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1. Introduction. Let D be a squarefree integer, and let h(D), C(D)
be the class number and classgroup of Q(v/D), respectively. The theory of
genera, due to Gauss, readily determines the 2-rank of C'(D), and in a series
of articles from the 1930’s, Rédei [17] develops the machinery necessary to
compute both the 4- and 8-ranks. For example, if p = 1 mod 4 is a prime
integer, then 2-C'(—p), the 2-Sylow subgroup of C'(—p) has both 2-rank and
4-rank one, and, in fact, we have

(@) h(—p)=0mod8 iff (1—i|p) =1, ie.iff 1—v/—1is a square mod p.
In 1969, Barrucand and Cohn [2] reinterpreted this result, using the arith-
metic of Q(v/2,4) to show

(a’) h(—p) =0mod 8 iff p=2® 432y, forz,y € Z.

In 1976, Pizer [16] used quaternion algebras to obtain, in various cases,
information on the sums of certain class numbers. In particular, he showed

(b) h(—p) + h(—2p) = % mod 8.

More recently, Williams [24] in 1981 was able to relate h(—p) to the fun-
damental unit €, of Q(,/p). Specifically, given p = 1mod 8 and ¢, =
T+ U,/p > 1withT = 0mod4, U = 1mod 4, he improved the result
of Lehmer [14], Cohn and Cook [3], and Kaplan [12]: A(—p) = T mod 8, to
a more refined

h(-=p) =T+ (p— 1) mod 16 if h(—p) =0mod 8,
) =T+ (r— 1)+ 4(h(p) — 1) mod 16 if A(—p) = 4 mod 8

essentially by manipulating the analytic class number formula.

In the literature of the past few years, a number of authors, perhaps most
notably Gras [9] and Pioui [15], but also Desnoux [8], Hardy and Williams
[10], Hikita [11], Stevenhagen [21] and Uehara [22] (among others) have
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shown through a variety of means that (a)—(c) are in fact part of a rather
broad family of results which can in many ways be expanded and refined.
For example, with a fairly simple computation one can show that the results
of [9] and [15] (themselves obtained through p-adic measure theory) imply
the following

PROPOSITION (see Proposition 3.1 and Corollaries 3.1 and 3.2). Let P =
p1...pr with p; = 1 mod 8, k odd or k = 2, with (p; | p;) = —1 Vi # j.
Then

(A) h(—P) =0 mod 2¥+2 jff (1 —i| P) = 1.

(B) h(—P) + h(—2P) = 2*=2(P — 1) mod 2k+2,

(C) Let ep > 1 be the fundamental unit of Q(\/P). Then

h(P)log,(ep)
VP
(We note that (A) and (B) can be found in [13], (B) for the cases k = 1,2
in [16]. That (C) in the case k = 1 is precisely Williams’ result (c) can be
seen by taking the 2-adic power series expansion for log,(z) [23].)

In this article we establish a uniform procedure for obtaining congruences
such as (A)—(C) by studying the cuspidal behavior of certain 2-adic modular
forms. Through it one can derive a family of results, similar in form and
refinement to those found in [9] and [15]. This is essentially the content of
[6], and is outlined in Sections 2 and 3. While it should be noted that the
method developed does suppress some fairly heavy machinery (for instance
Rappoport’s g-expansion principle), it does, however, succeed in reducing
our problem to some fairly simple computations. Finally, we note that
the arguments used are structured so that they may be lifted from Q to a
totally real number field K, to consider the relative class numbers of certain
CM extensions through Hilbert modular forms. As such, results analogous
to (A)—(C) are often attainable. This is done for a specific example in
Section 4.

=2""1(P —1) + h(—P) mod 2~*3.

2. We now recall several modular forms and their behavior at a certain
class of unramified cusps. Rappoport’s g-expansion principle, as mentioned
before, will be crucial to our arguments, and as such will be stated in the
form that will be needed.

We begin with a result of Deligne and Ribet [7], again weakened slightly
to fit our situation. Let K be a totally real number field of degree r over
Q. By Ok, O%, and K* we shall mean, respectively, the integers, units and
ideles of K. Then

THEOREM 2.1. Let k > 1 be an integer, and let € be an idele class
character of parity k and conductor f, f nontrivial if k = 2 and K = Q.
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Then there exists a modular form Eff, . € My(I'oo(f),C) (the space of
weight k, level f Hilbert forms with coefficients in the complex numbers)
whose q-expansion at the cusp determined by T € K* with 7o = 1 at all
infinite places w and i(7) (ideal content) trivial, is given by the formula

(2L -k + Y (X ANk )et| +C

u>0 Al ()

where C' is a constant depending on € and 7, and by €(A) and L(1 — k, ¢),
we mean their values when € is viewed as a ray class character and L(s,¢)
1s the usual Dedekind L-function.

We add that in the cases we shall be considering, the contribution of C
will be identically 0.

THEOREM 2.2. Let pu,v > 0 be elements of K, and let L = K(\/—uv) >
K. Moreover, let € be the idele class character associated with L/K, € :
K* — {1,—=1}. Then, for suitable N > 1, a weight one modular form on
I'oo(N) exists whose g-expansion at the cusp described in Theorem 2.1 is

given by the series
Z quw2+uy2

z,yeOK
Two other types of modular forms will also be considered. The first of
these is the generalized Eisenstein series, which is formed as follows. Let
x1 and x2 be ideal class characters with parity £ > 1 and relatively prime
conductors N1 and Ns. Then we have a weight k, level NNy, character
X1X2 modular form with g-expansion

Bl e =B+ (30 (/AN /g (A1)

p>0 Al ()

If K =Q, then B=—L(0,x1)L(1—k,x2). For K # Q, the situation is a bit
more complicated, but we have already considered the case where x; is the
trivial character in Theorem 2.1, and by following Shimura’s construction
in [20, p. 654] we find that if x; and y2 have nontrivial conductors, then
B =0 (i.e. we have a semicusp form).

The second type of form we consider is purely cuspidal and is discussed
by Serre in [19] and by Rogawski and Tunnell in [18]. Here we assume that
K is again totally real, and, moreover, has narrow class number one. We
let G = Gal(K/K) be the absolute Galois group of K. Then, if g is a
2-dimensional, irreducible, continuous and odd representation, ¢ : Gx —
GL2(C), the transform, under certain conditions, of L(s, ) is a weight one
cusp form of a certain prescribed type. More specifically, if a weakened
form of the Artin conjecture is true, and p is such a representation with
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L(s,0) = > ger, apNKjo(B7°), then f(z) = 37 o a()q" is a weight one
cusp form of some determinable level and character.

For example, suppose K = Q, F'/Q is quadratic with discriminant dp,
o a coset representative of Gg /GF, {X, X} one-dimensional characters on
Gp with xo(7) = x(0y0™!) ¥y € Gp and ¢ = Indp/g(x). Then we have
the following [19]

THEOREM 2.3. Under the above conditions

(1) o is irreducible iff X # Xo»
(2) the conductor of ¢ is |drp|Npq(fy), where f\ is the conductor of x,
(3) the representation of Gg is odd iff either

(a) F' is imaginary, or

(b) F is real and x has mized signature.

Thus if p = 1 mod 8 is a prime integer, (p) = p'p” in Ig), we have
a modular form Fy , = > - anq" € S1(Lo(4p),axp), where by 4, xp
we mean the characters corresponding to Q(7)/Q, Q(,/p)/Q respectively,
and by x,» we mean the unique quadratic ray class character on Ig; of
conductor p’.

Finally, we consider p-adic forms Fy, k > 0, on Iyo(N) of respective
weights k = 0,1,2,... (k = 0 meaning that the form is just a constant),
all but finitely many of them being 0. In addition we assume that there
exists a cusp a € K* such that the coefficients of Fj ., the g-expansion of
F}, at o, are rational for all k. Then, if a), is the p-component of o € IA(*,
a, € K®Q,, Na, € Q, and Ok, is the localization of Ok at p, and if we
set

S(a) =) Na,*Fra,
k>0
then we have the following version of Rappoport’s g-expansion principle [7].

THEOREM 2.4. If S(«) has coefficients in Ok, for one o, then S(a) has
coefficients in Ok, for all o € I/(\'*, where p is any finite prime of K.

COROLLARY 2.1. If S(a) = Y5 Ny " Fr oy T(@) = Y450 Ny, "G
with Fy, Gy being weight k forms on Iyo(N), again with all but finitely
many of them being 0, then if S(a) = T'(a) mod p™ holds for some a € IA(*,
it holds for all o € K*.

3. In this section K will always be assumed to be Q, and the following
additional notation will be considered in effect.

1. If n is a positive integer congruent to 1 (resp. 3) mod 4, then x,
(resp. y,) is the unique even (resp. odd) quadratic Dirichlet, ideal, or idele

class character associated to Q(y/n) (resp. Q(v/—n)).
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2. 14 is the character associated to Q(i); 1 to Q(v/—2); xs to Q(v/2).
3. 7€ K* is such that i(t) = 1 and 7, = 1 at all infinite places w.

We begin by considering the classical result: h(—r) = 1 mod 2, for r
a prime, r = 3 mod 4, recovering it by manipulating the coefficients of an
Fisenstein series. We let

Z anqn = El,l,wr - %L(var) = Z (Zwr(d))qn
d|n

n>1 n>1
Now if n = r*n’, (r,n’) = 1, then we have

On = Z Yp(d) = wr(m) + Z (¥r(d) + ¥r(n'/d))

d|n’ d|n'
d<vn’

where 9,.(v/n’) = 0 if v/n’ is not an integer. Therefore a,, = 0 mod 2 if n’ is
not a square, and a, = 1 mod 2 if it a square. In other words,

Z anq" = Z q”2 + Z qu2 mod 2

n>1 n>1 m>1

nez meZ

2

But since (3, .5 ¢"

Z anq" = %( Z q"2+rm2 — 1) mod 2

n>1 n,mez

— 1> mezd™ — 1) =0mod 4, we have

or
2 2
Eray, — %L(O>¢r) = % Z gntrmt — % mod 2.
n,mez

Now this congruence should, by Corollary 2.1, hold for every Fourier coef-
ficient, at any unramified cusp. In particular, if 7 € Q* and 7, = 1 at all
places w # r with 7. a nonsquare unit modulo r, we would have

2 2
E1ap,|r — %L(Oa@br)h = % Z AL PR %\T mod 2.

n,mez

Now if we simply consider the constant coefficients, we find from Theorems
2.1 and 2.2 that

5 (1) = 1)L(0,) = 3 (¢p(7) — 1) mod 2.

But here ¢,.(7) = —1, from which we conclude h(—r) = L(0,,) = 1 mod 2.
Similarly, for p = 1 mod 4, a prime, we may determine the parity of h(—p)
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by considering

E1717w4xp - %L(O, 7/}4Xp)
1
2

( Z qn2+pm2—1)+%< Z q2n2+2pm2—1) mod 2.

n,me”z n,mez

Selecting 7 with 7, a nonsquare unit, and 7, = 1 otherwise, we obtain
h(—p) = L(0,%4x,p) = 0 mod 2.
To determine h(—p) modulo 4, we consider a,, modulo 4 where

> ang" = Bi 1y, — $L00,%4xp) + By, x, -
n>1
If n = 2°p°n’, we have

an =Y Paxp(d) + D va(p’d)xy (270’ /d)

d|n’ d|n’

= 3 Y@ 1+ i) X (2)"xp (1)

d|n’
= >~ @)1+ () ().
d|n’

As before, if n’ is not a square, we have a,, = 0 mod 4, implying

Z q”Q“’mz —1mod 4 if p=>5mod 8,
n,mez
Zanqn = ( Z gt - 1) + < Z g2 1) mod 4
(= n,mez n,me”Z
if p=1mod8.

Choosing 7 as before, we obtain

h(—p) = 2mod 4 if p=>5mod 8,
P)=10mod4 ifp=1modS.

To determine h(—p) modulo 8, for p = 1 mod 8, we consider the two-
dimensional irreducible representations induced from the quadratic char-
/A1

acters modulo p" and p” on the ideals of Q(i), where (p) = p'p” in Ig).
By Theorem 2.3 we have two cusp forms F) ,, F) , and if L(s,xp) =

Zn21 al,q™ and By, = Zn21 al’q™, we consider a,, modulo 8, where
Z anqn — Elalaw4Xp — %L(O, w4Xp) + FXP/ + FXp” .
n>1

If n = 2%pPn/, then

an = (2 v ()1 +x, (') + (@), + ).
d|n’
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Clearly, if n’ = l%klﬂl%kﬁln” for distinct odd primes I; # p, then both
summands are congruent to 0, i.e.

S vuxp(d)(1 + xp(n'))
d|n’
=3 tuxpld) > vaxp(d) D paxp(d)(1+ xp(n”)

d|n” dllfk1+1 d|l§k2+1

each of the last three factors on the right being even, while similarly

!

an,

li / / / —
= a2(¥pﬁalgk1+1 al2k2+1 a/,n// =0 mod 4
1 2

by multiplicativity and the fact that a,2r;+1 = 0 mod 2 (i.e. in Ig(; there

: : 2k +1
are an even number of ideals having norm [;**'). Hence a/, = +a/ and
a,, +al’ = 0 mod 8.

Likewise, if n’ = [2**1(n")2, then a,, = 0 mod 8 again since

() D axp(d)(1 + xp(n))

d|n’

= dao(d) Y 1+ x0)

d|n” d|12k+1
= > @ ((k+ D1+ 1axp (1) (1 + xp(1)
d|(n")?

= (1+¢4(1))(1 + xp(1))(k + 1) mod 8
while, since x, (p”) = xp (p') (if F = Q(i) and F(v')/F is the quadratic
extension corresponding to x,, then, if 4" is the conjugate of 4" over Q,
F(»")/F will correspond to x,~. But clearly, 4 will be a square mod p”
iff 4" is a square mod p’), and xp/ (1 + 1) = xpr(1 — i) = xpr (1 + 1) (as
p =1 mod 8, and 1+ ¢ is a uniformizer for the dyadic prime of F'), we have
CL;Z + CLZ = alzapﬁa22k+l (l/(nn)z + G/Q/apﬁ a;/2k+1 Cl,(/n//)Q
= (Aapp Apars1 + Qgaps@ponia) Az SiNCE a0 = a0
= aéapﬁa/(n//)2(a;2k+l + aglzk-u) .
Now if I = 3mod 4 (or ¥4(I) = —1), then, as Fy , is the transform of the
L-function
L(s,Indpg(xp) = D Xpr (ANF/g(A)
A€lp
we have ajsy = @y, = 0. Likewise, if x,(I) = —1, we have ajoy, =
—Qjhisr, since xp (") = xpr (1) = xp(1) = —=1. If x,(I) = 4(l) = 1 then
Xpr (') = xp (I") = Xxprr (I') = xp(I"), hence
Qporsr + Apoers = 2(2k + 2)xp (1)
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since the 2k + 2 ideals, ["71"?*+1=J j = 0 to 2k + 1, each have norm equal
to [2#*1 and their images under Xp and x,~ are identically one or negative
one. This, combined with (%), gives us a,, = 0 mod 8.

Finally, if n’ = n"? = [['_, I2* and 0 < s < t, with x,(l;) = 1 iff i > s,
we have

D haxp(d)(1+ xp(n')) =2

d|n’

.
Il ~
—_

( Z w4Xp(d)>

|k

t
=2 [ [ (ki + 1+ kivoary ()
=1
while, since @/, = al’,.,

t

/ "o / " ot / ot /

a/n =+ an = G2ap[3 (a/n/IQ + an//Q) == 2a2ap,(3 an//2 == 2a2apﬁ H al?ki
i=1 "

t

= 2a/2ap5 HXp(lz’)ki H (kj + 14 kixp(l;))
=1 j=s+1
since, if x,({) = 1, the ideals of Q(7) with norm 2% are simply those of the
( Xp J y
TR =1, 2k;). Now

form lj
ki +1—kixp (L) = ki(1 = xp(13)) + 1 = x,(1)" mod 4,
hence
n =2+ 2005 = 2 + 2 (1+1) X ()7 .
But if p = a® 4+ b2, a odd and p’ = (a+bi), then x,/ (p”) = (a—bi|a+bi) =
(2a|p) = (a|p) = (pla) (by reciprocity) = (a® + b*|a) = (*|a) = 1.
Therefore, we have shown

2( Z gt 1 Z i 1) mod 8

n,me7Z n,mez
Zanqnz it (1—i|p)=1,
nz1 2( 3 q"2+Pm2—1) mod 8 if (1—i|p)=—1.
n,meZ

Using the same basic techniques, we find that the following generalization
is possible.

PRrROPOSITION 3.1. Let P = pips...pr be the product of prime integers
with p; = 1 mod 8 Vi, with (p; |p;) = —1 Vi,j and k = 2 or k odd. Then
2k 41 divides both h(—P) and h(—2P), and

(A) h(—P) =0 mod 2¥+2 jff (1 —i| P) = 1.
(B) h(—2P) = 0 mod 2**2 4ff (/=2 | P) = 1.
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Proof. (A) We have already discussed the case k = 1 at the beginning
of this section. We proceed then to the case k = 2.

For j =1,2,...,k we again let Xp» Xp// be the unique quadratic charac-
ters on the ideals of Q(i), of respective conductors pj, p/, and consider

Z anqn = E1,1,¢4Xp1p2 - L(07 7/]4Xp1:02) + E171/}47Xp1p2
n>1
+ Elepl WaXpoy + ElepzﬂlMXpl )

anq X//+F IH+F ///+F HH'

n>1
Z qun = Z(an + bn)qn
n>1 n>1

Reducing ¢,, modulo 16, we find that, if n = 2°‘p1 p2 , ¢, = 0 mod 16 if n’
is not a square. If n’ is a square, then we have

cn = (14 (_1)ﬁ1+62)2
+ Xpips (1 + i)a((Xp’l + Xp’l’)(Xp’z + Xp’g’))[pflpgg]
where xa/[d] = xa(d"), d = d'd” in Q(i). (For example, Xp,plf [p1pe] =
Xp,py (PP3).) Now if 81 # B2 mod 2, say f1 = 1 mod 2, then clearly a,, = 0.
Moreover we have ¢,, = 0 mod 16, since
Xpt s, (D7) = X1, (D7) X, (D7)
= Xpy (P1)Xp, (P1)(=1)  since xy (p1) = —1 by assumption
—Xpywy (P1)

implies that b,’s contribution is cancelled out as well. This is likewise the
case for f1 =0, B2 = 1 mod 2. If both 31, f2 = 1 mod 2, then we have

o~

/! //)

X, oy, (PTPY) = Xptpy (PYD2) = Xptrpr, (1Y) = Xty (P115)
= Xpt (D7) Xt (P5) Xpy (P2) Xy (P1) = X, (P2) Xty (D7)
= (0/17 0/2,)}7/1 (O/b 0/2/)10/2/

((7, 6)w the Hilbert symbol over F' = Q(i))

= H (0/17 O/Ql)w

i

wip|py

But this is equal to one, since F'(y/« ’)/F F(\/a4)/F are unramified
outside pj, p4. Hence, in this case, ¢, = 4(1 + xp(1 + i)%*) mod 16.
Similarly, if 81 = (2 = 0mod?2, we find immediately that again
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n = 4(1 + xp(1 +¢)%) mod 16. Putting this all together yields

4( 3o gt 1) mod 16 if xp(1+i)=—1,
n,me”z
Z c qn = n?4Pm? 2n2+2Pm?
n 4 Z q -1+ Z q — 1) mod 16
nzl n,mez n,mez

if xp(14+14)=1,
which gives us our result for kK = 2. For k£ > 1, k odd, we make a similar
argument, considering ¢, modulo 2¥*2 where

Z anq” = Z E1:¢4XPS.:7XPS + B3 guxe — %L(O’ Yaxp),
n>1 Sc{l,...k}
S#0
Z b’nqn - Z FXP’ P” b Z qun = Z(a’n + bn)qn
n>1 sc{i,..., n>1 n>1
S;fé@
where for a subset ' € {1,...,k}, xp, pr. = [Ljer Xp, [Ligr xpr and xp, =

[;er Xp;- Reducing to the case of n =2 Hf 1 pzﬁln’ with n’ a square, we

have

k
= > vaxp(d)(1+ (1), ().
d|n’
k
(L (—D) DBty ().
As in the case k = 2 we then have, modulo 2F+2,

=(1+ (-1 )E/Bi+/81) (14 (~1 )E/Bi"r/@k)
k
+xp(1+1) (H Xy +x0) ) 1952,

Now if some (3, # 3; mod 2, then ¢, = 0 mod 2k+2 since a,’s contribution
will be zero (i.e. (308 + Bn) + (O_Fi + B;) # 0mod 2, and so the terms
cannot both be even), and, we claim, b,’s vanish as well. But this is clear,
forif 1 =...=ps=0mod 2, and fs41 =... = =1mod 2 (1 < s < k),
then we have

k
Xp’lp’zmpz( 11 p;’) = (=1 o m( H p)

1=s+1 1=s+1

oot H pivk)

1=s+1

— (_1)kfs 1

since k is odd, and our terms again pair off and cancel. Using the fact that
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Xp, (P}) = Xpr (P}) as in the case k = 2, we are left with
i J

2’“( 3o g 1) mod 2672 if (14| P) = -1,
n,me”z
> eng" = 2k< $ e 3 q2n2+2Pm2_1> mod 2F+2

nzl n,me”Z n,me”Z

if (14+¢|P)=1.
Hence the result.
To prove (B), we proceed in a nearly identical manner, this time consid-

ering ¢,, modulo 2¢*2 where
Z anq" = Z Elﬂ/JsXPSmXPS + E11psxr — %L(Oa YsXp)
n>1 Sc{l,...k}
S#0D
Shit = Y P St =S thr
n>1 Sc{1,....,k} n>1 n>1
S#0

with p; = pip} in F'= Q(v/—2), and where Xp/;» Xpy are, respectively, the
unique quadratic ray class characters over F' of conductors pf, p/. If n =

2% H?:l pfj n’ we again find that if n is not a square, then ¢, = 0 mod 2++2.

If n/ is a square, then

k k
e = (14 (—1)Z=aPitfy (14 (—1)Zimlitr)
k
+ XP(M)Q H(Xp; + Xp;/)[p’?l .. p'sk] .

j=1

Once again, we have ¢, = 0 mod 22 unless 3; = B; mod 2, Vi, j. In this
case, we use Hilbert symbols to show that x, (p}) = Xp (p), yielding

k
cn =281+ xp(V—2)%) H Xp, (p;-’)ﬁj .
j=1
But Xp, (p;/) = Xp;(\/—Q), since, if p; =a—by-2, p;.’ = a + by —2 with
a? +2b% = pj, a,b € Z, b= 2%V, 1 odd, then

(V=2]a—bv/=2)(a+b/=2|a —b/=2)
= (avV/—2 —2b|a — bv/—2)

= (bla — bv/—2)(abv/—2 — 2b* | a — b/ —2)
= (V' pj)(a® — 2" |a — bv/=2)
= (p; [V)(a® = 2% | p;) = (a®|V')(20 | p;) = 1.
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Therefore, since k is odd, we have ¢, = 28(1 + xp(v/—2)**!), implying

2’“( S gt 1) mod 2672 if (vV_2|P) = —1,

n,me”z
Z Cp = 2’“( Z qn2+2pm2 -1+ Z q2n2+Pm2 — 1) mod 2F+2
n>1 n,me”z n,me”z
if (V—2|P)=1.

Choosing an appropriate cusp then gives us our result.

COROLLARY 3.2. Let P be as in Proposition 3.1. Then
h(—P) + h(—2P) = 2*72(P — 1) mod 2F*+2.

Proof. Since P = 1mod 8, (vV—2|P) = (vV2|P). Now (1+i|2) =
e™/* is a primitive 8th root of unity, and therefore, (1 +i|P) = (v/—2| P)
iff P =1mod 16, that is, iff 2*=2(P — 1) = 0 mod *+2.

COROLLARY 3.3. Let P be as in Proposition 3.1. Then

h(P)logy(ep)
VP

Proof. Using Amice-Fresnel’s [1] residue formula, we have
2h(P)logy(ep) _ <1 _xr(2)
VP 2

Since xp(2) = 1 here, this, by the continuity of 2-adic L-functions [23],
implies

= h(=P) +2""1(P — 1) mod 2**3.

>_1L2<1,XP>.

h(P)log,(ep)
VP

From Corollary 3.2, 2L(0,%4xp) + 2L(0,18xp) = 2F71(P — 1) mod 2+3.
Thus, we need only show

L(1— 23 yp) = 3L(0,%4xp) + 2L(0,gxp) mod 273 .

= Ly(1,xp) = Lo(1 — 2’”3,)(13) mod 2FF3

To this end, we consider d,, modulo 2¥t3, where

Z anqn = E2k+3717XP - %L(l - 2k+37XP) + Z Ebk“»s’XPS”XPSC ’

n>1 Sc{1,....,k}

S#0
Z bnqn = El,l,”tl)4Xp - %L(OJMXP) + Z E17w4Xpsc,XpS ’
n>1 Sc{1,....,k}

S#0
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Z qun = El,lﬂl)sXP - %L(OawsXP) + Z EstXPSc’XPS ;

n>1 Sc{1,....,k}
S#(

Z dnq™ = Z(an —3by, — 2¢)q"

n>1 n>1

Now if n = 22 Hf 1 pfﬂ n', we have

k+ .
3 xp(d)d® 1 P ()P ()
d|n’/

an

(L P (-1 EB ()
b= axp(d)(1+ ()20 ().
d|n’/
(L ()RR (),

en =3 tsxp(d)(1+ (~1) 50y, (n) .
d|n’

(L (—D)RPEER ().

If n’ is not a square, then, since by assumption p; = 1 mod 8 Vj, we have

an =Y xp(d)(d—3va(d) — 2¢s(d H —1)ROAR ()

d|n’ h=1
We note, however, that for d odd, d — 314(d) — 21s(d) = 4 mod 8, implying
an =43 xp(d)(1+ (-1, ()
d|n’
(14 (—1)FBFEBi (7)) = 0 mod 283

If n’ is a square, then, if S C {1,...,k} is the set of indices such that
p; =9mod 16 and 8; =1 mod 2 iff i € S, then

k
an =" xp(d)(d — 3pa(d) — 20s(d)) [[ (1 + (~1) By, ()
d|n’ h=1
983 ST xp(@d [ (1 + (—1)ko 28,
i€S d|n/ h#i

If & = 2, then clearly the contribution from (%) will be congruent to 0.
Similarly, if k£ is odd, the contribution from the ith auxiliary term will
likewise be congruent to 0 unless the simultaneous system of k — 1 equations
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in s holds for each ¢ € S

0,31—i—ﬂg—l—...—i—Oﬂi—F...—i-ﬂk_l—i-ﬂkE1,
Bi+082+...4+08;+...+ b1+ B =1,

But we see immediately that adding equation h to equation j produces
Br = Bj. The fact that k£ is odd thus implies 3, = 1 Vh. Again using the
identity d — 3t4(d) — 2¢3(d) = 4 mod 8 leads us to conclude

Z ang” = 2k+1( Z qn2+2m2 —14+A Z an2+2Pm2 _ 1) mod 2k+3
n>1 n,mez n,me”z

where A = 1 + the number of elements in S. Choosing an appropriate cusp
gives us our result. A similar proof yields

COROLLARY 3.4. Let P be as in Proposition 3.1. Then

h(2P) 10g2 (6213)
V2P

= h(—2P) + 271 (P — 1) mod 2¥3.

4. In this section we will be assuming that K = Q(v/2) and our forms will
be Hilbert modular forms over that field. Moreover, we will be assuming the
Artin conjecture for representations of G . For a prime integer p = 1 mod 8,
we let p' € K be a totally positive representative of a prime ideal of K
dividing p, and let 7 = 2+ /2, ¢ = 1 + /2 be, respectively, a representative
for the unique dyadic prime of K, and K’s fundamental unit. We note that
if ¢, is a primitive nth root of unity, n a positive integer, then K (i) =
Q(¢s) and K(v/7) = K(Ci6 + C16) = Q(Ci6)T, the maximum totally real
subextension of Q((i6).

If we make the additional assumption that e is a square modulo p

(or, equivalently, by 3.1, 8| h(—p) since 11:\? = (1_i;'\/§)2), the extension
K(v/p')/K will be ramified only at p’, corresponding to the unique quadratic
ray class character y, of conductor p’. Likewise, corresponding to the ex-
tensions K(i)/K and K(y/—7)/K we have quadratic ray class characters
which we shall denote (respectively) by 17 and 9. Finally, for d € K, we
let h(d) be the class number of K(v/d) and show the following analog to

(a)—(c) of Section 1.

PROPOSITION 4.1. Let p, p’ be as above. Then
0 mod 2,
(A) h(=p') ={ Omod 4  iff p=1mod 16,
Omod8 iffp=1mod16 and (1+(s|p) =1,
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0 mod 2,
(A") h(=7p') =< 0mod 4  iff p=1mod 16,
Omod8 iff p=1mod 16 and (v/—7 |p)=1.

If p=1mod 16 then

(B) h(—p') + h(—7p') = 1(p — 1) mod 8,
V/8plogs(e)
where, for a number field E, Ry(F) is the 2-adic regulator of E.

Proof. (A) Here we proceed as at the beginning of Section 3. To show
h(—p’) = 0 mod 2, we consider a, modulo 2, where

K 1
> aud" = Effy yy,, — 1L0 Y1)
pu>0

(—p’) mod 16,

If u = 7°p Py, we once again find that

ap =Y ixp(A) = D drxp (A)

Alp Al

0 mod 2 if i’ is not a square,
1 mod 2 if i/ is a square,

leading us to conclude
> auqt = %( STt o Y g 1) mod 2.
©>0 w,veOK w,reOK

As before, choosing an appropriate cusp (for example, 7, = 1 at all places w
except p’, where it is a nonsquare unit) yields L(0,1x,/) = 0 mod 4. But

L(0, 1xpr) = 2h(—p").
To determine the 4-divisibility of h(—p’), we consider a, mod 4 where

D " = B, — 11O Yx) + Bily, o,
>0
and find, for u = 7p'8/,
ap = Y ()1 +01(0) 0 (1) X (1)
Al
But ¢ (p’) = 1, since p = 1 mod 8, leaving

( Z qu2+p'u2 -1 + Z qTH2+TpIU2 _ 1) mOd 4

pu,veO0K pveOlK )
> " = if xp (1) =1,
2 .2
n>0 ( Z gt — 1) mod 4 if xp (1) =—1.
p,veOk

Now since K(v/7) = Q((16)™, it follows that x,/(7) = 1 iff p = 1 mod 16.
Hence the result.
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Finally, to determine h(—p’) modulo 8, we let F' = K (i) and note that
the units of Op and Ok are the same up to roots of unity ([5, 13.6] for
example). If p = 1 mod 16 and x,(e) = 1, then we will have quadratic ray
class characters x,/, X, on the ideals of F' of respective prime conductors
o', 0", where p' = ¢'0". We let F ,, Fy , be the corresponding Hilbert
forms, and consider a, mod 8 where

Z a“q# = Eflﬂblxpf B iL(O’QMX;D’) + El]ilmx,y + FX@’ + FX@” :

wu>0
Our arguments from here on are precisely identical to those used over Q. We
need only demonstrate that x, (0”) = x,(¢’) = 1. But this computation is
greatly facilitated by the well known fact that Q((s) (as well as Q((16)[23,
p. 352]) has class number one. We let o' = a — bi, ¢” = a + bi, where
Ta,7b € Op = 7Z((g), and observe that

(a+bila—0bi)=(2a|p) = (ra|p’) since p=1mod 16
= (Ta7p/)p/ - H (Ta,p/)w

wtp!
= H (a',p"), where Ta =1%
wiTp'
= IJ @, p*).=1.
wtTp’

Noting that 1+ (g serves as a uniformizer for the unique dyadic prime of F',

we find
2( Z q”2+p/”2 -1+ Z qw2+7p/”2 — 1) mod 8
n,veOK n,veOK
Z a,q" = if xp(14+¢) =1,
>0 2( S gt 1) mod 8 if xp(1+Cs) = —1.
pn,veOK

Thus we have shown (A). To show (A’), our argument is essentially the same.
In this instance, we replace 1y with 15, observing that 15 (p’) = 1 iff p’ splits
to K(1/7) = Q((16)™, that is, iff p = 1 mod 16. Moreover, for F' we choose
K(y/—7), noting that here, \/—7 serves as a uniformizer for the unique
dyadic prime of F. Therefore, we need only show that x, (0") = X, (v/—7),
where o' = a — \/—7b, 0" = a + \/—7b, with a,b € O since a simple check
verifies that Op = Ok [v/—7]. But this may be accomplished as follows. We
consider

Yo (V=78") = (ay/~7 —7b|a — vV =7b) = (b]p)(aby/~7 — 7 |a — V/~7b)
= (b.0)p (2% |p) = [[ (0.9

wlb
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= H (b,p').,, since p=1mod 16

w|br

=[] ®.e*=1.

w | bt

To prove (B), we need only make the brief computation

I+G _ 2+2\/§+§2.:C16.

VT V242

Part (C) follows from Colmez’s residue formula for p-adic zeta functions

[4] once we have shown that L(1,x, ) = L(—31, xp) = L(0, 11X, ) mod 32.

To

this end, we consider ¢, modulo 16 where
K K
Z ang" = E311.x, ~ L(=31, xp) + B3l 1
p>>0
Z bug" = Efl,%xp/ = L0, dhxpr) + E{,(xpuwl ’
>0
D oeud” =Y (an—bu)d".
n>0 u>0

As p =1 mod 16 by assumption, we have

=Y X (AN A — g (A) (1 + X (1)

Al !
=0mod 16  since N'(A)*" — 91 (A) =0 mod 8.

Choosing an appropriate cusp gives us our result.

In conclusion, the author wishes to thank Drs. T. Chinburg, P. Conner

and J. Hurrelbrink for their advice and support.
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