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1. Introduction. In this paper, we give transcendental numbers ¢ and
1) such that

(i) both ¢ and 1 have explicit g-adic expansions, and simultaneously,
(ii) the vector *(p,1) has an explicit expression in the Jacobi-Perron
algorithm (cf. Theorem 1).

Our results can be regarded as a higher-dimensional version of some of
the results in [1]-[5] (see also [6]-[8], [10], [11]). The numbers ¢ and v
have some connection with algebraic numbers with minimal polynomials
2% — kx? — lz — 1 satisfying

(1.1) k>1>0, k+1>2 (klcZ).

In the special case k = [ = 1, our Theorems 1-3 have been shown in [15] by a
different method using the theory of representation of numbers by Fibonacci
numbers of third degree.

2. Notations and main results. We begin with some notations
necessary to state our theorems. Let K be an alphabet, i.e., a non-empty
finite set of symbols. K™ and K“ denote the set of all finite words w with
length |w| = n and the set of all w-words wiwy... w;... (w; € K). In
particular, K(©) = {\}, where ) is the empty word. We put

K :=|JK™, K":=|JKE", K*=KUK".
n=0 n=1
K* is a free monoid generated by K with the operation of concatenation
and with the unit A. K is a complete metric space with metric d defined
by
d(u,v) := (inf{n; u, #v,})7", u#v,

for u=wug...u;...,v=0v10v2...05... € K= (u;,v; € K).
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In what follows, we set K := {a,b,c}, and k, | denote fixed integers
satisfying (1.1). We define a monoid morphism o € Hom(K*, K*) by
(2.1) o(a) =a*b, o(b)=dc, o(c)=a.
G denotes the triple (K, 0,a). G is a DOL system (cf. [13], [14]). It is easily
seen that
(2.2) 0" (a) = (0" H(a)* (0" (@)'0" (@), n>1,
where 0™ denotes the n-fold iteration of o, so that {c"(a)}32, is a Cauchy

sequence in K*°. We write

w:= lim ¢"(a) =wwy...w,... € K¥ (w, € K),
m—0oo

which will be referred to as the w-word generated by G. We denote the
word w by w(a,b, c) to specify the symbols a, b, c. For an integer g > 2, let
w(u1,u2,us) stand for the infinite sequence of integers in {0,1,...,9—1} =:
L, say, obtained by replacing the symbols a, b, ¢ appearing in w(a, b, ¢) with
ui,ug,uz € LT, respectively. Define the number 0.w(uq,us,u3) by means
of the g-adic expansion:

o
0.w(uq, ug, ug) = E cng ",
n=1

where w(u1, ug,u3) = cica...¢p... € LY (¢, € L).
We define the linear recurrence sequence {f,} _, by

fon=Fkfn1+lfn2+ fu_z, mneN,

(foosf1,fo) = (P =1 =k +1,1-1,1).

Then it is easily seen that

(2.4) lo"Y(a)| = fn, mne€EN.

We denote by A, B, C, (resp. A, B, C) the characteristic sets of the word

o" Y a) = wiwa ... Wy, ... wy, (resp. w = wiwa ... Wy, ... € K¥) defined by
A, ={m;wy,=a, 1 <m< f,},
B, :={m;w, =06 1<m<f,},

(2.5) Cn:={m;wy=c, 1<m<f,},

A:GAn, B:GBn, C:[jcn.
n=1 n=1 n=1

It is clear that A, B and C give a partition of N.

In this paper, we consider the algorithm of Jacobi—Perron (resp. of Parus-
nikov), by means of which a given vector {(p,1) € R? (resp. !(p,v) € K2,
where K = C((271)) = the field of formal Laurent series) can be developed

(2.3)
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in a higher-dimensional continued fraction
ap; 1, A2y ..., Apy ...
bo; bl,bg,...,bn,... ’
where a;,b; € Z (resp. a;,b; € C[z]). Precise notations and definitions of

these algorithms are given in Section 3.
Now, we can state our results:

THEOREM 1. Let g > 1 be an integer and let a,, b, be integers defined
by

-1
Qanp, :gfn—3 ngn—Q'j’ nZB,
=0
(2.6) .
bn — glfn—2+fn—3 ngn—l‘j , n Z 2,
=0

where f, is the sequence given by (2.3) with the conditions (1.1). Let ¢(g)
and (g) be the numbers defined by the expression in the Jacobi—Perron
algorithm

s0(9)> . [0; 1,1, as, ..., an, }
27 <¢(9) 051, by, bsy by, |

The we have the following statements:

(i) When g > 2, ¢(g) and ¥(g) are transcendental numbers and their
g-adic expansions are given by

(2.8) v(g) =0.w(g—1,0,0), ¥(g) =0w(g—1,9—1,0).
Moreover, ¢(1) and (1) are algebraic numbers of the third degree, where
w s the w-word generated by the DOL system G = (K, 0,a).

(ii) 1, ¢(g) and ¥(g) are linearly independent over Q for each g € N.

(iii) The expression (2.7) is admissible, i.e., the right-hand side of (2.7)
is derived from the Jacobi—Perron algorithm.

(iv) The n-th convergent of (2.7) is given by

(o) (e X e
m=1 meA, meA,UB,

THEOREM 2. Let A, B, and C be the characteristic sets of the word
w € K given by (2.5), and let n(z), £(z) be the functions defined by

n(z) = ¢8(2)/valz),  &(2) = (p5(2) + pc(2))/pal2),

where p(z) denotes the function ) . 2~™ for a given subset D of N.
Then we have the following statements:
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(i) wa(z), pB(2), and pc(z) are transcendental functions over C(z) with
the unit circle |z| = 1 as their natural boundary.
(ii) pa(2), ¢B(2), and pc(z) are linearly independent over C(z).
(iii) The admissible Jacobi—Perron—Parusnikov expansion for '(n(z),
&(2)) is given by

(29) (77(2’)) — |:O’ 17 as, A4, ..., Qp, ... :| ’
£(2) 0; ba, bs, by, ..y by, ...

where a,, (n > 3) and b, (n > 2) are polynomials in z obtained by replacing
g by z in (2.6).
(iv) The n-th convergent of (2.9) is given by

(T (e X ).

meA, meB, meB,UC,
The transcendence result (i) in Theorem 1 can be generalized:

THEOREM 3. Let g > 2 be an integer and let L = {0,1,...,9 — 1}.
For any given uy,usz,us € Lt, M denotes the matriz (|u;]j)1<i<s, 0<j<g—1s
where |u;|; indicates the number of j € L appearing in the word u;. Sup-
pose that rank M > 2. Then the number defined by the g-adic expansion
0.w(u1,ug,uz) is transcendental.

3. Jacobi—Perron algorithms. In this section, we define two kinds
of continued fraction expansions of higher dimension. We use the following
notations.

K = C((271)), the field of formal Laurent series with complex coeffi-
cients. K is a metric space with the distance function dg(p, 1) := ||¢ — ||
(¢, € K), where || || is the usual non-archimedean norm defined by ||¢|| :=
e Ffor0#£¢p=>3" 1 cnz"™ €K with ¢, #0, k € Z and ||0]| := 0.

[¢] := the polynomial part of ¢ € K, ie., [¢] := 0 for ||¢]| < 1 and
[p] = Z?n:k emz"™ for [Jp|| > 1 with o =3, ¢ppz™™

(p) := p—[p], the fractional part of ¢ € K. We denote by [¢] and () the
vectors t([¢], [¢]) and t({¢), (1)), respectively for ¢ = (p,1) € K2, where
t(p, 1)) is the transposed vector of (¢,1). T denotes the transformation
defined by

T((p,¥) ="(1/0,0/¥) (0#1, p €K).
Furthermore, we denote T'(*(¢,1)) by 1/ (¢, ).

Following Parusnikov [12, 9], we define the expansion of ¢ = (¢, ) € K?
in the Jacobi-Perron algorithm. We put ¢, = *(¢0,%0) := "((¢), (¢)) and

Pn = t(‘)@nv¢n) = Sn(SOO)
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if v, # 0 for all n > 0, where S™ denotes the n-fold iteration of S, which
is defined by S(¢,) := (T 1(¢,)) (S = the identity map on K). Then we
define a,, = *(an,b,) € (C[2])? by

(3.1) ao = [p],  an:=[T71(5""po))] (n=1).
The vector 7, € (C(z))? defined by

(3.2) Tn = Tn() = ag +

ar + a2+

1
_1_7
an
converges componentwise to ¢ as n — oo by Parusnikov’s theorem in [12],

where the convergence is with respect to the metric dx. Thus, we may write

1
(33) P =aop+

a +

as+

an+

(3.2) and (3.3) will be also written as
%) ap; a1, ag, ..., Qn
" (w) - [bo; bi, ba, - bn] ’
<§0> L |:(10; A1, A2, ..., Gp, :|
¢ o bo;b17b27"'7bn7'°' .
The right-hand side of (3.3) will be called the exzpression of ¢ € K2 in the
Jacobi-Perron—Parusnikov algorithm (abbr. JPP algorithm). Apart from
the algorithm given by (3.1), we can consider the expression (3.3) for any
given sequence of vectors ai, as, ... in K? provided that its nth convergent
(3.2) is well-defined and converges to some element of K?. The JPP ex-
pression (3.3) will be called admissible if it is derived from the algorithm
(3.1).
Denote by A,, and P,, the 3 x 3 matrices given by

00 1
Ay:=[1 0 a, | €SL(3,C[2]),
0 1 b,

PnI:AlAQ...An, TLZ].,
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and Py := F, the 3 x 3 unit matrix. Set

Pn—2 Pn—1 Pn
Po:=| qu-—2 qu-1 @ | €SL(3,C[z]).
T'n—2 Tn—1 T'n

Then we have

w0 n(2)- () (z) o

where {p,}°2 o, {gn}22 5, {rn}3 _5 are the sequences of polynomials sat-
isfying the recurrence relations

(35) Pn = bnpn—l + apPp—2 + Pn—3, n > 17
and the same recurrences with ¢, and r, in place of p, with the initial
condition Py = FE.

If we take the field R of real numbers for K and define [¢] to be the
integral part of ¢ € R, we have an algorithm, which is the simplest Jacobi-
Perron algorithm (abbr. JP algorithm).

4. Pisot numbers of third degree

LEMMA 4.1. Let p(x) = 2® — ka® — lx — 1 be a polynomial satisfying the
conditions (1.1). Then p(x) is irreducible over Q and has a real root o such
that k < a < k+1 and |8, |v| < 1, where 3, v are the algebraic conjugates
of a, i.e., a is a Pisot number.

Proof. Since p(k) < —1 and p(k + 1) > k, p(x) has a real root o with
kE<a<k+1 Puté&:=(k—vk?>+3l)/3, so that (d/dx)p(§) = 0 and
—2/3 <& <0. We have —1 < # < v < 0if p(§) > 0, otherwise 3,7 € R,
1Bl = |7l =1/y/a <1, since p(—1) = =k +1—2< 0 and p(0) = -1 < 0. In
any case «, 3,7y & Z. Thus, p(x) is irreducible.

Remark. It can be proved that the inequalities £k > [ > 4k + 3
(k> 5) imply 3,7 € R, and v/3k > [ (k > 3) implies 3,7 ¢ R.

LEMMA 4.2. Let A\ = 1/a and k = l/a + 1/a?, where a > 1 is the root
of p(z) given in Lemma 4.1. Then the following expression is admissible in
the JP algorithm:

0: 1, I, I, ...
(4.1) A = :
K 0; k, k, k, ...

Furthermore, writing ,* (X, &) = *(pn/Tns qn/Tn) as in Section 3, we have

(4.2) A—pn/rn =0 170, k—qn/rn =00 7%

n n

where § := —log |B|/loga (> 0), and 3, v are the algebraic conjugates of «
with |8] > ).
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Proof. We have
T\ k) ="+ 1o, a) =1, k) + (N k),

with 0 < A < 1 and 0 < k¥ < 1, which leads to the admissible expression
(4.1). Noting that the characteristic polynomial of the recurrence sequences
Drns qn, Tn 18 p(x), we can write

P = pa "t +0(|6]")

4n =va" +O(|8["),

Tn = Pny1 = pa” + O(|4]")
with positive numbers p, v. Since

)\T‘ — pp = '%(pn—lrn _pnrn—l) + )\(pn—an _pnrn—2)
" " Tn + Krp_1 + ATpn_o

)

we have

Ary —pn = O(|B]") -
Similarly we get

K —pn = O(|B]").
(4.2) follows from these inequalities.

5. DOL system G and related polynomials. We define the poly-
nomials p, = pn(2), Gn = qn(2), 7 = T (2) by

(5.1) Dn = Z 2" qn = Z AL DES Z 2™,

meA, meB, meCy,

where A,,, B, C, are the characteristic sets of 0" 1(a) defined by (2.5).
For brevity, we put

(W) = Z_ ', (R)o:=0 (heC(2)).

Then, from (2.2) and (2.4), we have
LEMMA 5.1.
(52) 571 = 5n§n—1 +gnﬁn—2 + 5nﬁn—3 y n > 47

and the same recurrences hold with g, and v, in place of p, with the initial
conditions

p1 b2 D3 z z- (2 2 (k- (P + ZREFD+L (2)
G3) (@ @& @ |=[0 2! (R, 7
EENEINE 0 0 S
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where

an — zkfn71+lfn72 (: anffn73)’

(5.4) by = 281 (gfn-2)

gn — (anfl)k’

and fy, is the sequence defined by (2.3).

We put
Pu(2) = 2T pu(z71),
(5.5) Tn(2) = 2T G (z71),
n(z) = zf"Fn(z_l) )

Then p,,, ,,, and T, are polynomials in z. It follows from (5.2) that
Pn(2) = 27 0a, (2P, a(2) + 2T T2, (27 )P, o (2)
+ zfn_fn_lgn(z_l)pn—l(z) )
which together with (5.4) yields the recurrence relations
(56) T)n = bnﬁnfl + anﬁn72 +ﬁn73 bl n Z 47
and the same recurrences with g,, and 7, in place of p,,, where
(5‘7) Ay = an—?) . (an—2)l , bn — Zlfn—2+fn—3 . (an_l)k .

In view of (5.3), we have the initial conditions

D1 P2 D3 1 z-(2)k 2z (2 2TE 4+ 2 (2)
658) & @ @ |=[0 1 2 (R,
1T To T3 0 0 1
Now, we set
o pn—Q Tjn—l Tjn 1 0 0
P,=19,—2 41 ¢, ]|, A=[a 1 0],
(5.9) Tn-2 Tn-1 Tn bi ax 1
1 0 0
Py:=A"t= —aq 1 0

a1a — b1 —a 1

Then the relations (5.6) for p,,, g,, and 7, hold for all n > 1 by (5.7), (5.8)
and (2.3).

Therefore, we get

Pn:A_lAlAz...An (’I’LGN), p():A_l,
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where

0 0 1

A,=11 0 a,

0 1 b,
We define the sequence of rational functions p, = p,(2), ¢. = gn(z) and
Tn = Tn(z) by

. Pn—2 Pn-1 Pn

(5.10) P, =AP,, P,=| g2 ¢u-1 gn ]|, n>0.

Th—2 Th-1 Tn
By the definitions (5.9) and (5.10), we have
P,=A1A5... A, (HEN), Ph=F,

where E is the 3 x 3 unit matrix. Therefore, *(p,(2)/7n(2), @n(2)/rn(2)) is
the nth convergent of the JPP expression

o(2) [0 a1, a2, ..., an, ...
(511) ('lZ(Z)) N |:0, bl, bz, ey bn,
(see (3.4), (3.5)). It follows from (5.10), (5.5) and (5.1) that

Pn(2)/mn(2) = ﬁn(z_l)/(bl(z)ﬁn(z_l) + ag(z)fjn(z_l) + Fn(z_l)) ,
qn(2)/Tn(2)
— (@ () + Gz )/ b1 (P2 ) + aa(2)Gn (=) + T (=71),

and

lim po(z7) =Y 2™, lim go(z7)=> 27",

n—oo n—oo

meA meB
lim 7,(z7 %) = g z7™.
n—oo

meC

Since the above series converge in the region |z| > 1, the right-hand side
expression in (5.11) converges in |z| > 1, and hence ¢(z) and (z) are
holomorphic functions on |z| > 1 given by

&(Z) _ Z'ITLE.A me

bl (Z) ZmEA 27+ ag (Z) ZmEB 27+ ZmEC z7m
J(z) _ a (Z) ZmG.A me + ZmEB me

bl (Z) ZmEA 27+ ag (Z) ZmEB 27+ ZmEC zmm

We note that the partial denominators a, (n > 3), b, (n > 2) in the
JPP expression (5.11) are polynomials in z. But aj, a2, by may not be

(5.12)
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polynomials for certain k, [. However, it follows from (5.12) that

o ()

_(®
= (5

) * <<a2<z>a i /?féi)l))/ﬁn(z‘l)> ’

() (B
(27N /Gu(z71) )7

n > 3. Thus, we have
(27 /Gn (271 0; cen, G

b (PEUEED) [0 o)
Dn(z7Y)/qn(z71) ba; b3, ba, ..., by

since (pn(2)/mn(2),gn(2)/rn(2)) is the nth convergent of (5.11). On the

other hand,

7! <90n(2)> _ < 2imed,uB, Z ] Dimea, #" )
d}n(z) ZmGAnUBnUCn me/ ZmEAn z"
— <1> + < 2mes, Z_riiszA" z_ﬂjm> , n>1,
1 ZmeBnUCn z /Z’H’LEA” <

where ¢, (z) and 1, (z) are the rational functions given by

on(z) = Z z*m/ Z z7™,

(5.14) meA, meA,UB,UC,
Un(z) = Z z_m/ Z 2™,
meA,UB, meA,UB,UC,

Hence we have

e (1 () - (1))

_ <1> i ( Zmecn z=™m/ ZmEBn z=m >
0 omed, " Lmen, 2"
n > 2. By (5.15), (5.1) and (5.13), we get

1 I; as, ..., an
7t (ot (PnlE)) - = >3
< <¢n(z) 1 ba; bg, ..., bn ]’ e
that is
(,Dn(Z) 07 17 17 as, ..., an:|
5.16 = ,
( ) <wn(z)> |:0, 1, bg, bg, ey bn
which holds for all n > 1.



Transcendental numbers 61
6. Proof of the theorems
Proof of Theorem 1. We define the functions ¢(z) and ¥ (z) b
6.1) o(2) _ 0;1,1, ag, ..., apn, - ..
w(z) 0; 1, by, b3, ..., by, ... ’
where a,, (n > 3) and b,, (n > 2) are the polynomials in z given by (5.7).
Since (5.16) is the nth convergent of (6.1), we have by (5.14)

nlirréocpn( (z—1) Zz = ,

(62) meA
lim ¢, (2) = (z—1)- Y 2 "= ,
el meAUB

which are holomorphic functions on |z| > 1. Taking z = ¢ (2 < g € Z)
n (6.2), we get (2.8). Furthermore, it follows from (5.16), (5.7), (6.1) and
Lemma 4.2 that

(6.3) <¢(1)>_[0;1,1,l, l, l,...}_[();l,l—i—)\}

' Y1) ) |os 1,k Kk kK, 051,14 k]
where A and k are the numbers given in Lemma 4.2. Hence, we have by
simple calculation

(6.4) p(1)=a?/(@®+a+1), 9(1)=(a’+a)/(®+a+1),

which are irrationals of third degree, where « is the number given in Lem-
ma 4.1. Thus we obtain the statement (i) of Theorem 1 except for the
transcendence. (iv) is clear from (5.14) and (5.16). For the rest of the
proof we prepare some lemmas. In view of (5.14) and (6.4), we get the
following

LEMMA 6.1. Let A, B,, C, be the characteristic sets (2.5) of the word
o™ 1(a) and let o be the root of p(x) as in Lemma 4.1. Then

lim |A,|/fn=0a?/(a® +a+1),
lim ]Bn|/fn:a/(oz2+oz+1),
lim \Cn|/fn:1/(a2+0z—|—1),

where |D| denotes the number of elements of a finite set D. These numbers
are irrationals of third degree.

We define the degree og of self-similarity of the DOL system G =
(K,0,a) by

d( lim 0™ (a),o™(a)*)"!
oG := limsup ——> o7 ()
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where 0™ (a)* stands for the infinite periodic word o™ (a)o™(a)... € K“ and
d is the distance function of the metric space K described in Section 2.
In the following, we shall show that the quantity gpg is connected with the
irrationality measure of rational approximation for the numbers ¢(g) and
1(g) of Theorem 1. Here, we say that u is an irrationality measure of a
number § € R when |# — p/q| < ¢~#*¢ for infinitely many coprime integers
p and ¢ for any fixed € > 0.

LEMMA 6.2. Let G = (K, 0,a) be the DOL system given in Section 2 and
let a be the number given by Lemma 4.1. Then

k+1/a  (k>2,1>1),
o 2§ k+1/a® (k>2,1=0),
2+41/a% (k=1=1).

Proof. We put u, = 6" 1(a) for brevity. Then it follows from (2.2)
that

w:= lim 0™(a) = tpy1... =ulul_jup_o..., n>3.

m—00

Since u,,_1 and u,_o are prefixes of u,,, we have

k'+fn—1/fn (l >0)7
0G = {k+fn2/fn (1=0).

We get this lemma for k > 2 by taking n — co. We write u F v (u,v € K*°)
when v is a prefix of u. If k =1 =1, we obtain

W Upgo = Upg1Unlp_1
= UpUp—1Up—2Unp—2Unp—3
= UpUp—1Un—2Un—3Un—4Unp—5Un—3

F UpUnUp—4Up—5Un—6 = UpUnUn—3
for n > 7, which leads to og > 2+ 1/a3.
Remark. By a more precise argument, we obtain
W = UnUnUp—-3Up—6Up—9 ...Un_3L

n > 3k +4 when k = [ = 1. Hence, we can prove og > 2+ 1/(a® — 1) =
2.1914... when k=1 =1.

LEMMA 6.3. The irrationality measures of the numbers ¢(g) and ¥(g)
defined by (2.7) with 2 < g € Z are greater than 2.

Proof. From (5.14), we have the following g-adic expansions of ¢(g)
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and ¥ (g):
en(g) = ((g gl > g’m)/(gf" -1)
meA,

dnl9) = ((9-Dg™ > ¢7) /(" - 1)

meA,UB,
=0.u,(g—1,9—1,0),
where u} = u?(a, b, ¢) is the infinite periodic word 6"~ !(a)o" 1(a)... € K¥.
Hence, we deduce from (6.2) that

lp(9) — pnlg)] < g~lec=)n

¥(g) — Ynl(g)| < g~ lecn

for all sufficiently large n, for any fixed ¢ > 0. Let s,,(g) > 0 and ¢,(g) > 0
be the denominators of ¢,,(g) and 1, (g), respectively, in the expressions of
their irreducible fractions. Then it follows from (6.5) that s, (¢) and t,(g)
are divisors of gf» — 1. Therefore,

lo(9) — en(9)] < sn(9)7997%,  |¥(g) — Unlg)] < tulg) ™25,

for infinitely many n, for any fixed € > 0. Both {¢,(g)}72; and {9, (g)}52,
are infinite sets since ¢(g), ¥ (g9) ¢ Q, which follows from Lemma 6.1. In
view of Lemma 6.2, the proof of the lemma is complete.

(6.6)

Lemma 6.3 together with Roth’s theorem implies the transcendence of
©(g) and 1 (g); this completes the proof of (i) of Theorem 1.

Next we prove the statement (i) of Theorem 1. It follows from Lem-
ma 4.2, (6.3) and (6.6) that, for any fixed g € N,

rn(9)p(9) —pu(g) = o(1),  Ta(9)¥(9) — gnlg) = o(1),

where p,,, qn, 7, are integers given by (5.10). Suppose that 1, p(g) and 1(g)
are linearly dependent over Q. Then

(pn/rn +0)/rn) + y(gn/rn +0(1)/rn) +2 =0,
and hence xp, + yg, + zr, = 0 for all sufficiently large n, for some fixed
integers =, y, z with (z,y,2z) # (0,0,0). This contradicts the fact that
0#det P, (=1).
It remains to prove (iii). Clearly (iii) holds for g = 1. We put

(n) 0; a a c.
o) (g) y Un+1, Un42, >
= g>2,n>0
(1/}(”) (g) > [O; anrl, bn+2, P ’ ! ’

where a,, (n > 3), b, (n > 2) are the integers given in Theorem 1 with
ay; = ag = by = 1. Then (6.2) implies p < o9 (g) = ¢(g) < 1, 0 < O (g) =
¥(g) < 1, n > 1. In general, both ¢(™ (g) and ¥ (g) (n € Z) are different
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from 0 and 1, otherwise the expansion of *(¢(g),%(g)) in the JP algorithm is
terminating, which contradicts the linear independence of 1, ¢(g) and 1 (g)
over Q. Hence

0< Sp(n) (9) =1/(bns1 + w(”“)(g)) <1/bpy1 <1, n>1,

and therefore

0< Tli(n) (9) = (ans1 + 80(n+1)(9)>/(bn+1 + 1/1(”+1)(9)> < (apy1+1)/bps1

-1 k—1
= (L g S ghm) [ (g0 < ghe 3 gt
m=0

m=0

so that 0 < ¢(™(g) < 1if I # 0 and

k—1

m=0
if | =0, k > 1. This implies (iii).

Proof of Theorem 2. Although the expression (6.1) is admissible
in the JP algorithm when z = g for any integer g € N, the expression (6.1) is

not admissible in the JPP algorithm. Applying T—! and subtracting (1, 1)
from both sides of (6.1), we get

() =l ]

Recalling that A U B UC (= N) is a disjoint union, we get the expression
(2.9) of Theorem 2. We also get (iv) of Theorem 2 in view of (5.14) and

(5.16). Next we show the admissibility of (2.9). Let ngm)(z), ,(Lm)(z) be the
functions given by

<n§f’”‘)(2)> _ [O% Oy At - am+n]
m(2) 0: by Bty - -+ s bt

with m > 2, n > 1, and a2 = 1, where a,, (n > 3) and b,, (n > 2) are the
polynomials in z in Theorem 2. Then we have

In$™ (2)|| = exp(— degbn) > ™', m>2 n>1,
160 ()] = exp(deg an, — degby) < el m>2, n>1,

by using (3.4), (5.7) and the following lemma which is easily proved by
induction on n.

LEMMA 6.4 (Parusnikov [12]). Let py, Gn, Tn (n > —2) be the polynomials
given by (3.5) with a,,b, € C[z] (n > 1) such that 0 < dega,, < degb,.
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Then
degpy, = Z deg by, ,
m=2
deg g, = dega; + Z deg by, ,
m=2
degr, = Z deg b, ,
m=1
for alln > 1.

From (6.7) we have
lim [l <1, lm [lgF <1, om > 2,

where the convergence follows from that of (6.1). It is clear that the above
inequalities hold for m = 1. Thus, we get the admissibility of the expression
(2.9) in the JPP algorithm.

We now prove (ii). The linear independence of the functions 1, n(z), and
&(z) can be proved by the same arguments as for the numbers 1, ¢(g), and
1 (g), by using the inequalities corresponding to (6.7) in the case of functions
in K = C((271)) with metric dx (cf. Parusnikov’s theorem [12]). From this
(ii) follows.

In view of Lemma 6.1, p.4(2), ¢5(z), and ¢¢(z) given in Theorem 2 are
not rational functions, which together with the following lemma implies the
transcendence result (i) in Theorem 2. The proof of Theorem 2 is complete.

LEMMA 6.5 (Carlson—Pdlya). Let f(z) be a function given by a power
series S 00 o cn2™ (¢n € Z) with limsup,,_, o |c,|Y/™ = 1. Then the unit
circle |z| = 1 is the natural boundary of f(z) except when f(z) is a rational
function.

Proof of Theorem 3. We need the following

LEMMA 6.6. Let L = {0,1,...,9 — 1} be the alphabet of g symbols with
g > 2, and let uy,us,u3s € L. Define the infinite word v = v1vy... v, ... €
L¥ (v, € L) by v = w(uy,us,us), where w = w(a,b,c) is the w-word gen-
erated by the DOL system G given in Section 2. Let M denote the matrix
(Juilj)1<i<s, 0<j<g—1, where |u;|; denotes the number defined in Theorem 3.
Suppose that rank M > 2. Then v is not ultimately periodic.

Proof. Put
3

N=N(n)=) AV |uil,

i=1



66 J. Tamura

where AS) =A,, .A,(f) =B,, A,(lg) = C,,, which are the characteristic sets of

0" 1(a) defined by (2.5), and ].Agf)\ denotes the number of elements of A%

Then we have
3

[v1ve .. oN|; = Z !Aﬁf)l il -
i=1

Hence we get

. \0102---UN(n)’j & 3—i : 3—i
i S = Ll el =,

in view of Lemma 6.1. Since « is an irrational number of third degree, ¢; is
rational if and only if the vectors (|u1], |usal, |us|) and (|uil;, |usl;, |us|;) are
linearly dependent over Q. Hence (; is irrational for some j (0 < j < g—1),

since Z?;é |uil; = |u;| and rank M > 2. Therefore, v is not ultimately
periodic.

We can prove Theorem 3 by applying Lemmas 6.2 and 6.6 together with
Roth’s theorem, considering the rational approximation of 0.w(uq,us,us) =

0.v1v2 ...V, ... by the rational numbers with periodic digits 0.;11)2 . ZN(H)
(n > 1) in their g-adic expansion.

As we have already seen the monoid morphism o defined by (2.1) has
some connection with the Pisot number with minimal polynomial 2? — ka2 —
lx — 1 satisfying (1.1). We can state theorems similar to Theorems 1-3
relative to the JP and JPP algorithms of dimension s and Pisot numbers
with minimal polynomial 25! — k,2® — ky_12°" ! — ... — k1 — 1 under the
conditions 1 < ky < ko < ... < kg (k; € Z) for any given s > 1. We will
give such results in forthcoming papers.
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