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1. Introduction. There are many problems in number theory that
reduce to searching for squares in specific sequences. For instance, we would
like to know whether there are infinitely many squares of type p — 1, where
p ranges over primes. Of particular interest is the general problem whether
the difference set

A—B={a—-b;ac A, be B}
contains squares. Furstenberg [1] and Sarkozy [3] studied the case A = B
and gave an affirmative answer under the amazingly general condition that A
has a positive upper density. Sarkozy [3] succeeded in proving a quantitative
version for thinner sets. The best result (under the weakest assumptions)
so far has been established by Pintz, Steiger and Szemerédi [2] showing that
A — A contains infinitely many squares if

A(z) = #{a € A;a <z} > ca(logz)~(1/12)loglogloglog
where c is an absolute positive constant.

Various methods have been employed. Furstenberg used ergodic theory,
Sarkozy applied the circle method together with a combinatorial idea and
Pintz, Steiger and Szemerédi introduced further combinatorial refinements.

In this work we apply a variant of the dispersion method which has a
potential to give squares in considerably thinner sets.

Let A = (a,,) and B = (by,) be finite sequences of complex numbers. In
applications A and B will be considered as characteristic functions of finite
sets. Our aim is to evaluate the sum

(1) SAB) =" ambnl.

m—n=I2

Let v4(k) be the number of solutions to 2% = k (mod d). Put

el = S § )ty and s = 5 3 el

d|c c<C
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THEOREM 1. Let C > 2 and a,, = 0 for m > M. Then

(2) S(A,B) =" ambnsc(m —n) + Ec(A, B),
m>n

where

3) Ec(A,B) < (CTV2M + M/ log M) All || B

and

141 = (Xlan?) ™, 181 = (S 1e?) "

Remarks. Notice that x.(k) is multiplicative in c. If (¢,2k) = 1 we
have

(4) i) = (2.

Cc

For other ¢ the formula for x.(k) is somewhat complicated but still expressed
in terms of the quadratic character.

The error term Ex (A, B) can be improved a bit by employing the Fourier
technique. Regarding the parameter C it yields the best estimate for the
error term Ex (A, B) with C = M6 however such a choice may not be
best for handling the main term. Clearly, for that matter we may want C
to be small depending on our knowledge of the distribution of A and B in
arithmetic progressions. For example, if we deal with primes < M then we
can allow C' < (log M)# in view of the Prime Number Theorem of Siegel
and Walfisz.

2. Dispersion method. We set s(k) = [ if k = [ and s(k) = 0

otherwise, so
S(A,B) = Z Z ambps(m —n).

m>n
Therefore Theorem 1 reveals that the character sum s¢ (k) approximates
s(k) very well in the sense that the bilinear form

Sc(A,B) = Z Z ambnsc(m —n)

m>n

is close to S(A,B). To estimate the difference E-(A,B) = S(A,B) —
Sc (A, B) we shall apply the dispersion method.
Let us introduce

S(n) = Z ams(m—mn), Sc(n)= Z amsc(m—n),

m>n m>n

Sc = Z Zambnsc(m —n).

m>n

and
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By Cauchy’s inequality we obtain
(5) Ec(A,B) = ba(S(n) = Sc(n)) < DY?|B]],

where
D =) "|S(n) - Sc(n).

Squaring out and changing the order of summation we write
(6) D = (S,S) —2Re(S,Sc) + (Sc, Sc) ,

where
=" ISm)P, (S.Sc) = ZS Sc(n), (Sc,Se) Z\Sc :

with the aim of evaluating each sum separately.

3. Evaluation of (S¢, S¢). We have
(Sc,Sc) = Z Z Z Ay Gy So (M — n)sc(mg — n)

n mip>nma>n
1 —
= 122220 > ey Jeres (ma,ma),
c1,c20<C m1 ma
where
\70102 (mla m2) = Z Xey (ml — n)XCZ (m2 — n) .
n<min(mi,ms)

Since x.(k) is periodic in k of period ¢ we split the summation over n into
progressions to modulus cico and get

Fuslmnme) = 3 e lms = 2 omz =)

z (mod cie2)

min(ml, ’I?’LQ)

+ 0(1)>

C1C2

min(cy, co) .
= (712)161.;2 (my1 —ma2) + O(cic2),
C1C2
where
(7) Jeres )= Y Xer(2)Xen(2 = k),

z (mod c1c2)

which resembles the Jacobi sum. Here the error term comes from the trivial
estimate

(8) Z |Xc1 (Z)Xc2 (Z - k)’ < ciea.

z (mod c1c2)
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For exact evaluation of j. ., (k) we appeal to the formula for the Ramanujan
sum

©) Re(k) = g}d)e(’“) - %du(é)
giving
(10) MR =3 )

2 (mod ¢) y (mod ¢)

Hence
jC]_ C2 (k)

1 * ok . yl(:z:%—z)_yg(ajg—z—i-k)
D) DI NP I s ).

z1 (modec1) y1 (modey) z (modeies)
22 (mod c2) y2 (mod c3)

Here the innermost sum vanishes unless ¢; = co = ¢say, and y; = y2 (mod ¢),
in which case we get

2 .2
. * yley — x5 — k
= Y Y o MR S joerr.
y (mod ¢) z1,z2(mod ¢)
where G(c) is the Gauss sum
2
G(e) = Z e<$> .
z (mod c¢) ¢

For subsequent use we recall the well-known formula

c if 2¢te,
(1) GEPR={0 if2e
2¢ if4|ec.

Collecting the above evaluations we conclude that
(12)  (Sc,Sc)
1 .
=7 Z c?|G(c)|? Z Z Uy T, MIN(M1, M2) Re(my — ma)

c<C mi Mo

+O(C4(;|am\)2).
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4. Evaluation of (S, S¢). We have
(S,S8¢c) = Z Z Z Ay Gy S(M1 — n)sc (M — n)
n mi>nms>n
1 _
— 5 Z Z Zamlamgjc(mme) 5
CSC mi1 M2
where
Jelmi,ma) = > s(m1 = n)xe(ma —n)
n<min(mi,ms)
= Z Xe(12 +mg —mq)l
0<mi—I12<min(m1,maz)
= Z Xc(z2+m2—m1)( Z l)
z (mod ¢) =z (mod ¢)
O<m1—l2<min(m1,m2)
— m1n(77211, ma) je(mg —mq) + O(cmi/2) ;
c
where
(13) k)= > xez®+k)
z (mod c)
and the error term comes from the trivial estimate
(14) Z Ixe(22 + k)| < c.
z (mod ¢)
By (10) and (13) we infer that
. 1 * y(z® — 2% — k) G(o)?
= XY (M) gy,
z (mod ¢) y (mod ¢) z (mod c)
Collecting the above evaluations we conclude that
(15) (S, Sc¢)
1 .
= Z c2|G(c))? Z Z Ay Qo MIN(1, M2) Re(g — my)

c<C mi mso

co(eH (S ) (5 )

203
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5. Evaluation of (S,S). We have

(5,5) = 2Rez Z Zamlasz(ml —n)s(mg —n) + Z Z | am|?

n<meo<mi 2<m
= 2ReZZamlam2J(m1,mg) + O(Zm3/2|am\2> ,
mo<mi m

where

J(m1,ma) E E s(my —n)s(ma —n).

n<mso

To evaluate J(my,mo) we put n = my — 2 = my — 13 and then u = I} — Io,
v = l1 + l5. This is a one-to-one correspondence subject to the following
conditions:

Ur<u<U, w=k, u=v (mod?2),

where Uy = /m1 — /ma, Uy = v/m1 — mo and k = m1 — ms.

Hence we obtaln

J(my, ma) ZZ v? — u? Z (K*u=2 — u?)

Uy <u<Us
k=u? (mod 2u)

:i > (k2u_2—u2)% > e(W)

Ui <u<Usz y (mod 2u)
k2 cr * vk xer?
- —1
2, (@) ()L E )
2U1<2:I:ZT<2U2 z (mod c)

= H(my,mga) + I(my,ma),

say, where H(mj, ms) denotes the partial sum restricted by ¢ < C and
I(m1,m2) denotes the partial sum restricted by ¢ > C.

First we evaluate H(mq,mz). Given ¢ < C' we sum over r getting

= @) ()

2|(2,c)r
2 2 2
B Z xco Z Sl k cr
o (mod 2) R1<r<Ro>

2|(2,¢)e r=o (mod 2)

where Ry = 2U;c¢™ ! and Ry = 2Usc™!. The innermost sum is approxi-
mated by
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G- (T o) - elmm)
et

and the outer sum is clearly equal to |G(c) (see (11)). This gives

1 C
H(ml, mg) = 1 Z ciQ‘G(C)PmQRC(ml — m2) + O<7nlin17n2> .
c<C v v

Now we proceed to estimate I(mj, ms) by an appeal to the large sieve
inequality

ae) > 3

q<Q a(mod q)

> )\me< )‘2§(Q2+M) > Pl

m<M m<M

We assume that the sequence A = (a,,) is supported in the interval 1 <
m < M and deduce by partial summation that
Z Z Ay Gy L (M1, M02)
ma<mi

o £ | ()| 5 (o)

c<2v/M = (modc) m<M m<M
with some sequences A" = (a),) and A” = (al}) with |a},| < |an,| and
|a | < |ay,|. Hence by (16) the above sum is
< CT'MP(og M)* > am*.

m<M

Collecting the above results we conclude that
(17) (S,5)

1 .
=1 Z c?|G(c)]? ZZam16m2 min(mq, mg)R.(my — ms)

c<C mi Mma

+O<(CM3/2+C "M?)(log M) (Zlam! ))

6. Proof of Theorem 1. Conclusion. Inserting (12), (15) and (17)
to (6) we find that the main terms cancel out and we are left with the error
terms giving

(18) D < (C*M + C2M3/? + =1 M?)(log M)? ( 3 |am|2> .

Finally, by (5) we get (2) with
Ec(A,B) < (C?M~Y2 4 CM3/* + C~Y2 M) (log M) || Al ||B]| -
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We shall improve this result slightly by estimating the difference
1
SC(AvB)_SCO(A>B) = 5 Z Zzamanc(m_n)'
Cop<c<C m>n

Using the results of Section 3 and the large sieve inequality we obtain
|SC(A7 B) - SCO (Av B)P

<IBIEY.[ Y D amxelm —n)

n  Cop<c<Cm>n

= ”8”2 Z Zzamlam2j6162(mlvm2)

Co<cy,ca<C mi1 ma

=1BI> > PGP tm, Gm, min(ma, ma) Re(my — my)

Co<c<C mi ma2
+O(C*M || AJ1%||BII?)
< (Cy M+ M) AP B
This gives
S(A,B) =S¢, (A, B)
+O([(C2MY? 4 CMP/* 4 C=Y2 M) log M + Cy /2 M]||AJ[||BI]) -
We take C' = M'/® and get (2) with (3).

‘ 2

7. Further assumptions and results. Our goal is to give a more
accessible expression for the main term Sc (A, B) in Theorem 1. To this end
we impose local conditions on the distribution of squares in the difference
set. Suppose the sequences A, B satisfy the asymptotic law

Z Z ambprg(m —n) = w(d) Z by +14(A,B),
m>n m>n

where 74(A, B) is considered as an error term and w(d) is a multiplicative

function such that
oo

(19) Z(s) = ¢ Hs) Y_w(d)d ™

d=1
is holomorphic and bounded in Res > —1/2. We obtain
1 c
c<C d|c m>n
where

(20) [Fo(AB)| <) Cdra(A,B).

d<C
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Furthermore, by contour integration we find that

5 (zn()

c<C ™ dle
- mfw Z(s)CS@ +O(T~1C 2 10g O)
271 S
1/2—4iT
—1/2+iT
— 700+ 1 Z cs@ O(T~'C 2 1og C
—()+2m. f (s) 8+( og O)
—1/2—iT

= Z(0) 4+ O(C™21og T + T~1C?10g C)

= Z(0) + O(C~210g C)
by taking T'= C'. Hence we conclude the following

THEOREM 2. Under the above conditions we have

S(AB) = L2033 b + Fo(AB)

m>n

+O(MC™?log C + M"/? log M)||A[||B]| -

8. An application. To illustrate the asymptotic formula of Theorem
2 we consider the sequences A = B = (A(n)), the von Mangoldt function.
By the Generalized Riemann Hypothesis we get

SN Am)Am)va(m —n) =w(d) Y > A(m)A(n) + ra(A, B),
n<m<M n<m<M

where

1 * *
w(d):gﬁ(d)z Z vala— ) =1

a,B(mod d)
and

ra(A, B) < (dM3/? + d® M) (log M)? .
Hence
FolA,B) < (C?M3/% 4 C3 M) (log M)? .
COROLLARY. We have
D> A(m)A(n)s(m —n) = TM* + O(M*/log M) .
n<m<M

Remark. Assuming no Riemann hypothesis one gets the above asymp-
totics with the error term O(M?(log M)~4) for any A > 0, and the implied
constant depending on A.
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