark. Note that if x < 1/ the restriction on ¢ for k£ > 1 is no worse
than the restriction when k£ = 1.

The proof requires a lemma; let
1

R k)= > (T]wa))dok).

ay...ajb=n 1=1

We have the following

LEMMA 6.1. Let k = (a,q), and let a1 = a/k, g1 = q/k and nin =
1modgq,. Then

Di(z;a,q) = Z Ey(n, k)Dy(x/nk; a1m, q1) -

(nv(II):l



48 C. E. Chace

Proof. We require the following facts about Fj(n, k); if (n1k1,noks) =
1, then

Fi(ning, kiks) = Fi(n1, k1) Fi(ne, k2) ,

o 1 ifa=0,
Filp ’1):{0 if a >0
and if o > [, then
Fy(p*,p) =0.

The proof of the first of these is straightforward. Using the fact that
ay [a+l-=1

the proofs of the second and third facts reduce to the following identities:

(0

j=0
if @ >0, and
! .
(y—Jg+1-=1\/[1
—1)J _
2 )G -
ifv>1.

Let n = Hp;j and k = Hp;j. Then Fij(n,k) =0if v; > 0 and k; =0
or if v; > [ and x; > 0 for some j, i.e. unless for all j we have v; = 0
or kj > 0, and v; <[ or k; = 0; these conditions imply that nlk!=t. By
a straightforward imitation of Heath-Brown’s argument for [H3], (8.4) and
(8.5), we have for (a,q) =1,

Z Fl(n’ k)Dl(x/n; an, Q) - Z Zﬂ(nvk)dl(m/n)

(n,q)=1 m<zx n|lm
m=a mod q

(note from the argument above that the sum on the left is finite) and
> Fi(n, k)di(m/n) = di(mk),
n|m
and so
Di(zk;ak,qk) = > Fi(n,k)Di(z/n;am,q)
(n7Q):1
and we finish by renaming variables. m

Proof of Proposition 3. We now write D; = M; + 4; in the
right-hand side of the statement of Lemma 6.1. Assuming that

(6.1) Mi(z;a,q) = Z Fi(n, k)M (x/nk; a7, q1)

(77‘7QI):1
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we have

(6.2) Ay(zsa,q) = Z Fi(n,k)A(xz/nk; a7, q1) -

(n,q1)=1

We apply the bound from the hypothesis to the right-hand side here, as-
suming that ¢ < (x/nk)" for all n in the range of summation, if such
a restriction is required. Since Fj(n,k) = 0 unless n|k!~!, the strongest
restriction is ¢; < (z/k!)*, and the worst bound on A;(x/nk;a1m,q) is
(x/k)"¢¢. Since Fi(n,k) and the number of terms in the sum in (6.2) are
(1), we get the stated result by recalling that ¢; = q/k.

We finish by proving (6.1). If (a,q) = 1 then the main term M) is simpler:

M(z;a,q) =

¢(;) Res {Ll(S,XO):E:;S = 1} .

Heath-Brown’s argument in [H3], §8, uses this to show that the right-hand
side of (6.1) is

1 di(n) z* }
—— Res —;s=1;.
e T s

(n,q)=Fk

Note that

so this becomes

oa) =
(a,q)=Fk

this is just M;(x; a,q) since by (2.13) and Remark (II) following Lemma 4.2,
M;(x;a,q) depends only on k, and the number of amod ¢ with (a,q) = k is

exactly ¢(q/k). m

If we apply this to Matsumoto’s bound (5.2) then we get the bound
(6.3) Ay(zsa,q) K (:c/k)(l_l)/(lH)
provided g < 22/ A=D/0+1) " which is satisfied for example when ¢ <
'/t

Note from the proof that if we have a bound for A;(z;a, q) when (a,q) =
1 which is a sum of terms of the form given in the proposition, then the bound

when (a,q) > 1 can be written as a sum of terms of the corresponding form.
From this, if we apply Proposition 3 to the bound in Theorem 2, then we
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have

(6.4)

C. E. Chace

(I-1)/(142) 1/2 (1-4)/4
: it i 4 :
stwame (1) () (1)

the first term dominates the second when ¢ < z2/(+2)/(1+2)

[FI1]
[FI2]
[H1]
[H2]

[H3]
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