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In 1952 Piatetski-Shapiro [4] considered the following analogue of the
Goldbach—Waring problem.

Assume that ¢ > 1 is not integer and let £ be a positive number. If r is
a sufficiently large integer (depending only on ¢) then the inequality

(1) Ipf +p5+...+p. —N|<e
has a solution in prime numbers pi,...,p, for sufficiently large N. More

precisely, if the least r such that (1) has a solution in prime numbers for
every € > 0 and N > Ny(c,¢) is denoted by H(c) then it is proved in [4]

that
He) _,

lim sup
c—oo clogec

Piatetski-Shapiro also proved that if 1 < ¢ < 3/2 then H(c) < 5. One
can conjecture that if ¢ is near to unity then H(c) < 3. On the other hand,
instead of fixed €, we may consider £ depending on N and tending to zero
as IV tends to infinity.

This conjecture is proved in [7] for 1 < ¢ < 27/26 and

e — N—(1/0)(27/26—c) 10g13N _
In this paper we sharpen the last result and prove the following theorem:

THEOREM. Let 1 < ¢ < 15/14. There exists a number No(c) > 0 such
that for each real number N > Ny(c) the inequality

C4pS 4+ ps— N <N—(1/c)(15/14—c) lo 9N
[pY +p5 +p5 — N| g

has a solution in prime numbers p1, pa, p3.

Notation

¢ — fixed real number such that 1 < ¢ < 15/14,
N — sufficiently large number,
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(2) X = (N/2)e,

(3) = X13/28—C/2 7

(4) T = X41/56+C/4 ,

(5) e :X—(15/14—C) 1Og8X,
= (&

(6) A 110 )

(7) r = [log X],

where [a] denotes the integer part of the real number «;
(8) K — X15/14—c(10g X)_6 ,

m, n, k, I, d, r (with or without subscripts) — integers,

P, P1, P2, ... — prime numbers,

7(n) — the number of positive divisors of n,

A(n) — von Mangoldt’s function,

U(x) =), ., A(n) — Chebyshev’s function,

0 = 3+ iy — non-trivial zero of the Riemann zeta function ¢(s),

> a<~y<p — Sum over the non-trivial zeroes of ((s) such that a < <b,
e(x) = e2™@,

A=< B means A K B<K A,

9) S)= > logp-e@p‘r),
X/2<p<X
X

(10) I(z) = [ e(t°x)dt,
X/2
X

(11) L) = [ e(tx)te"dt,
X/2

(12) J(x)= ) ().

[v|<T

The constants in O-terms and <-symbols are absolute or depend only
on c.

To prove the theorem we need some lemmas.

LEMMA 1. Let a, 6 be real numbers, 0 < 6 < a/4, and let k be an integer.

There exists a function p(y) which is k times continuously differentiable and
such that

ely) =1 for |yl <a-97,
0<eply)<l fora—9d<l|y <a+9d,
py) =0  for |yl >a+4,
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and its Fourier transform

satisfies the inequality

11 Eo\*
)] < mi 2 .
@)l < mm( “ rla] wla] (mw) )

Proof. See [4] or [5].

Throughout this paper we denote by ¢(y) the function from Lemma 1
with parameters a = %5, 0 =A, k=r, and by @(z) the Fourier transform

of ¢(y).

LEMMA 2. Assume that G(x), F(x) are real functions defined in [a,b],
|G(z)| < H fora <z <b and G(zx)/F'(x) is a monotonous function. Set

I= [ G)e(F(x))da.

a

If F'(x) > h > 0 for all x € [a,b] or if F'(x) < —h <0 for all x € [a, b
then
1] < H/h.

If F"(z) > h > 0 for all x € [a,b] then
11| < H/Vh.
Proof. See [6, p. 71].

LEMMA 3. Suppose that f"(t) exists, is continuous on [a,b] and satisfies
') = A (A>0)  fortelab].
Then
|3 )| < (- a2 a1,

a<n<b
Proof. See [6, p. 104].

LEMMA 4. If 2 <t <z then

Proof. See [3, p. 80].
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LEMMA 5. Assume that 1 < R <Y. There exists a number v1 > 0 such
that if

gi!
0(R) =
B log*/%(R 4 10) log log(R + 10)

then the following estimate holds:

Y1/2R10g®Y, Y34 <R<Y,
Z VP8 <« 62logY+3logR—2\/mlog6Y Yyl/3 < R <y3/4
0<v<R y1-0(R) R2.40(R) 540y, I<R<YVS

Proof. This lemma can be deduced from the density theorems of In-
gham (see [6, p. 236]) and Huxley (see [2]) combined with the estimate of
I. M. Vinogradov for the zero-free region of ((s) (see [3, p. 100]). Detailed
computations may be found in [1].

LEMMA 6. We have

f[g(w)e(—Nx)@(a?) dr > eX?°.

Proof. Denote the above integral by H. We have
X X X oo
H= [ [ [ [ e(t+15+1t5— N)a)d(z) dz dty dty dts
X/K/XK 200
(the change of the order of integration is legitimate because of the absolute
convergence of the integral). Using the Fourier inversion formula we get
X X X
H= [ [ [ o +1t5+1t5— N)dtdtydts
X/K/X/2
and by the definition of p(y) we get
X X X XX

H > fff dty dty dtz > ff(fdt3>dt1dt2,

X/XK/K/2 AXAX 9
[t{+t5+t5—N|<4e/5

where A and p are real numbers such that

1 1 1/c 1 1 1/c
and

M = [X/2, X]N[(N — ge —t§ —15)/°, (N + ge — 1§ —15)"/°].

Because of (13) and the choice of N, X, ¢ it is easy to show that in fact
I is the right interval of the above intersection. Thus by the mean-value
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theorem
pnX pX

H > ¢ f f (€t11t2)1/c_1dt1 dtg,
AX AX

where &;, 1, < X¢. Therefore, H > ¢X37¢, which proves the lemma.

LEMMA 7. We have

T

(i) [ 18%(2)|dz < X*~“log®X

(ii) [ 11(2)| dw < X*~“log X,
n+1

(iii) [ 18%@) dz < X log® X

n

uniformly with respect to n.

Proof. We only prove (i). Inequalities (ii) and (iii) can be proved
likewise.

We have
(1) [IS%@)lde= ) logpilogp [ e((p§ —ps))du
- X/2<p1,p2<X =
1
< Z log p; log p2 min <7-, Cc)
X/2<p1,p2<X |p1 - p2|

< Urlog?X + Vlog’X ,

where

1
U= = Ve e

X/2<n1,m2<X X/2<n1,m2<X M
|n§—ng|<1/7 1/7<|n—ng|
We have
U< Y. Yool ) (41— (nf —1/7)V°)
X/2<n1<X X/2<na<X X/2<n1<X

(n§—1/7)"/°<na<(n +1/7)1/¢

and by the mean-value theorem

1
(15) U< X +=-X*°,
T
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Obviously V' < >, V; where

1
16 VvV, = -
(19 l 2 g
X/2<n1,na<X
I<|n]—ng|<2l
and [ takes the values 2¥/7, k =0,1,2,..., with [ < X°¢. We have

1
LAY oL

X/2<n1<X X/2<na<X
(n$4+1)Y/ e <na<(n+21)1/¢

For 1 > 1/7 and X/2 < n; < X it is easy to see that
(n$ +20)1¢ — (n$ +1)1/e > 1.
Hence
1
(17) Vi< S (§ +2)Ve = (n§ + 1)) < X2e
X/2<n1<X

by the mean-value theorem.
The conclusion follows from formulas (3) and (14)—(17).

LEMMA 8. Let ayy,, by, be arbitrary complexr numbers and let
r<l|z|]<K, XY*<R<XY?
XV* <« L<ILy<2L, LR<X.

Define
W = Z Z ambpe((mn)‘x).
L<n<Li X1/4<m<R
Then
W] < (AB)2X*/(log X) ™",
where

A= Z aml*,  B= Z [ba]?

X1/4<m<R L<n<L,

Proof. Obviously, we may suppose that 7 < x < K. Take s € [1, R]
whose exact value will be determined later. We define the numbers R;,
0 <1i < @Q, in the following way:

Ro=XY* Ry =min(R;+s,R), Ro=R.
Obviously Q@ < R/s. We have

W = Z Z Z ambre((mn)x),

L<n<L; 1<i<Q Ri—1<m<R;
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hence

Wi S bl Y > ame((mn)a)

L<n<L, 1<i<Q Ri_1<m<R;
and Cauchy’s inequality gives

wpPr<B > ]Z > ame((mn)cx)(

L<n<L; 1<i<Q R;_1<m<R;

<BQ Y X | X anc(mm)n)

L<n<L; 1<i<Q R;_1<m<R;

= BQ Z Z Z A,y Ay e((M§ — ms)ne) .

L<n<L; 1<i<Q Ri—1<m1,m2<R;

2

:

After some rearrangements we obtain

a8 wE<B( > Y > lawf

L<n<L; 1<i<Q Ri_1<m<R;

+ Z Z |am1| |am2|

1<i<@Q Ri—1<m1,m2<R;
m1¢m2

x‘ Z e((mf—m%)n%)‘)

L<n<Ly

<BQ(AL+ > 3 Y fawllaml

1<h<s1<i<Q Ri_1<m<R;—h

where
fn)=((m+h)"—m)n‘z.
It is easy to see that if L < n < Ly then
f'(n) = ((m+ h)® —m)L 2z
and by Lemma 3 we obtain

Y elf(n)

L<n<L1

< ((m+h)°— mC)l/ch/2$1/2

+ ((m+h)° — mc)71/2L170/2x71/2
< ((m+h)°— mC)1/2L0/2K1/2

4 ((m+h)° — mC)—1/2L1—C/2T—1/2
< ((m+h) — mC)1/2L5/2K1/2
< sY/2Rle=D/2 /2 fr1/2
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We substitute this estimate in (18) to get
(19) (W|? < BQ(AL + s'/2R(e=D/2 /2 K112 53 |

where
Yo = Z Z Z |am| ‘aerh’ .

1<h<s1<i<Q R;—1<m<R;—h
Clearly

2o < Z Z |am | |am+nl

1<h<s X'/4<m<R—h

<X W) (X dea?) <

1<h<s X1/A<m<R—h X1/4<m<R—h
The last estimate, (19) and the inequality @ < R/s give us
(20) [W|? < ABLR(1/s + sY/2R(c=D/2[(c=2)/2 g 1/2)

We now determine s in such a way that the two summands in brackets
are equal. This gives the value

s = K-UBRU=0)/31(2-¢)/3
The assumption of our lemma and (8) imply easily 1 < s < R. Substi-
tuting s in (20) we get after some calculations
W|? < ABXY"(log X)~2,
ie.
W) < (AB)Y2X3/(log X)~*,
which is the desired result.

LEMMA 9. Suppose that a,,, b, are arbitrary complex numbers and that
L<Li<2L,L<X. Set

V = Z Z ambpe((mn)‘x).
L<n<Ly X1/4<m<X/n
Then
V] < log X - ‘ Z Z a,, bl e((mn)‘x)

L<n<Li X1/4<m<X/L
for some complex numbers al,, b., such that |a., | < |am|, [b,| < |bnl-

Proof. Let ¢ be an odd integer such that 2X/L < g < 4X/L. We have
(21) V= Z Z ambpe((mn)‘x)

L<n<Li X1/4<m<X/L

DI ED VR L

X14<m1<X/n 4 |k|<(g—1)/2
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- Z max(1, |]€] Z Z afy b e((mn)‘x),

[k|<(g—1)/2 L<n<Li X1/4<m<X/L

where

(k) . ame(km) ’ b%k) _ bnmaX(17 ‘k‘) Z €< _ km1> .
q q q

X1/4t<m1<X/n

(’f)’ _

Obviously |am, |am| and because of the well-known estimate

‘ 3 e(ak)‘ < min(b — a,1/||o|])
a<k<b
we get
b ] < [bal -
The absolute value of the double sum over m and n on the right-hand
side of (21) takes its maximum for some value k = k.
Denote by a’,, b), the numbers an]fO) b(kO)
small positive constant
Obviously this proves the lemma.

LEMMA 10. Assume that 7 < |x| < K. Then
1S(z)| < X3/ og® X

Proof. Without loss of generality we may assume that 7 < z < K.
Clearly

, multiplied by a sufficiently

S(z) = Vo(z) — Vi(z) + O(XY/?),
where
Vi)=Y Alme(nx), i=0,1.
X1/4<n<2-iX
Hence it is sufficient to prove that

(22) Vo(z)|, [Vi(z)] < X1/ M log®X .

Consider, for instance, Vj(x). We use Vaughan’s identity (see [8]) to get
(23) Vb(l‘) = Sl - Sg - S3 s
where

Si= > wd) > logl-e((ld)x),

d<X1/4 1<X/d

Z Z cre((kr)‘x)

E<X1/2r<X/k
Ss= 2, >0 anA(m)e((mn)a),
X1/4<m<X3/4 X1/4<n<X/m
where |cx| <logk, |am| < 7(m).
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We split the sum S, in the following way:
(24) Sy = SV + 5% + O(X¥*1og X),

where

5’52) = Z Z cre((kr)x).

X/A<k<X1/2 X1/4<r<X/k
Let us treat S;. We have
(25) S 3| Y togl-e((dyra)|.
d<x1/4 1<X/d
We break the sum over [ into sums of the type
T, = Z logl-e((ld)°x)
L<I<L,

whose number is O(log X) and L < Ly < 2L, L; < X/d. Abel’s transfor-

mation formula gives us

(26) ITp| < log X max
LQE[L,LI]

where g(I) = (Id)°xz. Obviously ¢”(I) < L 2d°xz for L < 1 < Lo and by
Lemma 3

‘ >, e(g(l)>\<<Lc“dc/%l/z+L1—c/2d—c/2x—1/z
L<I<L,

< Lc/2dc/2K1/2 +L1_C/2d_c/27'_1/2

< XC/2K1/2 _I_lec/Qdfl,]_fl/Q < Xc/2K1/2 .
The last estimate, together with (25) and (26), implies
(27) 51| < log?X - XV/A4He2KY2 « X114

We estimate Sél) in the same way to get
(28) 1S5V <« X/

To estimate S§2) and S3 we need Lemmas 8 and 9. Consider S3. We
split it in the following way:

(29) Sz =Wy + Wy + Wi,
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where

Wiy = Z Z amA(n)e((mn)z),

X1/2<n<X3/4 X1/4<m<X/n

Wy = Z Z A(m)ane((mn)x),

X1/2<n<X3/4 X1/4<m<X/n

Wy = Z Z amA(n)e((mn)z).

X1/4<n<X1/2 X1/4<m<X1/2

We break Wi into sums of the type

WD) = Y. > amA(n)e((mn)°z)

L<n<Li X1/4<m<X/n

whose number is O(log X) and X2 <L <Ly <X3* L, <2L. According
to Lemma 9 there exist complex numbers a/, b/, such that |a,,| < |an,| <
r(m), b < A(n) and

(Wi(L)] < (log X) - [Wi(L)],

where

WiL)= > > able((mn)°T).

L<n<Li X1/4<m<X/L

Using the well-known inequalities

> (m) < ylog’y, > A%(n) < ylogy

m<y n<y

and Lemma 8 we obtain
X 1/2
W{(L)| < (L log® X - LlogX> X3/ T(log X)™t = X3/ M og X |,

hence
(30) W] < X3/ 10g® X

We estimate Wo and W3 in the same way (for W3, of course, we do not use
Lemma 9) to get

(31) Wa|, [Ws| < X13/1410g3X .
We treat 552) analogously:

(32) 552) =U; +Usy ,
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where

S S erel(kr)n).,

X1/4<T§X1/2 X1/4<k§X1/2
Uy = Z Z cre((kr)x) .
X1/2<r<X3/4 X1/A<k<X/r
We estimate these sums just as Wy, Wy, W3, with the help of Lemmas 8
and 9, using the inequality
Z log’k < ylog?y.
k<y
Thus we get
(33) UL, |Us] < X131 10g3X .
The inequality (22) follows from (23), (24), (27)—(33). The lemma is
proved.
LEmMmaA 11. If 1 < Ty < T then

1 1/4
— Z XP « Xe(legX)"
VI, 2

Proof. Assume that 73 < X/3. Then using Lemma 5 we have

&Zxﬁgz:)(ﬁg ZXB

0<y<Ty 0<y<Ty 0<y<X1/3
_ 1/3 _ 1/4
< logh3X . X1-020X1%) o xo—(log X)'/*

If X1/3 <71y < X3/% then using Lemma 5 we get
1
— Z XP <« log®X - e¥,
. 0<~y<Ty
where
w=2log X + %long —24/3log X log Ty .
Obviously w is a convex function of /log’l;. Thus

7
max w =max(w|p, _x1/3, Wy _xys/2) = 5 log X .
13T < X3/4 ( ’Tl X1/3, ‘Tl X ) g 108

Hence
logf X - e <« X7/¥10gb X <« Xe—(og X)"/*
If X3/4 < Ty, <T then Lemma 5 gives us

1 1
i § XP <« logX - —— X121
ﬁTl og ﬁTl 1

o<~<Ty

<log®X - XV2TY? <« Xe (108X
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Lemma 11 is proved.

LEMMA 12. If 1 < Ty < T then

1 1/4

= B —(log X))

T g X7 <« Xe )
0<~<Ty

Proof. This lemma follows immediately from Lemma 11.
LEMMA 13. If |x| < T then
()] < Kem(os 0,
where J(z) is defined in (12).

Proof. Without loss of generality we may assume that x > 0. By the
definition we have

X
L) = [ t"7te(F(t))dt
X/2
where
~

F(t) =tz + —logt.
27

Define the following sets of non-trivial zeroes of ((s):
My={o| bl <T, —/2n > $eXa),
My={o| W £T, te(X/2)°x < —v/27 < 2cXCa},
My={o| W <T, —y/2m < 5e(X/2)°x}.

(The set M may be empty.)
Let X ¢ <z <7.If p € M3 then

1 X\° —
F'(t —_ — - !
()>>X<C(2)x 27T>>O
and according to Lemma 2

X~
(X/2)ex + /21"

1)) < -

Hence

XB
D @) < > o(X/2)x + /21

0EMs3 —me(X/2)ca<y<T
Xh X5
< ) <ot 2 N
—me(X/2)cx<y<Xcx Xex<y<T

1
. B
< log X 1?71“?}<{T<T E X >
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Using Lemma 12 we obtain

(34) PRIAGIED Cat il
o€ M3
If o € M; then

1
F/(t) < 1<CXCSU+ 7) <CXC.’L‘+ 7) <0

and by Lemma 2 we get

B XA
1 _ K —.
| .Q(aj)‘ < _7/271__ CXC.’L' < ‘7|
Therefore
P ¢
e Y
o€ M, 0<v=Ty )
1
— B
<L log X - H%?Z(T <T1 Z X >
0<~y<Ty
and Lemma 12 gives
(35) 37 ()] < Xem (o)

o€ M

If o € My then —y/27 =< X and F”(t) < X°2z. According to
Lemma 2
X6

I,(x)| < .
1,(0)] < =

Hence, using Lemma 11 we get

36 I(z)| < XP < Xe—(ogX)M*
6 Y@< =

0€E Mo 0<y<Xex

(If the set M is empty then the last estimate is also true.)
Inequalities (34)—(36) give us

(37) T (2)] < Xe~ (s X)"®
If 0 < 2 < X~ then estimating |I,(x)| trivially we have

> L@l < Y X< X,

0EM> oE€EM>

where 5y = maxeen, 8 < 1. The terms >_ y, [Lo(z)] and 3y [Lo(2)]
can be estimated as in the previous case. Thus (37) is always true.

LEMMA 14. If |z| < 7 then
S(x) = I(z) + O(Xe~10sX)'"").
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Proof. Obviously
(38) S(x) = U(z) + O(X/?),
where
U)= Y An)e(n‘s).
X/2<n<X
Using Abel’s transformation we get

X
U@ = — [ @)~ 00x/2) % (e(te)) di
X/2

+ (U(X) —¥(X/2))e(X ).

According to Lemma 4 we obtain

< X e — (X/2)e
vy - [ (=X -y et

X/ =T
10 (XIOﬁQX» %(e(tcx)) dt
+ <X — g _ IET )“’—Z)W’>e(xcx) + O(TXTHC 1og2X) .

Using partial integration we get

U(z) = fX e(t’x) (1 - Z té’—l) dt + O<TX;+C 10g2X>
X/2 [vI<T
=I(x)— J(x)+ O<T o 10g2X> .

The conclusion follows from formulas (3), (4), (38) and Lemma 13.
Proof of the Theorem. It is sufficient to show that the sum

B= > log p1 log pa log ps

X/2<p1,p2,p3<X
[pT+p5+ps—N|<e
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tends to infinity as X tends to infinity. Set

b= 2 log p1 log p2 log ps - ¢(pY + p3 +p5 — N) .
X/2<p1,p2,p3<X

By the definition of ¢(y) we have
(39) B> B.
The Fourier transformation formula gives us

Bi= Y logpilogpalogps [ e((p§ +p§ +p§ — N)z)d(x) dx
X/2<p1,p2,p3<X —o0

= j? S3(z)e(—Nxz)d(z) da .

Let us represent B in the form
(40) By = D1+ Dy + D3,

where

T

Dy = [ S*a)e(—Nz)d(z)dx,

Dy= [ S*x)e(-Nz)d(x)d,
T<|z|<K

Dy= [ S*(x)e(—Na)d(z)da.
|z|>K

Using (5)—(8) and Lemma 1 we have

(41) D5 < [ |5%(2)]|®(x)| d
K

001 r T r T
3 1 3
<X fo<27rAx> dr < X <27rAK> <1.

We next treat Do:

(42) D] < f|53 ) ()] d

< ( max |S(z fysQ )| |®(z)| da .

T<e<K
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According to Lemma 1 we get

1/e

fys? )| |®(x |dm<<€f\52 )| dx + f\SQ d
1/e
n+1 n+1
e Y. [I1S@ldz+ > ff 15%(z)| dz .
0<n<1/€ n 1/e—1<n<K n

The last estimate and Lemma 7(iii) give

K
[ 18%(@)]19(x)| dz < X log*X

Therefore, by (42) and by Lemma 10 we have

3—c

X
4 D .
(43) Da] < 5

We now find an asymptotic formula for D;. Set
= f I3 (x)e(~Nz)d(z) dz .

Using Lemmas 7(i), 7(ii) and 14 we have

44) Dy - Hi| < [ |@) - IP(2)]|®(x)| da

—T

<e ] |S(2) = I(2)] (18*(2)| + | I*(2)]) dz

<exe o0 (82w dat [ 1)) ds)

1/6

< 8X3_c€_(10g X)
Define

j‘o I3 (x)e(~Nz)d(z) d .

Then we have

(45) H—H| < [ |[IP@)]|®(x)|dz.

T

By Lemma 2 we get |I(x)| < 1/(|2|X¢!). Therefore, by (45) and Lemma 1
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we obtain

(46)

dﬁ < c < €X3_C
3 T X372 log X

1 oo
|H — Hi| < XD f |2(x)]

It now follows from formulas (40), (41), (43)—(46) that

€X37c
Bi=H .
' +O<logX>

Hence by Lemma 6 we have By > eX37¢. Together with (40) this implies
that B > X3¢ and so B — o0 as X — oo.

The Theorem is proved.
Finally, I would like to thank Professor A. A. Karatsuba for useful and

encouraging discussions.
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